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with all momenta outgoing, and a four-point interaction originating from the term
quartic in the fields in (1.70),
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Note that in the case of an adjoint scalar field (R = A) one replaces (Ta

A
)b

c =

�i
p

2 f abc in the above expressions.

1.6 Perturbative quantum gravity

The second fundamental theory of nature is Einstein’s theory of gravity. Here we
want to discuss its perturbative quantisation. It is famously known to be a non-
renormalisable theory, which excludes it as a fundamental quantum field theory of
nature in its present form. Yet, the modern viewpoint on the non-renormalisability
of Einstein’s gravity is to understand it as an e�ective quantum field theory valid for
energy scales below the Planck mass, see e.g. [6]. In this setting graviton scattering
amplitudes can be performed, one needs to include higher mass order counter terms
order by order in the loop expansion. Doing so physical quantities may be extracted.
In this fashion systematic quantum corrections to Newton’s potential, studies in a
perturbative weak gravity (post-Newtonian or post-Minkowskian) approach to the
gravitational two body problem for bound and scattering scenarios, or cosmological
scenarios have been addressed. Moreover, the study of graviton scattering amplitudes
has led to uncover many surprising connections to scattering amplitudes in non-
Abelian gauge theory, which we will address as well.

Let us now discuss the perturbative quantisation of Einstein’s theory. We assume
the reader to be familiar with classical general relativity. The gravitational field is
given the metric gµ⌫(x). The minimal coupling of gravity to matter emerges by
replacing the flat-space Minkowski metric ⌘µ⌫ by gµ⌫(x) in the Lagrangians. This
works fine for bosonic fields, while fermions need a special treatment.

•> Einstein-Hilbert Lagrangian.

The dynamics of gravity is dictated by the Einstein-Hilbert Lagrangian

LEH =
2
2

p
�g R , (1.74)
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where g = det(gµ⌫) and R = gµ⌫Rµ⌫ is the Ricci scalar built from the Ricci tensor
Rµ⌫ that describes the curvature of space-time. The gravitational coupling constant
 has inverse mass dimension one in four dimensions (in general D we have [] =
(D � 2)/2). It is related to Newton’s gravitational constant G via 2 = 32⇡G.

The Ricci tensor is defined by

Rµ⌫ = @µ�
⇢
⇢⌫ � @⇢�

⇢
µ⌫ + �

⇢
µ��

�
⇢⌫ � �

⇢
⇢��

�
µ⌫ ,

�⇢µ⌫ =
1
2g

⇢ �@µg⌫ + @⌫gµ � @gµ⌫ � , (1.75)

with the a�ne connection �⇢µ⌫ . In perturbative quantum gravity we assume a weak
gravitational field: the metric is flat on which small fluctuations propagate. These
are given by the graviton field hµ⌫(x). Therefore, we write the metric as

gµ⌫(x) = ⌘µ⌫ +  hµ⌫(x) . (1.76)

In the classical theory the graviton field hµ⌫ represents gravitational waves.6 We now
insert this expression for the metric into the Einstein-Hilbert action, and perform a
power series expansion in powers of  and the gravitational field. This is a weak
field expansion. Let us gather the various building blocks in this expansion. For the
inverse metric one has

gµ⌫(x) = ⌘µ⌫ �  hµ⌫ + 2hµ↵h↵⌫ + O
�
3
�
. (1.77)

From now on we raise and lower indices with the flat Minkowski metric ⌘µ⌫ . The
further quantities entering LEH take the following forms up to cubic order in :

p
�g = 1 +



2
h +
2

8
(h2

� 2 h↵�h↵�) + O
�
3
�
,

�⇢µ⌫ =


2
(@µh⇢

⌫ + @⌫h⇢
µ � @⇢hµ⌫) �

2

2
h⇢�

(@µh⌫� + @⌫hµ� � @�hµ⌫) + O
�
3
�
,

R = (@2h � @↵@�h↵�) �
2

2

h
h↵�

(@2h↵� + @↵@�h � 2 @⇢@↵h⇢
�) + @↵h @�h↵�

� (@↵h)2 + 1
2@�h↵� @�h↵�

� @↵h�� @�h�↵ + total derivatives
i
+ O

�
3
�
,

(1.78)

where h B h↵
↵. Inserting these expansions into the Einstein-Hilbert Lagrangian (1.74)

yields to leading order in  the expression

LEH = @↵h @�h↵�
� @↵h�� @�h↵�

�
1
2 (@↵h)2 + 1

2 (@�h↵�)2

+ total derivatives + O
�
, h3� . (1.79)

6 In fact the quantum field theory methods to be discussed may also be applied to this case in their
classical limit. This has proven to be a very e�cient approach, see e.g. [7, 8, 9].
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These quadratic terms in hµ⌫ give rise to the kinetic term for the graviton. The omitted
infinite series of higher powers in  gives rise to the graviton self interactions. They
take the schematic form

LEH,int =

1’
n=1
n

⇥
@2hn+2⇤ , (1.80)

where the term in brackets simply denotes the order in derivatives and fields encoun-
tered in this expansion. In general one finds all possible tensor structures. Hence, the
Feynman rules for perturbative quantum gravity have vertices of all multiplicities.
Yet, in a computation to a given order in  only a finite number of vertices enter, as
the power of  of a vertex grows with its multiplicity.

Gravity is invariant under general coordinate transformations, which take the
infinitesimal form

xµ ! xµ + ⇠µ(x) (1.81)

with an arbitrary space-time dependent vector ⇠µ(x). Under these coordinate trans-
formations the graviton field transforms as7

�hµ⌫ = 2 h�(µ@⌫)⇠
� + ⇠�@�hµ⌫ +

2

@(µ⇠⌫) . (1.82)

Just as in Yang-Mills theory, this local invariance necessitates a gauge fixing in
oder not to “overcount” in the path-integral over hµ⌫ through the Fadeev-Popov
procedure. As our transformation freedom lies in an arbitrary space-time vector
⇠µ(x), we need to gauge fix four components of hµ⌫ . A popular and convenient
choice is the de Donder gauge:

Gµ = @
⌫hµ⌫ � 1

2@µh = 0 , (1.83)

that we shall also employ. Note that this is the linearised version (in ) of the
harmonic coordinate choice gµ⌫�⇢µ⌫ = 0, frequently used in general relativity. The
gauge fixing term to be added to the Lagrangian takes the form8

LGF = GµGµ = @⌫hµ⌫ @⇢hµ
⇢ +

1
4 (@µh)2 � @⌫hµ⌫ @µh . (1.84)

Adding this to LEH then cancels the first two terms in eq. (1.79) and yields a nice,
invertible quadratic term:

LEH |h2 + LGF = �
1
2 h↵� @2h↵� + 1

4 h @2h

= �
1
2 h↵�

h
⌘↵(�⌘�)� �

1
2⌘

↵�⌘��
i

|                       {z                       }
= I↵�,��

@2h�� . (1.85)

7 Recall that we symmetrise with unit weight a(µ
b
⌫) B (a

µ
b
⌫ + a

⌫
b
µ
)/2.

8 In analogy to the gauge theory discussion around eqs. (1.62), with suitable choice of gauge-fixing
parameter ⇠ = �1/2.
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1.7 Feynman rules for perturbative quantum gravity

Going to momentum space and inverting the di�erential operator I↵���@2 of
eq. (1.85) leads us to the graviton propagator

↵� �� =
i P↵�,��

p2 + i0
with P↵�,�� = ⌘↵(�⌘�)� �

1
D�2⌘↵�⌘�� . (1.86)

One indeed verifies that I↵�,�� P��,⇢ = �↵(⇢�
�
)

. The graviton self-interaction vertices
take an involved structure due to a proliferation of indices. For example, we exhibit
the three-graviton vertex [10]

µ
1↵ ⌫ 2

�

⇢
3
�

= i sym[
1
2 P3(k1 · k2⌘µ⌫⌘↵�⌘⇢�)

�
1
2 P3(k1 · k2⌘µ↵⌘⌫�⌘⇢�) �

1
2 P6(k1⌫k1�⌘µ↵⌘⇢�)

+ P6(k1 · k2⌘µ↵⌘⌫⇢⌘��) + 2P3(k1⌫k1�⌘µ↵⌘�⇢) � P3(k1�k2µ⌘↵⌫⌘⇢�)

+ P3(k1⇢k2�⌘µ⌫⌘↵�) + P6(k1⇢k1�⌘µ⌫⌘↵�) + 2P6(k1⌫k2�⌘�µ⌘↵⇢)

+ 2P3(k1⌫k2µ⌘�⇢⌘�↵) � 2P3(k1 · k2⌘⌫↵⌘⇢�⌘µ�)] , (1.87)

where “sym” means symmetrisation in the index pairs (µ↵), (⌫�) and (⇢�). The
symbol Pn denotes the symmetrisation in the momentum-index combinations
(k1µ↵, k2⌫�, k3⇢�) associated with the three legs and results in n distinct terms.
For example the first term above evaluates to

sym 1
2 P3(k1 · k2⌘µ⌫⌘↵�⌘⇢�) =

1
2 (k1 · k2⌘µ(⌫⌘�)↵⌘⇢� + k2 · k3⌘⌫(⇢⌘�)�⌘µ↵

+ k3 · k1⌘⇢(µ⌘↵)�⌘⌫�) . (1.88)

The higher-point vertices take the schematic structure

⇠ 2k2 , ⇠ 3k2 , ⇠ 4k2 , . . . (1.89)

and grow considerably in size. E.g. the four-graviton vertex consists of 60 distinct
terms, see [10] for its explicit form. Through the Fadeev-Popov procedure one also
picks up a ghost sector. The local symmetry transformations are now the general
coordinate transformations given in eq. (1.81). Hence, the gravity ghosts carry a
vector index: b⌫(x) and b̄µ(x). The ghost contribution to the Lagrangian takes the
form

LGH = �b̄µ
✓

�Gµ

�⇠⌫

◆
b⌫ . (1.90)

From the de Donder gauge-fixing function of eq. (1.83) one deduces the di�erential
operator in the ghost sector
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�Gµ

�⇠⌫
= ⌘µ⌫@

2+
⇥
@⇢hµ⌫@⇢+@⇢h⌫⇢@µ+@⇢(@⌫hµ⇢)�@µh⌫⇢@⇢� 1

2@µ(@⌫h)
⇤
, (1.91)

where the first term gives rise to the kinetic term of the ghost fields, yielding the
propagator

↵ � =
i ⌘↵�

p2 + i0
. (1.92)

The remaining terms yield a graviton-ghost-anti-ghost interaction vertex,

↵ �

⌫µ
(1.93)

However, ghosts will play no role in the modern approaches to scattering amplitudes
developed in these lecture notes. Therefore we do not need to spell out this involved
vertex here.

1.8 Spinor-helicity formalism for massless particles

In this section we will introduce a formalism that e�ciently captures the kinematical
data of the scattering states in the S-matrix: the momenta and polarisations of the
scattered particles. The spinor-helicity variables allow one to express this data (mo-
menta and helicities) for a massless particle in a uniform object thereby guaranteeing
the on-shell conditions. In fact, the scattering amplitudes involving massless scalars,
fermions, gluons, photons and gravitons take very compact forms in these variables.

The starting point is to rewrite the four-momentum pµ as a bi-spinor p €↵↵ that we
may represent as a 2 ⇥ 2 matrix

pµ ! p €↵↵ = �̄ €↵↵
µ pµ =

✓
p0 + p3 p1

� ip2

p1 + ip2 p0
� p3

◆
, (1.94)

where �̄ €↵↵
µ = (1,+�), cf. exercise 1.1. The determinant of this matrix is given by

det
�
p €↵↵� = �

p0�2
� p2 = p2 , (1.95)

where p = (p1, p2, p3
) is the spatial momentum vector. If we put the momentum

pµ on the mass shell, i.e. p2 = m2, we see that the determinant equals m2. Hence,
there is a distinction between the massive and massless case. In the massive case the
hermitian 2 ⇥ 2 matrix p €↵↵ has rank 2 and may be decomposed into the sum of two
outer products of commuting Weyl spinors,

p €↵↵ = �̃ €↵�↵ + µ̃ €↵µ↵ , (1.96)
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[Galley,Tiglio]

Hamiltonian formalism: Time evolution operator   Ĥ = Ĥ0 + Ĥint

[Jordan]

Free fields

Background
<latexit sha1_base64="H+2K0EsVRmk22g2Fn7cf2EdVVic="></latexit>

UJ(T, T
0) = T exp


i

~

Z T

T 0
dt

Z
d
3
x

⇢
Ĥint[�0(x, t), Q(x, t)] + J(x)�0(x, t)

��

Path integral representation:
<latexit sha1_base64="YMa9En2/cK2VfvMwOCBxvuy32H0="></latexit>

h0|UJ(1,�1)|0i =
Z
[D�] exp


i

~

✓
S[�, Q] +

Z
d4xJ(x)�(x)

◆�
= exp


i

~W [J ]

�

Heisenberg picture: 
<latexit sha1_base64="B1wR9JPnzWwNOOlvui2w9vhBPSM="></latexit>

�H(x, t) = U0(�1, t)�0(x, t)U0(t,�1)

One-point function: <latexit sha1_base64="FrNaL/0ZQayPOO4/SN0ciEm1CsA="></latexit>

= U0(t,�1)�H(x, t)U0(�1, t)
<latexit sha1_base64="5e6GbNEiMyQven5cNR3Pzg5O3EE="></latexit>

h�H(x, t)iin-out =
�W [J ]

�J(x, t)

���
J=0

= h0|U0(1, t)�0(x, t)U0(t,�1) |0i

= h0|U0(1,�1)�H(x, t) |0iin-out = outh0|�H(x, t)|0iin
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BOUNDARY CONDITIONS & IN-IN FORMISM
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IN-IN (SCHWINGER-KELDYSH) FORMALISM
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[Galley,Tiglio]

Standard path integral yields 

[Jordan]

 need two evolution operators:  Double the fields!⇒

<latexit sha1_base64="5kSvnsw9lk9966iY8qABnCudQrQ="></latexit>

h�H(x)iin�out = outh0|�H(x)|0iin but want

<latexit sha1_base64="e0ZuOFUjg8qLtrmWaHIMZiK5Dzw="></latexit>

Z[J1, J2] = h0|UJ1(�1,1)UJ1(1,�1) |0i

=

Z
D[�1,�2] exp


i

~

✓
S[�1]� S[�2] +

Z

x
J1(x)�1(x)� J2(x)�2(x)

◆�

<latexit sha1_base64="evpEA/+AlLobtgSeMKVDKpiX6fM="></latexit>

1

Z[0, 0]

�Z[J1, J2]

�J1(x)

����
Ji=0

= h�H(x)iin�in

<latexit sha1_base64="5iue2PmJc0nV/bNR++UnIRx/7J8="></latexit>
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Boundary conditions:
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Free Heery :
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GENERATING FUNCTIONAL OF IN-IN THEORY In HELDYSH BASIS :
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ONE POINT FUNCTIONS @ TREE-LEVEL:
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Vertices including background field Q
<latexit sha1_base64="FOmGK7RF+/0clkrpT6paHNsYfSY="></latexit>
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�Sint[�, Q]
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One point function:

Only retarded propagators contribute!

Q

BCFW type

AL AR
Pi

1̂(z)
2

n̂(z)

i+ 1

ii� 1

�h h

�� �� �� �� ��

2

bulk

structure of a rooted tree, i.e. take a form such as

� +
. (2.30)

From this structure it is immediately clear that inserting a vertex with three (or more)

minus-labeled (outgoing) legs in the shaded box inevitably leads to a loop-level graph,

as we just have a single outgoing leg. So we learn that at tree level only single-minus

vertices may contribute to the one-point functions. Similarly, the h�+�+i Hadamard

propagator cannot make an appearance, as conecting to plus labeled (ingoing) legs

of a vertex inevitably yields a loop diagram as every vertex has at least one minus

labeled leg. The consequence is that exclusively retarded propagators appear in the

computation if one assigns a momentum flow according to causality from Q sources

to the outgoing operator line. Therefore, in practical computations of one-point

functions in a background field theory one may e↵ectively forget about the in-in

formalism altogether. One simply applies the usual (in-out) Feynman rules and uses

retarded propagators everywhere, with the direction of causality always pointing

towards the outgoing line.

In hindsight, this fact is not surprising. As we showed in eq. (2.25), it is a

well-known fact that at tree level the path integral is dominated by solutions to the

classical equations of motion of the theory (the saddle-point approximation). The

sum of rooted tree diagrams is then simply a visual interpretation of a perturbative

expansion of the classical solution in powers of the coupling constant. From a purely

classical perspective, using retarded propagators is then necessary to ensure fixing of

boundary conditions at past infinity.

2.4 In-in formalism for WQFT: observables

We now implement the in-in formalism for the WQFT. In the non-spinning case there

are two key observables to be computed which we typically evaluate in momentum

space: The impulse and the waveform. In the spinning case this is augmented by the

spin-kick. For the worldline coordinate we expand x
µ

i
(⌧i) = b

µ

i
+ v

µ

i
⌧i + z

µ

i
(⌧i) with

i = 1, 2 denoting the two compact objects. In the in-in path integral we are led to

double the fluctuation field z
µ

i
! {z

µ

i+
, z

µ

i�} but we do not double the background

b
µ

i
+ v

µ

i
⌧i. This is justified, as in the end of the calculation the expectation value of

the minus fields are set to zero, cp. (2.25). We proceed analogously in the spin case

[49, 50], where we have the background field expansion  µ

i
=  µ

i
+  

0µ
i
, and double

according to  0µ
i

! { 
0µ
i+
, 

0µ
i�} in the Keldysh basis. Finally, the graviton field is

doubled according to h
µ⌫

! {h
µ⌫

+ , h
µ⌫

� }.

11
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CONNECTION TO SCATTERING AMPLITUDE>

☐ USE WORLDLIVE (FEYNMAN -SCHWINGER ) REPRESENTATION OF PROPAGATOR :

SCALAR FELD : ④ + m2 ) Glx , ×' ) = G
""
(t - ×' ) GREEN 's Function G / × , ×

'

)

°

ilp2.cn?J.sip.cx.x
'

)
i

.

=

GCx.si ) : Gdp ei"
"" '

j.my
= fds Gdp e e

- isch

< ✗ | eis
↑
"

/ ×
')

= [ds e
◦ |

,

Feynman ↑
. ]

.

✗(5) :X'
N

- is"

( Dx apfiifds ( Eu . %" !! ) ]= fiese
Ho):X

0

Counting to gravity ? geruht ?

WORLDLINE

v
4

.



[Bastianelli, van Nieuwenhuizen][De Witt][Bekenstein,Parker]

Graviton-dressedscalarpropagator-Mass.ve
Complex scalar (x) interactive withgravity :
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+ . .
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World line action familias fror Polyakev formula tun .
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[Mogull,Plefka,Steinhoff]
LSZ - REDUCTION : PETTING THE SCALOR LEGS ON-SHELL
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4
. SUSY IN THE SKY WITH GRAVITONS

Adding Spin DOF
.

Starting point : Free wove equitie for Spin S particle
in flat space-time

(B -mi)G(x ,
x) = 0 -> higher Spin

Described by A-extended superpative (S-N2)
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,
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SUSY IN THE SKY WITH GRAVITONS
➤ First quantised theory of a spin-N/2 particle in a flat background (D=4+1):

5

Jakobsen, GM, Plefka, Steinhoff  JHEP 01 (2022) 

➤ Coupling to a curved background possible up to N=2 (spin-1)
[Bastianelli, Benincasa, Giombi ’05]:
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H =
1
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p
2
, Q↵ = p ·  ↵ , M↵� = i ↵ ·  � .

<latexit sha1_base64="NvzPUiXlNkPpaO90dve9bx1b+n0="></latexit>

{xM , pN} = �MN , { A
↵ , 

B
� } = �i�↵� ⌘

AB ,

<latexit sha1_base64="n0KViOHZSq7RJznu8sPti/qCYcE="></latexit>

{Q↵, Q�} = �2i�↵�H , {H,Q�} = {H,M↵�} = 0 ,
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H

i

➤ Theory enjoys an N-SUSY algebra (⍺=1,2,…,N):
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➤ Symmetries imply conserved charges:

GLOBAL SUSY ACTION
➤ Gauge fix action by setting e=1, Lagrange multipliers to zero:

6

spin degrees of freedom neutron star term
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Sµ⌫ = �2i ̄[µ ⌫] = ✏µ⌫⇢�p⇢a�

Jakobsen, GM, Plefka, Steinhoff  Phys. Rev. Lett. 128 (2022)
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➤ Theory now enjoys a global SUSY:

Covariant SSC
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 ̄ ·  = s

➤ Neutron star term preserves SUSY up to O(S2).
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SPINNING WQFT FEYNMAN RULES
➤ Inclusion of spin requires extended Feynman rules:

7

➤ Propagators:

➤ Equivalent to solving Mattison-Papapetrou-Dixon (MPD) EoMs. 
➤ Combine worldline modes into a “superfield”:
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5 . GRAUMATIONAL BREMSSTRANLUNG WAVEFORM
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PROBLEM 1 :

Consider electromagnetism :
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4) Look at a single charge at rest at the origin
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