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Abstract

In these lectures starting from the famous Liouville-Arnold theorem, we cover the basic concepts of
integrability concerning classical and quantum factorised scattering and various incarnations of the
Bethe Ansatz.
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Preface

This is a course on integrable models given at the 26th Saalburg Summer School for graduate students
OFoundations and New Methods in Theoretical PhysicsO. | start with recalling the basic notions
of the lagrangian and hamiltonian mechanics, Poisson and symplectic geometry, which provide the
necessary background to subsequently formulate the Arnold-Liouville theorem and to outline its
proof. | then discuss the Lax representation and the Babelon-Viallet theorem on the special form
of the Poisson bracket between the components of a Lax matrix that guarantees involutivity of its
spectral invariants.

The main focus of these lectures is on the Factorised Scattering Theory and the Bethe Ansatz.
Here | departure from considering scattering in classical integrable models, discuss ref3ection and
transmission representations of the scattering process and show how to compute the classical phase
shift (classical S-matrix). | then turn to scattering in quantum integrable models and show that the
existence of a large number of conservation laws implies a special form of the asymptotic wave func-
tion (the Bethe wave function), renders the scattering process non-dilractive and leads to factorisa-
tion of the multi-body scattering matrix into a product of two-body S-matrices. The basic features of
the formalism are demonstrated on the examples of the Lieb-Liniger and Calogero-Moser-Sutherland
models. Further, the Bethe wave function is considered in a Pnite one-dimensional volume which
amount to imposition of the periodic boundary conditions. This leads to a consistent system of
the matrix Bethe-Yang equations on the scattering amplitudes. Resolution of these equations is
equivalent to bPnding a simultaneous eigenstate for a family of commuting operators (matricesy;
and is conveniently done by means of a procedure known as the nested Bethe Ansatz. | explain the
nested Bethe Ansatz construction based on the generalised Bethe hypothesis for the simplest case
where the operatorsT; act in the permutation module of the symmetric group Sy described by a
Young diagram rN « M, M s. As soon as the common spectrum of operator$; is found, one can
formulate a system of OscalarO Bethe equations, the latter can be regarded as quantisation conditions
for particle momenta.

Finally, in the last part of the course | describe the transfer matrix method which replaces
diagonalisation of the commutative family tT; u by diagonalisation of the transfer matrix. This
diagonalisation is then performed in two alternative ways B in the framework of the coordinate
Bethe Ansatz by LiebOs method and by means of the Algebraic Bethe Ansatz. The course contains a
number of exercises (most of them with solutions) which appear in the text in yellow boxes. In the
appendix | collected some relevant information about the symmetric group and its representations,
as well as some other useful formulae. | also supply a list of papers and books as a suggestion for
further reading, all this literature material has been heavily used in preparation of these lectures.

Acknowledgement. | would like to thank the organisers of the School for the very enjoyable
atmosphere, perfect organisation and kind hospitality. | am also grateful to the students for their
interesting questions and their passion to be guided into the wonderful world of integrable models.

Heigenbrdcken, Germany Gleb Arutyunov
September 2020



Lecture 1

Liouville Integrability

1.1 Dynamical systems in classical mechanics

We start with recalling the two ways dynamical systems are described in classical mechanics. The
prst description is known as the lagrangian formalism and is equivalent to the Oprinciple of stationary
actionO. Consider a point particle with massm which moves in an N -dimensional space with
coordinatesq O pot, ..., gV gand a potential Vpgg NewtonOs equations which describe the particleOs
trajectory are

i~ BV
mq O«ﬁ' (1.2)
These equations can be obtained by extremising the following action functional
R ! t2 A ! to «m(ﬁ? %]
SrgsO  ditLpg,@tqO  dt 5« Vg . (1.2)

tl t1

According to the principle of stationary action, the actual trajectories of a dynamical system (par-
ticle) are the ones that extremiseS.

In general, we consider thdagrangianL as an arbitrary function of g, @and time t. The equations

of motion are obtained by extremising the corresponding action

| . « %] .

BB 4B 0

lg" B dt B9
and they are called the Euler-Lagrange equations An assumption that L does not involve higher
order time derivatives implies that the corresponding dynamical system is fully determined by spec-
ifying initial coordinates and velocities. Indeed, for a system withN degrees of freedom there ardl

Euler-Lagrange equations of second order. Thus, the general solution will depend omM2integration
constants, which are determined by specifyinge.g. the initial coordinates and velocities.

Note that adding to the lagrangian a time derivative of a function which depends on coordinates
and time only: L , L° % pg, tg will not inBuence the Euler-Lagrange equations. Indeed, the
variation !S* of the new action S* will be

| .
. Y] d . B' Ot
IStO1s dt —!"pm,tq O!S ° —! '3/‘ ,
;, dt M.t Bq q {el 9
where IS is the variation of the original action S. Since in deriving the equations of motion the
variations of coordinates are assumed to vanish at the initial and Pnal moments of motion, we get
that 1S1O IS and, as a result, the Euler-Lagrange equations remain unchanged.



If L does not explicitly depend ont, then

dL . BL ;. BL
@ %8t w?

Substituting here % from the Euler-Lagrange equations, we get

dl o BL .. d€BL7 L d“BL 7
it ~ B9 dt B® dt B
Therefore, we bnd

d“BL . ?
o @@«L 0o, 1.3)

as a consequence of the equations of motion. Thus, the quantity

. BL .
HO —®«L 14
B(ﬁ)@ (1.4)

is conserved under the time evolution of our dynamical system. For our particular example,

me .
2

where T is the kinetic energy, & O @@. Thus, H is nothing else but the energyE of the system; the
energy is conserved due to the equations of motion. In general, dynamical quantities which remain
unchanged under the time evolution are callectonservation lawsor integrals of motion. Conservation
of energy is one of the main examples of conservation laws.

HOm&«LO Vg OT® VOE,

Introduce the quantity called the canonical momentum
. BL
pi O @ )
Obviously, for a particle p; O m@. If V O 0, then
. d « BL %] .
O— — 00
o dt B®

by the Euler-Lagrange equations. Thus, in the case of vanishing potential, the particle momentum
is an integral of motion. This is another example of a conservation law.

pO m1,...,Pn G-

Let us now we recall the second description of dynamical systems, which exploits the notion of
the hamiltonian. The energy of a system expressed via canonical coordinates and momenta is called
the hamiltonian:

2
P
2m
where p? O pip;. Given the hamiltonian, NewtonOs equations can be rewritten as

Hpp,og O Vpg.

@OEI_, @O«ﬁ' (1.5

These are equations of motion in the hamiltonian form or HamiltonOs equations. These equations
can also be obtained by means of the variational principle. The corresponding action has the form,
cf. (1.2) and (1.4),

I

Srp, s O

to

‘ u
pi@® « Hm, g dt. (1.6)
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Varying this action with respect to p and g, considered as independent variablesone obtains the
hamiltonian equations.

HamiltonOs equations can be represented in the form of a single equation. Introduce twdl 2
dimensional vectors

6 " oBH
xo 3 THO ™
P Bp,
and 2N 6 2N matrix J:
o0 lu
N «
JO 1 0o @.7)

where 1 is the N 6 N unit matrix. Then (1.5) are concisely written as
PO «J -l H, or J-80! H. (1.8)

The vector x O px!,...,x?Nqdebnes a state of a dynamical system in classical mechanics. The

set of all states forms thephase space® O txu of the system which in the present case is the R -
2N ~
dimensional space with the euclidean metrigx,yq O  x'y'. Solving HamiltonOs equations with
i01
given initial conditions o, Gpq representing a point in the phase space, we obtain a phase space
curve ) )
P O prt; Po, God, q O agpt; Po, Gq

passing through this point. As follows from the uniqueness theorem for ordinary di'erential equa-
tions, there is one and only one phase space curve through every phase space pdint.

Let FpPq be the space of smooth real-valued functions ofP. It carries the structure of an
algebra with respect to the pointwise multiplication and its elements are calledobservables Using
the matrix J, one can debne or pP gthe following Poisson bracket

® st By B Bg”

tf, 0JIBfBgO — =« —
gupq BfBg o Bp; B « Bq' Bp;

for any f,g PFpPg The Poisson bracket is a mapFpPq 6 FpPq, FpPqgwhich has the following
properties

1) Linearity tf > "h,guOtf,gu” "th,gu;

2) Skew-symmetry tf,gu O «tg,fu;

3) Jacobi identity tf, tg,huu t g,th,fuu’t h,tf,guu OO0;
4) Leibniz rule tf,ghuOtf,gun’ gtf,hu

for arbitrary functions f,g,h PFpPgand " PR. The brst three properties imply that the Poisson
bracket introduces on F pP g the structure of an inbnite-dimensional Lie algebra, while the Leibniz
rule expresses the compatibility of the bracket with multiplication in FpPg Due to this rule, the
bracket is fully determined by its values on the coordinate functionsx' for which tx',xiu O Ji or,
explicitly,

tqd,du00, tp,pu00, tp,dul!!. (1.9)

1 The phase curve may consist of a single point. Such a point is called an equilibrium position .



Using the Poisson bracket, HamiltonOs equations for the coordinate functions can be rephrased in
the following concise form _ _

¥ OtH,x u.
As a consequence, evolution of any functiori on the phase space is governed by the equation

90 tH,f u.

Due to the skew-symmetry property of the Poisson bracket, this form of HamiltonOs equations makes
the conservation law forH obvious.

Poisson and symplectic manifolds. The properties 1) « 4) provide a general debnition of the
Poisson bracket for an arbitrary smooth manifold P. Any Poisson bracket is described by a skew-
symmetric tensorJ on P satisfying the Jacoby identity. In local coordinates this identity takes the
form

J ik B(J Im O 0’
pilm q
where the sum is over the cyclic permutation of indices. A manifold endowed with a Poisson bracket
is called Poisson

For later we will need the notion of a Poisson map For Poisson manifoldsM and N , a smooth
map#: M , N is called Poisson, if for anyf,h PFpN g

tf,huy ppxqq O #%f, # Yhuy pxq, (1.10)
where #%f pxq Of p#pxggand #%hpxg Ohp#pxag x PM |, are pullbacks off and h. Heret , uy and

t , uy stand for the Poisson brackets on the respective manifolds.

In general, the rank r of the matrix J is less than or equal to the dimension dinP of a manifold
and it might change from point to point. In the case whenr O dim P at every point, the matrix J
is invertible and the corresponding Poisson bracket is called non-degenerate. This is only possible if
dim P is even.

Exercise. Show this.

Indeed, sincedt O «J, one has
detd O detp«Jdq O p«dd'™ P detJ,

so that p«1cfim P O 1 since defl & 0.

A manifold P supplied with a non-degenerate Poisson bracket is callesymplectic® The inverse
of J with entries $;; , where Jk $ij o) !j' , debnes a skew-symmetric bilinear di'erential 2-form$ on
P

$ 0O« %$ij pxgdx' A dxl .
The Jacobi identity for J implies that this form is closed, i.e. d$ O 0. A closed non-degenerate
2-form is called symplectic

2As an aside, the term , from the Greek for OintertwinedO was symplectic introduced in 1939 by Hermann Weyl in
his book The Classical Groups as a substitute for the term complex.



Exercise Show that the Jacobi identity for J implies the closeness o$.
We write the Jacobi identity in the explicit form

Jkggm > gmkg gil > gkg gm &g,
Multiply both sides by $j $ms and useJ™* $,; O!! to obtain
«BjI™ $ms « $jj BJI" © $; I*BI™ $ms O 0.
In the last relation we put derivatives on $ using B,.J* $y; ~ J* B$y; O 0 that gives
JMB $ms « "B « IMB,$js OO0.
It remains to multiply the last relation by $x and get
B$k "Bk$j "Bj$x OO0,
which is equivalent to

Bi$ksO0 | d$ 0 0.

An example of a symplectic manifold is the spac&k?N with the bracket (1.9). The corresponding
symplectic form is _ _
$ Odp ~ dd O dmpiddq.
The 1-form " O pidd is called the canonical 1-form.

Given a Poisson manifold, to any functionf P FpPqone can associate a vector beléjp debned
as

% Otf, = u (1.11)

This Peld is called thehamiltonian vector Peldgenerated byf , and f is the generating orhamiltonian
function of %. In local coordinatesx' we have

% OJIBfR. (1.12)
If we let % O %8, then the relation above gives
% O0Jigf, BfOS$;%. (1.13)
The Jacobi identity for the Poisson bracket implies
% g u O r%, %s. (1.14)

Hence, the mapf , % is a homomorphisn® FpPq, XpPq where XpPqis the Lie algebra of vector
pelds onP.

Exercise Prove this statement.
We have

%rguh Ottf,guhu O «ith fuguc«tt g hufuO«tg,tf,huu’tf, tg,huu
O «%%h %%h O r%, %sh.

3The map is from functions into vector belds, not vice versa, because functions whose dilerence is a constant lead,
in fact, to the one and the same hamiltonian vector peld.



If P is symplectic, the debnition (1.11) of the hamiltonian vector Peld can be formulated with
the help of the interior product i,

i, $° o 00, (1.15)

while the one-to-one correspondence between the Poisson bracket and the symplectic foiican be
expressed as

$%,%q O tf,hu O%h O « %f. (1.16)

A function C is called acentral or Casimir function if it Poisson-commutes with any element of
FpPg that is
tC,fu00, @ PFpPq.

Casimir functions form a ring. If C is a Casimir function then it is annihilated by any hamiltonian
vector beld %, i.e. the latter lies everywhere tangent to the level set of the functionC. On the
other hand, the hamiltonian vector beld % vanishes as the one-forndC belongs to the kernel ofJ:
JdC O 0. Thus, the existence of non-constant Casimir functions means that & dimP, i.e. the
Poisson bracket is degenerate.

Let tCiu, i O 1,...,m, be a complete set of independent Casimir functions. Consider a level set
P. Otx PP : Cipxq Ocju, wherec; are constants. Any hamiltonian vector beld is tangent toP.

%C Otf,C;u00, @ PFpPq.

The same is true for the commutator of any two hamiltonian vector Pelds. Thus, by the Frobenius
theorem, the level setP. is an integral submanifold in P. On P, one can naturally debne a 2-form
$

$«P,%q O tf,gupxg, x PPg, (1.17)
where $, is the value of$ at x. The dilerential of $ can be computed with the help of the formuld

3d$0, %, %a O %S$P%, %A %Pk, %a" %S, %q
«  $pPp, %s %a « $ph, %s %q « $pog, %S %Q.

Using (1.14), debnition (1.17) and the Jacobi identity, we getd$ O 0. Since the hamiltonian vector of
any Casimir function vanishes, the form$ is non-degenerate and, therefore, it is symplectici.e. P,
is a symplectic manifold. Thus, the hamiltonian vector Pelds foliateP into integral even-dimensional
sub-manifolds calledsymplectic leaves each of which inherits a symplectic form from the original
Poisson bracket onP.

Canonical transformations. Consider a smooth coordinate transformationx , x* O x'xg In
terms of these new coordinates HamiltonOs equations (1.8) take the form

dx¥ o BxTdxk o BT, L BxE B 1A i 1

WOQWO«QJ ™mxd XH O«ﬁﬁ\] "xd jH*O «J¥ x4 jHY,
where

. . BxY Bxd
I¥ g O@w‘] KM xq, (1.18)
4The general formula for the dilerential of a dilerential form of order k is
) : . ] o ; ;
Pk odod! Po, 1., "kq O pedd i po,..., 8L peld Jprtisto,...,8,.... 9, .. ."a.
i00 oiljlk

10



that is under coordinate transformations J transforms as a contravariant anti-symmetric tensor beld.
Here H 'x'q OH xpxlgq Evidently, the equations for x* are of the hamiltonian form with the new
hamiltonian H Yax'qif and only if

BxI BxI .

ﬁwakm xq 03V . (1.19)
Dileomorphisms of the phase space which satisfy this condition are calledanonical. In other words,
canonical transformations do not change the form of the Poisson (tensor) bracket. An inPnitesimal
dileomorphism x¥ O xk 9 is generated by a vector beld®% Under such a dileomorphism the
form of an arbitrary contravariant tensor J varies according to (1.18),

L3 630 g« I xg O%BIT « BohIH « Bio%hI . (1.20)

Here L, is the Lie derivative of J along the vector beld% It is now obvious that inPnitesimal
canonical transformations correspond to those¥for which L, J O 0.

If a manifold P is symplectic, then canonical transformations preserve the corresponding sym-
plectic form, that is

Li$ OO0. (1.21)

For this reason, these transformations are also calledymplectic or symplectomorphisms

Exercise Show that hamiltonian vector pPelds generate canonical transformations.

An important class of canonical transformations is comprised by the hamiltonian vector belds.
Consider a di'leomorphism generated by a hamiltonian vector beld%. From the debnition (1.20) of
the Lie derivative we deduce that

L,J" O «ka%fEﬁ(J” "Byp)™ B f )M "B pi™ B, f g
O Byf JkgJm 0o,
pLi,m g
where the sum over the cyclic permutation of indices, j, k vanishes due to the Jacobi identity. The
same result follows immediately from the Cartan formula

L[f $ Odp-!1$q\ i!f m$q O «d?f OO,

since $ is closed. Hence, any hamiltonian vector beld generates a canonical transformation. If a
Poisson manifold is not symplectic, then hamiltonian vector belds generate symplectomorphisms of
the corresponding symplectic leaves.

Generally, a hamiltonian system is characterised by a triplep?,t , u Hg a phase space?, a
Poisson structuret , uand a hamiltonian function H. For any function f on the phase space,

evolution equation is

o .
aOtH,fu.

SincetH, H u O 0, the hamiltonian is automatically conserved. Therefore, thga motion of the system
takes place on the submanifold of the phase space debned by the equatidnO E whereE is a bxed
constant.

11



1.2 Liouville theorem

Among a large variety of physically relevant dynamical systems, those which admit an exact solution
turn out to be rather rare. Remarkably, however, for a special class of systems solutions of the
corresponding HamiltonOs equations can always be found by quadraturdss. by solving a bnite
number of algebraic equations and computing a Pnite number of debnite integrals. Dynamical
systems falling in this class are generally known akiouville integrable systemsbecause they satisfy
the assumptions of the famous Liouville theorem. In essence, for a dynamical system with a\2
dimensional phase spac® this theorem states that if there exist N independent functionsf; PFpPq
including the hamiltonian H, which Poisson commutef;,f; u O0, then the corresponding equations
of motion can be solved by quadratures. SincéH,f;u OO0, the functions f; do not depend on time,

involutive family of integrals of motion which is equal to half the dimension of its phase space in
number can be solved, at least in principle, by means of well-established mathematical operations.
For this reason Liouville integrable systems are also calledompletely integrable systems

Exercise Show that the number of independent integrals in involution cannot exceedN for a
non-degenerate Poisson structure on a manifold on dimensionN\.

It may happen that a dynamical system debned on a symplectic manifoldP of dimension
2N exhibits more than N integrals of motion. In this case the maximal number of independent
pairwise commuting integrals f; can not exceedN. Indeed, the hamiltonian vector pelds off;,

i O1,...,k, span a subspaceV " TP of the tangent bundle TP at any given point x P P.

Assumingf; in involution, one gets $, O 0 and, therefore,V " VK, whereVK is a skew-orthogonal
complement of V in TP. The last observation implies that k O dimV # dimVX. On the other

hand, dimV > dimVK O 2N, as$ is non-degenerate. Hencek # 2N « k, so that k # N.

For complete proof we need the following statement. IV is a subspace of a symplectic vector space
W O TP, then dmV ~ dimVK O dimWw.

This can be proved as follows. There is a linear magt : W , W?Y assigningv to the linear
transformation #pvg : V , R that sendsw , $pv,wg Since$ is nondegenerate, then# is
injective. SinceW and W have the same dimension# is an isomorphism. The image#pVKqis
the space of functions inW ¢ that vanish on V, which is isomorphic to the space of functions on
W{V,ie. #: VK p W{V{ is injective, and in fact an isomorphism: any function onW{V is to

a function on W vanishing on V. Thus, dim VX O dimpw{Vd¢ O dimpW{Vq OcodimV.

To demonstrate the concept of Liouville integrability in a simple setting, consider the example
of the one-dimensional harmonic oscillator. The hamiltonian is (massn O 1)

1

$2
1 O 2~ ¥ 2
2

3

and the Poisson bracket is given bytp,qu O 1. The energy is conserved, therefore, the phase space
is Pbered into ellipsesH O E. Perform a change of variables

p O &cog q, qO gsinp q.

Then for the Poisson bracket one gets&,'u O 7. The hamiltonian becomesH O 1&, so &is an
integral of motion. The variable ' evolves according to

90 tH," ud&&,'uds$ "pg OS$t .

12
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Stationary point

H = const — Energy levels

Y%

&

Figure 1.1: Phase space trajectories of the harmonic oscillator.

Thus, the phase space trajectories are ellipses with bxed values &f

The generalisation to the n-dimensional harmonic oscillator is straightforward. The correspond-

ing hamiltonian is® ) .
o 0 1 ¢2 a

HO  opf" & |

i0

=

while commuting integrals are

2 R
fipp,qu%p?‘ %‘qz, iO01,...,N.

Debne the common level set
P.OtxPP: fip,agOc, iO1...,Ny,

where ¢ are constants. This set is a manifold isomorphic to arN -dimensional real torusTN . These
tori foliate the phase space and can be parametrised bl angle variables'; that evolve linearly in
time with frequencies $;.

Consider the equation
ki1 ...kn$n OO, (1.22)

where k O k1,...ky g is a vector with integer components. If (1.22) has at least one non-zero
solution solution, the frequency set@, ..., $n gis calledresonant, otherwise it is non-resonant For
a non-resonant set of frequencies every trajectory is dense on the tord&' and the corresponding
motion is called conditionally periodic. Evidently, if all the frequencies are commensurable (rationally
comparable), that is for any $; and $; there exist integersm and n such that

$imOs$n,
then the motion is periodic.

The multi-dimensional harmonic oscillator is a beautiful example of a Liouville integrable system
as any such system exhibits a very similar structure of its phase space Bows, the latter are described

5To uniformise notations, for the rest of this section we label coordinates by using lower indices.

13



by the Liouville theorem. The modern version of this theorem and the corresponding proof is due
to Arnold.

Arnold-Liouville theorem. Let P be a 2\ -dimensional symplectic manifold. Suppose there exist
N functions f; P FpPgthat are pairwise in involution with respect to the corresponding Poisson
bracket

tfi,f,-uoo, @,jO].,...,N.

Consider a common level seP. of these functions,
P.OtxPP: fixqOg, iO1,...,Nu, (1.23)

where ¢ are constants. Assume that functionsf; are independent onP., which means that the
1-forms &; are linearly independent at each point ofP.. Then

1) P, is a smooth manifold invariant under the hamiltonian Row with H O Hpf; g

2) If P is compact and connected then it is dileomorphic to the N -dimensional torus

™ O tp#4,...,#nqmod 2( u.

3) The motion on P, under H is conditionally periodic, that is,

d#;

at O $ipcq.

4) The equations of motion can be integrated by quadratures.

We sketch the proof of the Arnold-Liouville theorem. Consider the hamiltonian vector belds%
corresponding to the functionsf;. Since %f; O 0, these vector belds are tangent t®®. and their
linear independence implies that they span the tangent space df. at any point. Taking into account
that the vector Pelds are in involution r%, %s 00, we conclude on the base of the Frobenius theorem,
that P is a paximal jptegral syhmanifold for the distribution spanned by %. Clearly, the manifold

P. is invariant under the hamiltonian Row triggered by any H O Hpfjg Varying the constants ¢,
we obtain a foliation of almost all® P into invariant submanifolds, see Fig. 1.2.

The main part of the proof consists in showing that wheneverP. is compact and connected, it is

dilerent vector Pelds commute because the vector Pelds commute. As a result, one can debne the
following action of the abelian groupRN O tty,...,tyuon Pg:

g'mq Og* ~ gy ;Xq. (1.24)

Since P, is an integral manifold for the distribution spanned by %, this action is transitive and,
therefore, P, is a homogeneous space. Thus is dileomorphic to the quotient RN {#, where # is
the isotropy subgroup of RN, i.e. a set of all pointst P RN for which g'pxg O x. The fact that
the belds% are independent at any point of P, implies that the action (1.24) is locally free (none
of the group elements has a bxed point) and, therefore, # must be a discrete subgroup Bf¥ . By
assumption P is compact and, therefore, # should be nothing elsebut an integral lattice zZN, so
that P is dileomorphic to RN{ZN O TN . By the standard construction of a homogeneous space as
a coset, the vector beld%p are mapped by this dileomorphism to the translation-invariant vector
belds onTN. The angle variablest#; mod 2( u parametrising the torus provide a coordinate system

8There could be values of ¢ for which the equations f; O ¢; cease to be independent.
7All discrete subgroups of RN correspond to integral lattices Z*, k! N.

14



Levels of f; (x)

~ Q/

Figure 1.2: Foliation of a phase space by invariant tori. Each torus coincides with a level s&®.. All
trajectories on a given torus have the same frequencie$;pcg so one may speak of the Ofrequency
set of a torusO.

on P, and they can belipearly® expressed viats,...,ty. The uniform motion on the torus TN

are called frequencies.
The linear relation between angles and times means that

#iptq OAji " #iqu mod 2(

for some constant matrix A that depends on the level setc. The evolution in the time direction t;
is driven by the vector % O tf;, uand, therefore, the HamiltonOs equation fo#; has the form

d#;
dtj

Otfj ,#iu¥Pc OAji .

From here we bnd that the evolution of angle coordinates with respect ttH O H pf qwill be
d#; BH

. . . . . B—ié )
F OtH,#il}Pc O ijtfj,#iuypc O Bfi] PcAji O$| .

Further, we note that the Arnold-Liouville theorem can be extended to the case whenP; is
not necessarily compact. With an additional assumption that the hamiltonian vector bPelds% are
complete® on Pg, it is possible to show that each connected component o is dileomorphic to
<6 RN <k,

Action-angle variables.  The variablesf;,#;,i,j O1,...,N featuring in the Arnold-Liouville the-
orem are not in general canonical coordinates o®. However, such coordinates can be constructed.
First we note that in a small neighbourhood of P, the symplectic manifold P is di'leomorphic to
the direct product D 6 TN, where D is a small domain inRN . It turns out that in D 6 TN there
exist coordinatesli,"'j, wherel; PD,'; PTN such that in these variables allf; depend only onl;
and the symplectic structure has the canonical form$ O dl; * d';. An explicit construction of the
canonical variablesl;,"; proceeds as follows.

8This follows from RN {zZN O TN .
9A vector beld is complete if any of its Bow curves exists for all values of time.
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It is clear that in the small neighbourhood of P, the non-singular matrix of Poisson brackets
takes the form

o} ua o a
tfi,f,-u tfi,#ju N 0 Aj

t#i,fju t#i,#,-u «Aji Bij (125)

The matrix Aj is constant on P and therefore Aj; ¢) Aj @ g We show that Bj also depends on
fi. Consider the Jacobi identity

tfm, t#, #uu t#, t#, fauu  t #, tf o, #uu OO. (1.26)
We have

t#i,t#j,fmuu‘t#j,tfm,#iuu0<<t#i,Amj p‘qu‘t#j,Amip‘qu

BAmj . BAmi A BAmj BAmi
t#,f ——t#;,fxu 0O Agi Ay 1.27
« y iTku Bf j Tkl Bf ki « Bf kj ( )
which is independent on#. Thus, the bracket
tfm, t#,#uuOtfy,Bjul Jtfm, B#k

is also#-independent. Since the matrix A is invertible (otherwise the Poisson bracket (1.25) would
be degenerate), g5 BB” also depends only orf which further implies that

Bj Oc ffo#s™ g Ha.

Single-valuedness of the bracket requires thaty O 0 (otherwise, the bracket at 0 and at 4 for any
of the angles will have dilerent values although it corresponds to the one and the same value on the
torus), i.e. Bj is a function of f. One of the consequences of this fact is that the Jacobi identity
(1.26) reduces to

BA BAmi .
Bfr:J Ay « Bfr:' Ay OO. (1.28)

Now we perform the change of variableg; O fipljgsuch that tl;,#;u O! j . For this we need to
solve a system of equations

. Bf; Bf ; Bf j
Ajj Otfi,#quBI thy, #,uoBl—'lk, ¢ BT,I
The compatibility condition for this system is
BAij N Bfi N Bfi N BAis
O (@] (@]
Bls BsBj BjBs B

Since

BA“ ) Bflk BA" ¢) BA“ Axs, this condition is equivalent to

BA; BAs
A
B S o Bf

Ak] ’

which is nothing else but the Jacobi identity (1.28) for functions f;, #; , #s.

If the variables #; do not commute, then we should pass to new angle coordinatés mod 2( by

a shift #; O'; > h;pl g The functions h; are determined from the condition
. L Bh;  Bh;
Bijj Othi,ju t i’hjuoBTJ« B|7|, (1.29)
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which solubility condition is equivalent to the system of equations

BBj . BBjk . BBy

By B Bj 00
which is the same as
BBj . BBk . BB A
ﬂAmk Bfm Am| Bfm Am] O 0 (130)

Sincett #;,#; u, #u O tBjj , #,u O ';B:i tfm, #u O BB?—n‘iAmk , one immediately recognises that (1.30)
is just the Jacobi identity

tt #i,# U, #U Tt # JHUHu Hi, #iU,#; U 0o0.
In this way we have constructed the action-angel variabled;,#; realising the canonical structure.

Example of an explicit construction of action-angle variables. Consider a Liouville inte-
grable system with the phasespaceR?N . According to the Liouville theorem, the motion occurs on
a N -dimensional torus TN being a common level ofN commuting integrals. Let );, 1# j # N,
be the fundamental cycles of this torus depending continuously on the leveic; u. Consider a set of
equationsf;pp,qq O¢ and solve it for pj: p; O pjpc, qg Introduce the so-called action variables®
1 A 1 A
|ipcq0§ pipq,mﬂqoz (1.31)
% %

where" O pidqg is the canonical 1-form. Sinceg; are time-independent as they are values of the
integrals of motion, the variables I; o I pcg are also time-independent. Moreover, assuming that
I; are independent functions ofcj, the map ¢ , 1;pcq given by (1.31) has an inverse. The angle
variables'; are constructed by requiring that the transformation

mi.Gd.plj,"d (1.32)

is canonical. To construct this canonical transformation, we will use the following generating function
depending on the OoldO coordinategand the OnewO momenta

|
q

Sp,qq O pips, lodg
Jo

where an integration path lies onP.. We have

. BS .
pO=— . pOpp.qq (1.33)
B
The angle variables are introduced as
. BS N
10g, - 10hRaq (1.34)

Thus, for the dilerential of S we then have

.BS . BS, . .

10The physical dimension of 1; coincide with the dimension of the action that is the same as the dimension of
angular momentum.
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Acting on this relation with d and taking into account that d?S O 0, we get
$OdQ A dq Od|j A d'j s
which shows thatl;,"'; are canonical variables.

A subtle point here concerns a dependence & on the integration path. Consider a closed path:
from g to g and further from qto q. If this path is contractable, then by Stokes® theorem

Ao ! !
$SO "0 d" O $00.
Jo

Here the vanishing of the integral of$ is due to the fact that $ vanishes onP,
$L%,%q Otfi,fj u0o0.

If an integration path encloses a non-trivial cycle) , the generation function undergoes a shift by an
integral of " over this cycle I
$ O/US O n
%
that depends onl; only. As a result, going over the cycle the variables ; undergo a jump
!

. B
$%'joﬁ pipg, lodg
] ()

%

i.e. 'j are multi-valued functions on Pc. In particular, $ o'; O 2(! j. This shows that'; are
independent angle coordinates on the cycles. The same conclusion can be also drawn from the
following consideration
A A «A 7] «A 7] «A 7]
. BS . B . B BS . B N
diO d=—0O—-— dS O— —dg O — dge O2(! ,
i BI; BI; Bl Bq< Gk Bl Pk AG ( ij
% % % % %

as on)j PTN the variables | are constants and the functionSpl, qqdepends ong only.
In the variables I," the Hamiltonian is a function of |. Then equations of motion become

IQO«EOO, '9OEO$
] B 7B, ipq
and they are trivially solved, I;gq O1°,';jpq O' " $;d °¢. On the way of constructing the angle
coordinates’ j, algebraic operations were used to bPng; from f; g, og O¢ and a computation of a
debnite integral was implicitly done to obtain Spl, gg Finally, the inverse of (1.32) was constructed
by solving equations (1.34) forg 0 gpd,' g whichis also an algebraic operation. This way of solving
a Liouville integrable system is behind the term OquadratureO.

Note that even in the one-dimensional case the action-angle variables are not uniquely debned.
The action variable is dePned up to an additive constant and the angle variable can be shifted by
an arbitrary function hofl: 1, |~ const,' , '~ hpg
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Exercise Construct the action-angle variables for harmonic oscillator.

We illustrate the construction of the action-angle variables by using the harmonic oscillator as an
example. We have

a_
EO%m2‘$2q2q ] PPE, qg O U 2E « $2¢?
and, therefore,
A |
|OiAda2E«$2203.\/!deaZE«$220E
o T =™ Ty

E

The generating function of the canonical transformation reads
|

9 a__
Sp,gqgO dx 2I1$ « $2x2,

while for the angle variable we obtain
|

‘p qu§O$.q97dX7OarctanaL (1.35)
' Bl T2A$ « $2x2 21$ « $2¢? . .

The change of' for the period of motion, which is the same as an integral over the cycle of constant
energy, is

5 2
| - 21
iAd'OE$' , 2% o1 (1.36)
2( = ( « ’ %j . 2|$ « $2X2 ’ ’
Inverting (1.35) with respect to g, we get
‘@
O “-sin'.
q $ sin
We can verify that the transformation to the action-angle variables is indeed canonical
« 2 %]
dp” dgO a it « a $7qdg A dg
21 « $2¢? 21$ « $2¢?
“a
O a$:dl A dpsin'q Odl ~ d'.
21 « $2¢7? $

1.3 Some examples of integrable systems

Bose gas with delta-interaction . The so-called delta-interaction model is debPned by the hamil-
tonian
.19 @
HO_— p" * !m«qgq, (1.37)
2m . .
io1l il

where * is a real coupling constant. For* $ O the interaction is repulsive and for* % O it is
attractive. A solution of the corresponding quantum-mechanical problem for the repulsive case was
brst obtained in the case ofbosonsby Lieb and Liniger, while the general case ofdistinguishable
particles was solved by Yang. Expanded in many directions, this model serves as a prototype example
of applications of the Bethe Ansatz techniques.
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Calogero-Moser-Sutherland (CMS) models . Inverting the harmonic potential of the one-
dimensional oscillator, one obtains a model with the hamiltonian
PP.)?

2m  mg?’

Exercise The corresponding dynamical system can be thought of as describing radial motion of a
free particle on a two-dimensional plane with Pxed angular momentuni g attributed to the coupling
constant ), the latter has the physical dimension of the Planck constant.

The potential gives rise to centrifugal inverse-cube force. As any one-dimensional model with
conserved energy, it can be elementary solved by quadratures. It is remarkable, however, that this
model admits an integrable generalisation to many degrees of freedom

18 ., )28

l. HO-— p*°

(1.38)
2M o,

>
2m iaj %
The latter model describesN particles on a line interacting by the inverse-square potential. Here
g; O g « g isthe dilerence between coordinates of Oth and Oth particle on a line. This mechanical
system with n degrees of freedom is historically tied up with names of Calogero and Moser who
solved it brst in the quantum and classical cases, respectively.

It has been shown by Sutherland that the model (1.38) can be further generalised to account
for a periodic boundary conditions. The corresponding potential is a trigonometric generalisation
of the one in (1.38) and the hamiltonian is

I HO ®p2‘ )2 @ 1 (1.39)
. ~ 1 ~ f. .
2m oy 2m . 4¥sin 320

this model to study thermodynamical properties of quantum Buid based on (1.38). The Sutherland
model has an interesting variant where the length+ is analytically continued to imaginary values
+, i+, giving rise to the hyperbolic model with the inverse-sinh-squared potential

1 B

n . HO — p*°
2M iy

)2 B 1

A2 ot Lo
2m ., 4#sinh® Jq;

(1.40)

model (1.38).

Evidently, the three models (1.38)-(1.40) are particular instances of the hamiltonian system with
a pairwise potential vpagq O vp«agq

.1 ® B
H O%.‘ p? Lt (1.41)
iol ilj

One can therefore ask a question on the most general functiompgg for which the model debned by
the hamiltonian is integrable in the Liouville sense. The answer turns out to be

2
AV vpoq O)H, g, (1.42)
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where, mg O, p$1, $2qis the Weierstrass elliptic function with half-periods $; and $,, where we
choose$1, «i$, to be any positive numbers, possibly inbnite!! This potential debnes an elliptic
model from which the previous models follow as degenerate cases when one or both periods become
inPnite. Specibcally, we have

Rational case $; 0 8,%$, 08,

g 1
1 ” qz .
Hyperbolic case $; O 8 ,$, O i(+,
1 .1
P g2 ginn? 4 128
Trigonometric case: $; O (+,$, Q8
« l
P e sin? & 1227
The rational, hyperbolic and trigonometric (potentials) models are marked asl, Il and Ill respec-

tively, while the most general elliptic case is refereed to asV . In the following we abbreviate the
systemsl| « IV as the CMS (Calogero-Moser-Sutherland) models. These CMS models are related
to the root system of the Lie algebraAy «1 and can be generalised to other root systems.

1.4 Lax representation and classical r-matrix

Lax representation . Let L and M be two square matrices whose entries are functions on a phase
space. Consider the following matrix equation

9O rMm,Ls, (1.43)

where as usual dot stands for the time derivative. If equation (1.43) is identically satisbed as a
consequence of hamiltonian equations for a given dynamical system, then this dynamical system is
said to admit a Lax representation (1.43) with L being the correspondingLax matrix. Such a pair
of matricesL and M s often referred to asLax pair.

The importance of the Lax representation is that, once found, it allows for a simple and universal
construction of an extended set of conserved quantities as spectral invariants of the corresponding
Lax matrix. Indeed, consider

I, OTrLX.

for k PZ. We have
19 O kTrpLk“*19 OkTrpL*“*rM, L sq OTrrM, L ¥s OO0,

i.e. the I are time-independent as a consequence of the hamiltonian equations implying (1.43). In
fact, the matrix equation (1.43) can be readily solved as

Lptg Ogptd pocgptef*
where the invertible matrix gptqis determined from the equation

M[Iq O@«l‘

11The #-function is homogeneous #p5q|$! 1,$! 2q O $<2#pq|! 1,! 20 With the assumption that ! 1,!, has the
physical dimension of length, this property allows one to use in  #pgq the dimensionful coordinate q.
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By NewtonOs identities, integrald  are functions of the eigenvalues of the matrixL and vice versa.
Since the eigenvalues of. are preserved in time, evolution of such a dynamical system is called
isospectral

It should be emphasised that a Lax pair, if it exists, is not uniquely debned. First, the one and
the same dynamical system might admit Lax pairs represented byr 6 n matrices of dilerent size n.
Second, there is a freedom related to transformations of the type

L!OgLg“?, M1OgMg“l® §g!, (1.44)

where g is an arbitrary invertible matrix possibly depending on dynamical variables. If hereL, M
is a Lax pair, then L%, M *is another one for the same dynamical system. Indeed,

O gLg“t” oM, L gt « gLg“*@g<* O rgMg“! " @t gLglsO ML Ls.

Note that M undergoes a gauge-type transformation. Lastly, for a bxed. shifting M by any
polynomial of L will not inBuence the Lax equation (1.43).

Exercise. lllustrate the concept of Lax representation on the simple example of a one-dimensional
system with the following hamiltonian

1,0 1.,,0 -
H O ép §$ q 2 (1.45)
This system can be calledCalogero oscillator, as in the limiting cases- , 0and$ , O it reduces

to the usual oscillator and the rational Calogero model, respectively. Show that for this system one

can take
o} . u 0 .U
1 p $q « g 51 0 «$ « 7
2 $q « a «p ! M O 2 > s (1-46)

LO 0

With this choice for L and M equation (1.43) is satisped as a consequence of equations of motion
@O p and PO « $%q° q—s and vice versa, satisfaction of (1.43) implies equations of motion for the
Calogero oscillator. Notice that the conserved hamiltonian is expressed ad O TrL? " -$.

Among further examples we mention the Lax representations for the models CMS modelsand 111 .

I. Lax representation for the rational CMS model
B B 1
LO P Ei « i) q—_Eij ,

i01 iaj W (1.47)

LA
M O I) Trjzii « Eij g.

iaj i

Using the canonical structure (1.9) and the Hamiltonian*? (1.38), one can verify the validity of the
Lax representation, namely, that

OO tH,LUOL,Ms. (1.48)

12 For simplicity we put m O 1.
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Exercise. Matrix unities.

The space MapRqhas a bilinear form
xA,By O TrpAB q (1.49)

and a natural basis of matrix unities. Denote by Ej P MatpRqga matrix unit, i.e. a matrix which
has only one non-trivial matrix element equal to 1 standing on the intersection ofiOs row withj Os

column
PEij ga O lic ! - (1.50)
Questions:
1. Show that for the commutator and product one has
rEij ,Ek|SO!jk Ei « 'iEx , EjEu o) lik Eir .
Note that this basis is not orthogonal with respect to (1.49), rather TrpE;; Ex q Ol lik -
2. Introduce the matrix representation for the so-called split Casimir
)
coO Eab b Epa (1.51)
abO1

and show the matrix elements ofC are

. ® . .
Cijx O PEap0j D PEpata O !yl O TrpEj ExQ. (1.52)

a,bO1
3. Show that for any matrix A one has
A O Eij Tr FEji Aq " Ay O Trz[iﬁlegq.

The Prst two spectral invariants of L produce the total momentum P and the Hamiltonian 2H O H.
Starting from Tr L® one produces new integrals of motion that cannot be expressed vi and H .

More explicitly,

. @
HiOTTL O p
i
@
H,OTrL2 O p? )2 iz
é iaj G
HsOTL: O pi 32 2 (1.53)
[ iaj G
@ D 2 lpp @ @
HoOTIL® O pt a2 P ZPPya® 1o @ 1
[ ia] G ia] q‘JI iéjékqj Yk

As) , 0 the integrals behave asHy & pJ-k, which gives a reason to call the basis of conserved
guantities constituted by these integrals the power sum basis

As we will discuss in the next lecture, the integralsHy have the distinguished feature of being
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,..g K
Hy a P
j

powers of the hamiltonian, although commuting, are not local operators. Thus, the existence of
local commuting operators adds to the notion of (quantum) integrability.

lll. Lax representation for the hyperbolic CMS model. It is convenient to introduce Q; O €% . In
terms of this variable the Lax pair reads

N: B q
LO pEj«i) =LEj,
i01 EY Qi (1.54)
B Qg
M Oi) QZ PEi « Ej q.

ia] ij

One can verify that (1.48) holds for the canonical structure (1.9) and the Hamiltonian (1.40), the
latter takes in terms of Q-variables the form

a 2@ 0.0,
Hol PP )7 Q"}’
iaj

2.

Computing the spectral invariants of L, we generate the conservation laws for this model

. R4
H:OTrL O p

@ 2+ @ Qi Qj

H,OTrL2 O p?t )2
i I i8] Qﬁ
1] D 0.0
H;OTrL® O pd 3)2 Q'(}' P (1.55)
i iaj Qi
A %) R (7] Qi Qi « . ﬂ‘ (%] QZQ'Z\ (] Q'QZQ
HsOTrL* O pf 4)°2 Lo e ) 2 '27'2'(
i Y] Qj P4] Qj iajak Qjj Qjk

These formula share the features of the rational case.
Babelon-Viallet theorem and dynamical r-matrix . The lLax epresentationmpakespo fgference

A relation of integrals to the underlying Poisson structure gets established due to theBabelon-
Viallet theorem. According to this theorem, having the involutive property of the eigenvalues of
L P Mat,pCq is equivalent to the existence of a functionr on the phase space with values in
Mat,, pCdP 2 such that the Poisson bracket between the entries of is

tLl,L2UOW12,L15« rro1, Los. (156)

Here and throughout the book L; and L, stand for two dilerent embeddings of L in the tensor
product Mat, pCcf?, namely, L; OL b 1 andL, O 1b L, so that tLy,L,u O tL b Lu represents a
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collection of all possible Poisson brackets between the entries bf Correspondingly, the indices 1 and
2 of ry, refer to the brst and second matrix components of MatpCd®?, respectively. As an explicit
matrix, riz O i g wherei,j O 1,...,n correspond to the brst matrix space andk,| O 1,...,n
to the second one. The matrices on the right hand side of (1.56) are multiplied according to the
standard rule of matrix multiplication. Thus, being written in components, formula (1.56) looks like

tLj,Lwu Oris,m Lsj « LisTgjm « I'ksjj Ll ) LisTsij » @,j,k,I P1,...,n,
where we have separated the indices belonging two dilerent matrix spaces of, by comma. Clearly,

the use of the concise notation as in (1.56) saves a su%cient amount of work and space.

The matrix r is called dynamical r-matrix , which ref3ects the possibility for this matrix to depend
on the phase space variables. Note that the bracket (1.56) is manifestly skew-symmetric. To obtain
(1.56), we assume thatl is diagonalisable,

LOsS"s“!,
where " is a diagonal matrix whose entries "; are prospective integrals of motion. Assuming that
the phase space is equipped with a Poisson structure such that' ;," ;u OO0 for any ,j , we compute
tLy,LouOtS;" 1S, S 2Ss tu O
OtS;, Sou' 1S; 1 5851 Spt" 1, SpuSy M 2S5« S 1Sy M Sy, SpuSy Sy
T SptSy, "ol 18T ISs P« $1" 1S58y M Sy, " 2USy IS5 T « S 2S5 1Sy, SpuSy M 4 S
«S;" 2S5 181t 1, SUS; ST S 181 1Sy" 2S5 'Sy, SpuSy TSS Y
Introducing the notation
klzotsl,SZUSflS;l, ChzOSztSl,"zUSIlS;l, qleSltSZ," 1USflS§l,

we have

tLl,Lzu O k12|_1|_2\ L1L2k12 « L1k12L2 « L2k12|_1
« Cpil2  Giobi« Litho ™ LaGps.
From the explicit form of ki, one sees thatk,; O «kio. This allows one to further rearrange the
bracket as
tLj_, LzU O fk]_2|_2 « L2k12, L]_S T tho, L]_S «rtp1, L25
C) %I’rklg, Los LS« %rrkzl, LisLas or G2, LS« rtps, L,s.

The last expression has precisely the form (1.56), where the correspondirrgmatrix is
M2 o Ch2 : %rklg, Los.

Note that r;, is not assumed to have any specibc symmetry properties. Also, it is not uniquely
debned: one can readily see that a shifti, , ri2 ' r . 12,LoS where. 1o O . 1, does not inRuence
the right hand side of (1.56). Also, the bracket (1.56) does not change its form under symmetry
transformations (1.44), although the r-matrix does.

Proceeding with our example of the Calogero oscillator, the -matrix corresponding to L in (1.46)
can be chosen as

N AN 2
(@] W E12 b E21 « E21 b E12 , (157)

which can be veribed by straightforward calculation. The matrix is dynamical but depends onqg
only.
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Concerning the Jacobi identity for (1.56), it yields the following constraint on the r-matrix
rL1,MM12,713S I 12,7238 I T35,r13S t Lo, risu«tls,ripus’ cycl. permO 0.
In the case whenr is independent of the dynamical variables, the last equation simplibes to
rLq,MT12,713S I F12,123S I r3p,r1358s” cycl. perm O 0.
In particular, the Jacobi identity will be satisbed if r obeys the following equation

12,0135 T r12,F23S T32,r1358 OO0. (1.58)

Another important point about the Poisson structure (1.56) is tha; it yields the Lax represen-
tation for evolution equations driven by any of the hamiltonians Hy O TrLX, k P Z. Indeed, from
(1.56) one gets

dL . .
g OtHiLuO My Ls, (1.59)
k

where My O « kTrlp'21L'{« lgand ty is the time evolution parameter along the hamiltonian Row

triggered by Hy. One can verify that for the Calogero oscillator with H O TrL?, the corresponding
matrix M constructed in this way coincides with the one in (1.46).
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Lecture 2

Classical scattering and
Integrability

It is natural to start from the picture of scattering in classical mechanics. Here we deal with
well-debned classical trajectories and the simplest situation corresponds to a single non-relativistic
particle scattering elastically o! a bxed (heavy) target modelled by a potential with a Pnite interac-
tion range. Asymptotic trajectories describing the motion of a particle far away from an interaction
region are straight lines! Restraining to a one-dimensional situation, this means that before the
collision, ast ,, «8 , the actual orbit asymptotes to a free orbit

Otg. GapgOg* ™ vt, t,«8 (2.1)
for some bxedpg“,v¢ g Analogously, after the collision,
g, GupgqOq “vit, t,8 . (2.2)

The scattering process is completely characterised by, ptgand g ptg the incoming and outgoing
asymptotic orbits. The pairs pg” , v¥ q represent the classical scattering data and a transformation
from pg¢,v<qto py ,v qdebnes a classical scattering operator, also known asassical S-matrix
Scattering of several particles interacting with each other via an admissible pair-wise potential is
considered in a similar manner. Every patrticle trajectory has well-debned in- and out-asymptotics
and scattering results to a transformation of incoming into outgoing scattering data.

To understand what is special about scattering processes in an integrable model, we consider the
example of N particles of equal massm O 1 governed by an integrable hamiltonian

19 B
HO > PP Vg a. (2.3)
jo1 inj
We assume that the potentialv is symmetric: vpgg O vp«qg repulsive and impenetrable, and falls o!
su%ciently rapidly with the distance between particles, to guarantee the existence of an asymptotic
region. Concretely, one can think about the rational or hyperbolic CMS models, which potentials
satisfy the above-mentioned conditions. Classical integrability for these models follows from the
existence of the Lax representation with the matrix L given by
. ® ®
LO pE;  upm oy (2.9)
jo1 inj

with an appropriate function upgg

Iwe exclude bounded orbits which might exist for the case of attractive potentials.
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Figure 2.1: The picture of scattering in one dimension. Integrability implies that scattering is
non-dilractive.

2.1 Non-di'ractive scattering

Since the potential is repulsive and impenetrable, particles cannot overtake each other and one can
label them according to the order

Aq %epRqg %... %apg, @, (2.9)
see Fig. 2.1. Fort ,«8 the asymptotic condition has the form
GRqOpt™ ¢ ° oplg, p° Opip«sq, (2.6)
and it is described by N numbers o, g g Analogously, fort, 8
GpraOp t* g " oplg, p Oppeq . (2.7)

From (2.5) that is valid for any t, in particular, for the asymptotic conditions (2.6) and (2.7), we
deduce that

Pp$p; ... 8Py,

p; %p, %...%p, .
Because of the asymptotic conditions|q « g | O Optgast , U8 , the Lax matrix has the asymptotic

11$/12%...8/n.

Obviously, the same order of eigenvalues must be found a@tO "8 , which is only possible ifLp8q
has the same eigenvalues dsp«8q but in the reversed order:
Lp«8q O Y a, Lp8y0O Y a,
Py Py
This implies in turn a very simple relation between the scattering data:

p;\l‘ 1« ¢) P (2.8)
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Thus, the set of incoming asymptotic momentat p; u coincides with the set of outgoing onegs p{ u
This central result is usually referred to asconservation of asymptotic momentaand the correspond-
ing scattering process is described ason-dilractive . Note that (2.8) is independent of the value of
the coupling constant.

2.2 Classical phase shift

Due to the coincidence of the sets of incoming and outgoing momenta, we can reinterpret the
scattering picture in a dilerent way. Namely, we can associate to each particle a unique asymptotic
momentum and assume that the order of particles is the same as that of their momenta. In particular,
before scattering the fastest particle is the most left one, and after the scattering it reappears on
the right of all the others, as if interactions would be completely absent. This is the so-called
transmission representation of scattering in comparison to therefRection representation we started
with. We have to say more on these interpretations when it comes to the discussion of quantum
scattering.

while scattering shows up in the discontinuity !; of the asymptotic coordinates

lJ Oq;\|‘1<(\j « q« O 29
O lim Oy 1jHQ«qpetqepit . (9)
The quantity !;, also known as theclassical phase shift completely characterises the scattering

process: it shows how much thg th particle has advanced in comparison to a freely moving particle
with momentum p; . Our next goal is to understand how to compute !;, especially for an integrable
model with the hamiltonian (2.3).

We start with the two-body problem. For the two-particle case the equations of motion can be
solved in quadratures by making use of the conservation laws of energy and momentum

i . s F
2 2’
pr- p2 O pf  ps.

PE. P *
5 o VPh2q O

Indeed, introducing k O p; « ps $ 0, from these equations we get

1 .. 1a
P12 O Eﬂff P2qU 3 k2 « 4vponog. (2.10)

To correctly associate the particle labels to the signs on the right hand side of the last formula,
we recall that for t , «8  the potential vpg2q vanishes and from equations above we restore the
asymptotic conditions for particle momenta, we have chosen

1 « ~ « o~ 1a V2 .. A
pi1Rq Oéppl Ra k2 « 4vpoq,
1 Ta (2.11)

p2ptq Oém‘i T psQ« > k? « 4vpop2q.

As time goes,p; decreases, whilg, increases andat the yalue,to suchhat k 2 0O 4vmoq %0,0 Xpog

equation Potential is

symmetric
Vpdiz 4 O Vpda1 g

a
Bt Op, « pr O« k2« 4vixptqg (2.12)
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As time grows starting from «8 , the distance between particles diminishes and at O tq it
reaches its minimum x O Xo. By continuity, after passing the value to, p; and p, continue to
decrease and increase, respectively, which far$ to enforces the identibcation

51 « N 1a V2 v A
PRGOSy~ P« K2« 4vphag,
51 « N « N 1a V2 v A
P2 OZpoy ~ P2q 5 K*« AvVpohaq.
The distance between the particles starts to increase again according to

a__
Btq O k2 « 4vpxptqg (2.13)

This discussion provides a qualitative picture of the dynamics, see Fig. 2.2. In particular, the
centerbof-mass undergoes free motion in accordance with the prescribed asymptotic behaviour

G RO psd o O, pd g G, (2.14)

which, together with (2.8), yields
PO 6 G Om a4 % . G G Od ¢
that implies for the discontinuities (2.9) that !, !, O 0.

Equations (2.12) and (2.13) are solved by quadrature

|
t X dx

tO« a&———, t# 1y,
k2 « 4vpxq
L (2.15)
N dx
tO e t&tg.
k2 « 4vpxq

Before we proceed with a generavpg let us con-
sider the two concrete examples of the rational and
hyperbolic CMS models corresponding to the poten-
tials

)2

. 2 .
4+ sinh® 2%

2
vpoq OLZ and vpgg O

In the latter case the parameter + controls the inter- :
action range and we set+ O 1 to simplify consider- t=r t=to t=+t

ations. For these models, performing integration in
the Prst equation of (2.15) yields Figure 2.2: Time evolution of particle mo-
c___ menta in the two-body problem.
L1 H2 _  a
tO«E X2 « K pratq,
+ d_ 0
2
tO «Elog cosh% ) sinh% 1« kzsjnhzg ) ; phyperg,

where in both casesa is an integration constant. This constant is found by matching the above

formulae with the asymptotic expansion . .
xptg O g2 « gy is
« always positive.

xpq O «kt "pgs « giq - a{t™ aft® ...,
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<«

fort,«8 . In both cases we Pnda O ¢ « g . For t $ to the solution of the second equation in

(2.15) is
c A
t(‘)1 X2 « R pratq,
K L% Ry )
: S (2.16)
tOEIo cosh> " sinh > 1«L « D phyper
k9 2 2 "~ “kzsinr kPP

The integration constant b is found from the condition that at t O to corresponding tox O Xo,
solutions obtained fort # tg and t & to must coincide. This givesb O « a for the rational case and
bO «a’ 4logcosh’? for the hyperbolic one. Matching now the asymptotics

xptq Okt "p g, « g g byt b{t?" ...

fort,8 with that of (2.16), one gets

«

g «q ObO«aOg «qg patq,
% « g ObO«a 4logcosh’s O q; « g5 ° 4logcoshe  phyperq.
Combining these formulae with (2.14), yields

1,000 !, pratq,
R R « )22 | (2.17)
1; Ologcost %2 Olog 1° @ 0«2 phyperq,
where we used the fact thatx, is debned by sinfA % O )2{k?. In particular, if we restore the
physical dimensions and the dependence of the answer for the hyperbolic case!pkq O ! reads
as
« )2 %]

kg O+log 1° Wz (2.18)

These examples make clear how to treat the case of a generic potentigixg A general solution
of (2.15) can be written as
|
L X dx .
t O « e to y t # to y
| xo K« dvxq
L dx .
tO a—— {p, t&to,
xo K2« dvxq

(2.19)

decrease of the potential at inPnity, the brst formula in (2.19) admits a well-debPned asymptotic
expansion
! + u
. o 1. 2 . 6 . .
t O « . dx PRl Evpxq2 to
¢

. . #
. 1 L2 qé . 6 0? . .
O « Ep( « XoQ ﬁvlp( /s @VZD( L to,

. 1 e
where Vxq Ovpxg V4O vxcf and so on. K O <P X « Xog
« 2{k2pV pxq « V pxoqq
e kt o as

t, «8
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AssumingVpxq, constforx,8 and similar behaviour for other terms in the above expansion,
one sees thak x{k gives the leading term of the asymptoticst , «8 , while the constant term equal

to ¢y « g; should be identibed with
. ¢ 9 « 2] « 2} #
G «q O Kktyg™ xp«k i Vp8g« VXoq P Vop8q « VoXo( ...
! 8 « 1 lﬂ
O kit Xo« k dX &¥4mn—-——« —
X0 k? « dvpxq K

This expresses the constanty in terms of the asymptotic data and the potential. Analogously,
considering the asymptotics of the second formula in (2.19) fox ,8 , we bnd
|

. . "8« 1 19
« O «kty® Xxo« k dx ae—m——-— « =
G « G o Xo g K avpg < K
. ' 8 « k %]
@] |« Oy T 2Xg« 2 dX a——« 1 .
h « & 0 y K7« Vg

This ultimately gives the coordinate discontinuity !, O !pkqfor a generic potential subject to the
requirements formulated abové
I - b
. 8 . 1 A
kg OXopkq « dxY b———— « 19 | (2.20)

av
Xopkq 1« kgxq

read that !pkqgis an even function ofk. Now we can turn to the case of many particles.

2.3 Factorisation of the classical S-matrix

First we recall the notion of the scattering matrix in classical theory. Let f p, gqbe an observable
debned on a phase spade O R?N with the canonical bracket (1.9). Given f pp, ogat some moment
of time, say att O 0, we can bnd its valuef pp, q,tq O f poptg gtggat any moment t through the
hamiltonian equations. Assuming the time-dependence is continuous, we may exparnfdp, g, tq in
powers oft

f or - Lro Lpo Ly
Fp! q, tq ﬁ E ? ! e
Using the hamiltonian equations this can be rewritten as

t .1, Lt .
—tH,fu’> —=t°tHtH,f uu gthHtH,fuuu

fprqOf = 21

Formally, this series can be viewed as an action ofi of a certain evolution operator U;

fp,q,tg O™ Uy f p, g O pif g, q.

2As a check of the formula (2.20), we substitute vpxg O %{g? for the rational CMS. We then directly bnd
- d Al

0] d
. 49% . 49% .
dpkq Oxppkq« g 1« K22 « q ? Oxo 1« WOO’
Xopkg 0

where x3 O 49 {k?.
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The evolution operator U; debnes a one-parametric continuous group of canonical transformations:
U;ptf, hug O tUif g Uy phqu.
In the context of scattering theory we assume the existence of in- and out-asymptotics, namely,

mipggraq, ppt,pit oq,  t,u8 (2.21)
where ppi“ ,q“ g are coordinates on the asymptotic phase spaces
P« Otpp«,q«qPRZN, pi$p§$$p u
P Otpp ,q qPR™, p, %p, %...%pyu

sectorial reglons
Since the time evolution preserves the Poisson brackets between canonical variables, the asymp-

totic data pp;‘, g* qand pq p; galso form canonical pairs,i.e. the asymptotic spaces are symplectic.
In terms of evolution maps, eq.(2.21) can be written as

t’[H - Uy,

y, g, €Hetlymt dlg  t,u8 (2.22)
where Hg are the free hamiltonians constructed from the asymptotic momenta
, 18
Ho O3 md. (2.23)
jo1

This allows one to debne the classical analogue of the quantum-mechanical M¢ller operators (the
wave maps) & : P?, P,3

&g ot!aig” e«ttH ﬂuyettHojr,—'u (224)

The wave maps are canonical and they are used to construct the classical S-matrix
Sciass O &¢'& @ P, P, (2.25)

which is also a canonical transformation.

Coming back to the problem of bPnding the phase shifts!; for many-body scattering, we note
that this can be done by relying on canonicity of the asymptotic phase spaces and the relations
(2.8). Indeed, we have

A . N ~ « « j ~ N B!j
i O1Py: 1¢in O 1jU O TP, G Huol; ~ —.
By
This shows that B!; {Bg* 0 0, that is I; depends onp“ only and, therefore, it can be immediately
found by arranging the asymptotic data g ,...,0y » such that collisions take place pairwise, with

asymptotically large times in between of any two subsequent collision$. This shows that the multi-
body phase shift can be found by simply summing up the two-body phase shifts arising from collisions
of j Os particle with the rest
- .9 D
OOy« 1< q“ @] !ppj“ « Py g« !mj“ « peqg. (2.26)
i6doooo0omooootimdmyoooomoooooooon

right particles left particles

3We debne " following the tradition of the quantum scattering theory.

4Times of collision, like to, do depend on g .

51In the S-matrix picture where particles are labelled according to their conserved asymptotic momenta, initially
j Os particle hasj « 1 particles on its left and N « j on its right, and, after all the collisions, it will have N « j particles
on its left and j « 1 on its right.
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(j — 1) particles e (N —j) particles (N — j) particles . (7 — 1) particles
S | —
4's particle j's particle
Before scattering After scattering

Figure 2.3: Multi-body phase shift

This strikingly simple answer is, of course, a consequence of the existence of a complete set of
integrals of motion responsible for (2.8). There are no separate three- and higher-body events and
the multi-particle scattering process is completely characterised by the two-body phase shift. A
direct argument supporting this statement is based on using evolution equations produced by higher
commuting integrals to rearrange the scattering process into a sequence of two-body events.

Finally, to determine the classical S-matrix for the scattering problem at hand, we consider the
generating function * pg“,p g of the canonical transformation pg,p‘q . p g . p, g namely,

«AB PP g - CAB PN .
PO — OPvair @ 05— 0" v, (227)
where, according to (2.26),
~ Q « « Q « «
'Nv i O PPN 1ai € PO« 'PON - 1ei € P D
k" l\b 1« i k! Né 1« i
o 'm; « pN‘ l«kq« Iml « pN‘ l«kq
k" l\b 1«i k! l\b 1«i
O 'Fpl\ « pN\ 1<<kq« Iml « pN\ 1«kq
) ibN‘l«!( \ @ ) i!l\\l‘l«k
O !Fpi « P g« ![:pi « P Q.
Kt i K" i
Integrating (2.27), we bnd
« . ~ @ « o ~ @ . .
PP A0 gPy- g« "W« pq, (2.28)
i01 il
where' (kqis an integrated phase shift
o T a8
' okq Okxopkq « K dx 1« 21 20 ik, (2.29)
Xopkq k Bk
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Exercise Prove (2.28).

We have
(%) %) ¢ . Bp #
B 3 . R . - Bp . . .
—'m «p g O 'jrp. «p.qi',«'lrp. «p.qij\
vy B i B = o R sz
2 ¢ . . . .
(@] I'm, « P dik « !po, « P, d ik
-
(@) ![:pk «p]-q« !n)i « pkq
KL j il k
% . . ] . .
(@) ', « P, g« ', « P q
Kl i ik

where in the brst sum we replaced the summation index for i and use the fact that !kqis an
even function.

Obviously, ' pkgis an odd function of k. Were the theory free, the relation betweenP and P«
would reduce to relabelling of particles described by the generating function

.. ® .
"om.p a0 giPy g (2.30)
i01
Thus, the non-trivial part of the generating function can be identiPed with the classical S-matrix
that is, therefore, is given by

®

SO 'm «p Q. (2.31)
inj

This quantity has the physical dimension of the action: rSys O i s and, from the point of view of
the correspondence between classical and quantum mechanics, can be thought of as the leading term
in the semi-classical expansion of the phase of the quantum-mechanical wave function ( O aer

in powers of! .

A fundamental fact about this classical S-matrix is that it has a factorised structure, i.e. it is
written as the sum of two-body integrated phase shifts. This is a direct consequence of integrability
for scattering theory and, as we will see, it will persist in the quantum case as well.
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Lecture 3

Bethe wave function and S-matrix

Now we come to multi-body scattering in quantum mechanics. In the coordinate representation a
guantum-mechanical system is described by a multi-variable wave function @,...,qv g In the
time-independent approach the wave function is a solution of the stationary Schredinger equation
(' 01)

19 @ @ .

<o —— (P, G VG« GO M., G OE( P, ..., On G (3.1)
i01 Bqy iaj

The potential v is translation invariant, so that the total momentum P is conservedsH, P s O0. For
the case of two particles, the corresponding wave function is then searched as a common eigenstate
of two commuting operators,H and P, and is naturally labeled by the asymptotic momentap; and

p2. In the scattering process asymptotic momenta are conserved,e. incoming and outgoing plane
waves are built on the one and the same set of asymptotic momenta.

For a generic potential there are no conservation laws beyond energy and momentum and, as a
result, scattering is di'ractive if more than two particles are involved. To make this evident, consider
scattering for an initial state |pi,p2, psy corresponding to three particles with Pxed asymptotic
momenta p;, p2 and ps. For large separation between the particles, this state is described by an
incoming wave (i, 4 € "—1PiG that solves the free Schredinger equation. After scattering happens,
one expects to bPnd an outgoing wave (¢, also given by a superposition of plane waves, albeit with
all possible asymptotic momenta permitted by the conservation laws of energy and momentum

O «Q@ g« [}
(ou & Ak, ko, kaggh 1@ Hed et G« P L Epkiq«E
K1k ks i i

where Epkq O k?{2m. Obviously, the two conservation laws are not anymore enough to forbid a
continuous distribution of momenta among scattering constituents, hence, dilraction and genuine
three-body events may occure.

3.1 Conservation laws and Bethe wave function

Let us now assume that our quantum-mechanical model is integrable in the sense that there exists
a family of N linearly independent, local in particle momenta, pairwise commuting operatorsH,,

m O 1,...,N, with H and P included in this family. In this case we can search for the wave function
as a common solution ofN compatible eigenvalue problems

Hon( P, ... n g Ohm( poi,....0nGg, mOL,...,N. (3.2)
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where it sits

q] > qu )

N /
colour (red) runs through coloures

or spin polarisations

Figure 3.1: The meaning of a label of a distingushable particle. The value of itself shows where
the classical particle is or it gives the value of coordinate of the wave function.

Solutions to this system are thus labelled by the setthy, ..., hy u constituting the common spec-
trum of the commutative operator family. Further, we assume that H,, are deformations of the

conservation lawsH ﬁ?qmqof free theory, the latter being symmetric functions of particle momenta

pi. For instance, for the hyperbolic CMS modelH , Os are given by (1.53) or by (1.55) anHi M4 g
obtained from H,, by putting ) O 0. Our immediate goal is to show that the system (3.2) implies its
scattering solutions to have apgguliar gsymptotic form compatible with non-dilractive scattering.

To simplify the discussion, we assume hereafter that particles ardistinguishable see Fig. 3.1.
Consider a special kinematic domain where particle coordinates are arranged as

% %... %0y - (3.3)

Further, consider a special asymptotic regime in which distances between any two neighbouring
particles become very large in comparison to the interaction range set by the potential. In this
regime the system (3.2) turns into

HP op,...,qng Oh (P, ...,qng,  mO1L,...,N, (3.4)

where HX? are free conservation laws. For the corresponding asymptotic form of wave function we
make the following ansatz

( 3 eiplql‘ P N On , (35)

equations for the asymptotic momenta
H®mqOhy, MmO1,...,N. (3.6)

Given a set ofhp,, this system imposes very tight restrictions on possible values of the asymptotic - =~ A
momenta. Suppose we found a particular solution of (3.6) for which the individual momenta are '-" O fim-
enumerated according to the ordering pattern

PpL$P2$...8 PN 3.7)

SinceH X are assumed to be symmetric functions of they;, it is plausible that all the other solution
to (3.6) are simply obtained by permutations of the set (3.7). Thus, in the domain (3.3), called
the fundamental sector the asymptotic wave function is given by a superposition of plane waves
constructed from the set of asymptotic momenta obeying (3.6). Explicitly,

10}
(P, -, ng O AP @ - Tan P (3.8)
)PS
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Before scattering After scattering

. P2 P1
_

Sl R

Relection

. p1 P2
—

o} 7]
sector

P2 . P
—_—

G Rl

Transmission

1st particle

Figure 3.2: Interpretation of quantum-mechanical scattering in the transmission representation.
Under scattering particles always keep their momenta. The position of a particle is rigidly tight
with the colour (q; is red, ¢ is yellow). Under refRection the original order of colours along the line
pertains, while it gets interchanged under transmission.

where the sum runs over all permutationsO from the symmetric group Gy, which act on indices of
the asymptotic momenta, the latter form an ordered set according to (3.7).

In general, the conbguration spac®N can be divided into N ! disconnected domains, each domain
corresponds to a certain ordering of coordinates

G prg P0G g %0... 00 N g» (3.9

where the latter are labelled by permutations. P &y. The domain (3.9) will be called . -sector.
In particular, . O e corresponds to the fundamental sector (3.3). In each -sector we zoom in on
the asymptotic region where the dilerence between any two neighbouring coordinates is very large
so that the contribution of the potential terms in (3.2) is negligibly small. Thus, for any . -sector
(3.9) we will have the one and the same asymptotic system (3.4) with the same kind of asymptotic
solution (3.8) which we write in the form

1]
(P, ....on|. 9O Ap [0ggds P @ P (3.10)
) PSn

where the complex amplitudesAp. |0g naturally form a N!6 N! matrix depending on the particle
momenta.

The expression (3.10) is the celebrate@®ethe wave functionthat goes back to theBethe hypothesis
on the form of the wave function in the spin-wave problem It was introduced by C. N. Yang in his
work on the delta-interaction Bose gas. The variable. indicates that coordinates are restricted to lie
in the domain (3.9). Dilerent domains contribute with dilerent and a priori unrelated amplitudes.

To deal with all sectors at once, it is convenient to introduce the following object

N ~ l‘$« 1

N u
) Gpq%...%0%mng O ) %p 1€ Gpig s
io1
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where ) xqis the Heaviside )-function. Multiplying (3.10) with this object to explicitly account to
the sector restriction, we then sum over all sectors to obtain
7] . N X u
(p,.--»nqO Ap [0gg9*@P @ - 0P 0O) g0 %, %G g - (3.11)
*PSN )PS N

Here the coordinates of ( are asymptotically unrestricted and since the sectors are not overlapping,
the a%liation of a given coordinate conbguration to one of them will be automatically detected by
the Heaviside function present on the right hand side.

It is important to realise that the Bethe form of the asymptotic wave function is only possible due
to integrability. Far away from the boundaries of a given . -sector the Schredinger equation becomes
free and has a general solution given by a superposition of free waves]he

spectral jpyariants ,hy, . In turn, the fact that any asymptotic wave is determined by the same
set of momenta of the incoming wave, up to permutations, means that the scattering process is
non-di'ractive. Three- and higher-body events that would lead to a continuous redistribution of
momenta are prohibited by a su%ciently large number of conservation laws. Further insight into
the structure of (3.10) can be thus derived from a relatively simple picture of successive two-body

scatterings of classical particles.

Transmission and rel3ection representations. The fact that we deal with distinguishable par-
ticles can be made explicit by indicating the nature of a particleOs identity. This can be, for instance,
colour, or any other quantum number, like spin or charge. For now we takecolour as an additional
(internal) quantum number, so that all particles have dilerent colours. We assume for simplicity
that under collisions no new colours can be created,e. when they collide particles either keep or
interchange their colours.

A collision process in which particles keep

the same order of colours along the line before o .—>
and after the collision is calledreRection (back- (132) m m @
ward scattering), and a process in which they in-
terchange this order is calledtransmission (for- (312) o ._,
ward scattering), see Figs. 3.2 and 3.4. Were ® - ®
the particles to have the same colour, we would & O
not be able to distinguish between ref3ection and (321) w w w
transmission.
. (231) —. .

Regardless of colour, we have to decide on ® ® @
how to associate initial asymptotic momenta to & 0
particles after their two-body collision. Two dif- (213] ™ m =
ferent assignments are possible and they give
rise to the so-calledtransmission and ref3ection (123) g g -

representations of scattering. These are two al-
ternative but equivalent ways to describe the

scattering theory. Figure 3.3: Sectors forN O 3.

In the transmission representation particles
are uniquely associated with their momenta, the latter are kept intact through collisions. |f the jOth

in the transmission representation, therefore, implying that we associate to each -sector a unique
order of colours. Transition from sector to sector happens due to transmission. For instance, in

1say, 1 is a coordinate of a red particle, @ of a yellow one and so on.
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Fig. 3.3 we pictured 6 sectors arising for the case dil O 3 particles. Each sector is associated to
the corresponding permutation. P &3 and it comes with a particular colour ordering. Note that
making in (3.11) a change of the summation variabled , .0, we can write the Bethe wave function
in the form
N Z ) _ N : u
(pt,...,qngq O Ap .0 gg9tP @ = HANPTOO) g0 %L % Gpng - (3.12)
*PSn )PSn

If interactions are completely absent, the incoming wave (,, 4 €9P propagates to all sectors
without changing its amplitude, which corresponds to perfect transmission; From the viewpoint of
(3.12) perfect transmission means thatAp |.0 g O!).. Note that the conventional dePnition of the

S-matrix relies on the use of the transmission representation. In the simplest two-body situation
this transmission-diagonal representationfollows by changing the order of amplitudes in the column

0 a 0 a
AR121lg - Apl2]12q
Apl2121g (OB} AR112q (3.13)
Here S is the 206 2 two-body S-matrix made of the ref3ectionA and transmissionB coe%cients
0 a
5 B A
SO A B (3.14)

The matrix acting on the column of amplitudes becomes diagonal for re3ectionless potentials.

In the transmission representation (3.10) each -sector has a unique colour ordering, so that the
notations of . - and colour sector are in fact equivalent and one can use them interchangeably. The
situation, however, is dilerent for the reRection representation of the scattering process which we

now describe. Type of represen-

.l!n !!Fh%uﬁﬁgedior?!!Hﬁﬁfese”taﬂoﬂ a!!!fﬁplliSionuis.!!an!u?venE!!Wher%!!ﬂf’irtiCle%uﬁrlways.!!i!mE?rChangeuEheir g;ﬂc;lsiigsninges\,%z?
mementa., Because of this interchange, particles cannot overtake each other.e. in this represen- happens to parti-

tation scattering happens within the fundamental sector and the Bethe wave function is understood Eﬁlggg‘s”ta under
as

] . o
(resPh, - ]GO  Ap |OggtPr@ - tanPron (3.15)
) PSn

where ¢ satisfy (3.3). As usual, under collisions colours can be kept (ref3ection) or interchanged
(transmission). Permutations,. ,are pow,in gne-to-onggarrespondenceto, golour, arderings, which

............ nee s nng =t

except now, regardless of its colour, the most left particle on the line will always be labelled ag;,
the second to it asg and so on. Elementary ref3ections are characterised by passing from one plane
wave to another one with interchanged momenta of two particles, but in the same sector which
signibPes no colour change. Elementary transmissions are the same but they necessarily involve the
change of the sector. In thisreRection-diagonal representationin the simplest two-body case the
scattering process would give rise to the following relation between the amplitudes

0 u 0] u
Apl22lg o, Apl212g

Ap121q ApRl12g (3.16)
where the scattering matrix Y is the 26 2 matrix
0 u
s A B
Y O B A (3.17)

Comparing our discussion here with the treatment of classical scattering in section 2, we note that
we started there with scattering in the rel3ection representation, which is, of course, physically very
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Before scattering After scattering
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_

q1 q2
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¢ q2

sector
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—>

q1 q2

Transmission (colours interchanged)

Figure 3.4: Interpretation of quantum-mechanical scattering in rel3ection representation. Under
scattering momenta are always interchanged. Since particles cannot overtake each other, they live
in a single sectorgy % . Transmission corresponds to a scattering channel where particles exchange
their colours. Under reRection colours are preserved.

appealing if we deal with a repulsive potential. Specifying (2.8) to the two-particle case, we found
that p, O p; and p, O p;, which corresponds to the situation of interchanging the asymptotic
momenta under scattering. To compute the classical phase shift, which is the same as the classical
S-matrix, we then changed to the transmission representation, see the discussion around (2.9).
Note also that the energy and momentum are
18
EO 5 B
jo1
®
PO B -
jo1

(3.18)

In terms of asymptotic momenta the spectrum is additive, which is a characteristic feature of inte-
grable models.

Lieb-Liniger model for distinguishable particles. As an explicit realisation of the Bethe wave
function construction above, we consider the two-body problem for the Lieb-Liniger model described
by the Hamiltonian (1.37). The Bethe wave function (3.11) for the two-particle case reads as

|

. ! o )
( Pk, G q O) oo} %qzq Ap12|12qa'pp1q1 P202Q9 Ap12|2:|_cplppqu pP1G29
!
Y ) pp %ong ApR1j120g Pt P2A Ap1|21ge 2% plqu)
Thus, we have four amplitudes involved. Separating the center of mass

g0« QOam o,

(3.19)

so that




we get

( P, cpg Oez™ PR g, (3.20)

where

" *

1pg O 'peqq ApL212ge2™ Pe® Ap12|21ge¢ 27 P

' o010 Alellch« I§PP1<< p209 ~ AFQ1|21CEI§pp1« p2qq
Continuity of 1pgqat O requires
Apl212q° Apl221g OAR121g" AR1]21q. (3.22)

The left and right derivatives at zero are
. R i o
1p'0q O «5PPL« P20ARRI129 " Spoy « p2ARR121
o i
1p«0q O éml « p20ApL212qg « Eml « p20Apl221q

The wave function for the relative motion is the subject of the following Schredinger equation

. k2 X
«1?mq’ M L pq O 41, kOpy«py. (3.22)

We then integrate both sides of equation (3.22) over a small segmenk 2, 2 and then send2, 0.
Due to continuity of the wave function, we get an equation for the discontinuity of its derivative at
the origin

1" 0g « 1p«0g O*1 pog. (3.23)

Substituting here the derivatives found above, we get
| ! ) ! )
Iéppl « Pq « AR112q° AR1j21q« Apl2]12q° Apl2]2lg O* Apl2/12q° Apl22lq . (3.24)

By using (3.21) we brst remove from this equationA p21|21q
|

: [ )
Iéml « pg « ARR112q° Apl2120 " Apl221g « AR1129 « Apl2TZq " Apl2j21q
! )

O* Apl2129° Apl221q ,

so that
|

! )
Apl221q « ApR1|129 O «x1» Apl2]12q° Apl221cA (3.25)

where we have introduced

I*

X12 O 01 < D2 . (326)
The last equation can be solved forApl221q
8 X12 . 1
Apl221q O «— Apl2]12q Ap112q. (3.27)
1 X 1 X2
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Now we look at (3.24) again and remove this timeApl221q by using (3.21)
|

S Pod « ARUTZG ARU210 « ARL2L2q T ARHEZ " ARRL21g « ApL2I12q
! )
O* AR121q" AR121q .

This gives
N X12 N 1
ApR1j21q O «— Ap2112q Apl212q. (3.28)
1 X2 1" X2
Equations (3.27) and (3.28) can be compactly written as
@219 OYi' pl2g, Y O«——2 g 1 (3.29)
12 ) 12 1 X12 1 X12. 12, .
where ' p0g are columns ofAp. |0Og namely,
° Apl212 ‘ ° Apl221q ‘
[ ~ q ' ~
pl2g O AR112q R1g O N (3.30)

Comparing (3.29) to the general form (3.17), we read o! the rel3ectiona and transmission coe%cients
for the Lieb-Liniger model
* N P«

AO« — B O

PP Prepe I (@31

The vector ' @21qis fully determined by ' pl2g on the other hand ' pl2q remains arbitrary, i.e.
amplitudes in di'erent sectors remain unrelated. This is unsurprising because we did not impose on
the wave function any symmetry requirements.

3.2  S-matrix

The S-matrix of the problem is anN!8 N! matrix, the elements of which encode how one of thé\ !
initial conbgurations of particles on a line couples to each of the bnadll ! conbgurations. To obtain
the whole S-matrix it is enough to consider one distinguished conbguration as an initial state. For
instance, if we set up an incoming wave in the fundamental sector

g1t iP2d .." PNy (3.32)

where momenta satisfy (3.7) to guarantee that scattering happens, then in the -sector we register
an outgoing wave

eipN Oy (1) PN —10%(2) - P10x(N) (333)

with the amplitude given by the S-matrix element Sp. |* g where0 O " is the reversed permutation

01 2 Nu
O N N«1 771 - (3.34)

In particular, (3.33) for . O eis a reRected wave in the fundamental sector. The remaining elements
of the N!'6 N! matrix are obtained by permutations of particles in the initial state.
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neglected, Solving the multi-body interacting problem is, in general, very complicated. However,
neighbouring particles with coordinatesg and ¢, so that in the Prst sectorg % ¢ and g $ g

in the second. Geometrically, these sectors are neighbours and have the hyperplage O g as a
common boundary. Extrapolation of the wave function through this boundary can always be done in
the asymptotic regime where all the other coordinates are kept far away frony C ¢ and from each
other. Physically, this extrapolation corresponds to a two-body scattering event. Starting from any
sector, one can obviously reach any other by passing through the adjacent sectorial boundaries, albeit
not in a unique way. The sectors are thus connected by simple transpositions; , j 01,...,N«1,
the latter generate the symmetric group Sy .

Scattering operators in the ref3ection representation . The scattering process is described
most elementary in the reRection representation. If we have two neighbouring particles aty and
G- 1, then under collision they interchange their momentap, 54 and py ;- 14. If this collision is a
pure reRection, then colours are preserved, if this is a pure transmission then also the colour sector
changes as , #j.. This picture suggests that for these two pure processes the amplitudes must
be related as

Ap |#;0q OA) 5 g Py - 160AP 100,
Ap#. |#;00 OB g Py~ 10AP 100,

where A and B are ref3ection and transmission coe%cients, respectively. They depend on the mo-
menta of scattered particles. The second formula in (3.35) is equivalent to

Ap [#;0q OBy q Py 1q0AP " 100 OBy o Py 1400 P¥ ACP |0,

where we have written the bnal result via the action of the left regular representation! of Gy .
To combine two scattering processes into one formula, we introduce a column vector0q which
comprises the amplitudes in all the sectors corresponding to the same permutatiod of momenta

(3.35)

' p0og O tAp [0g . PGy u. (3.36)
Then (3.35) can be combined into a single formula

" 09 OYimy o Py 1gd POO, (3.37)

where we introduced YangOs scattering operatoi§

Y; Pz, P2q OAmL, P2l " Bpp, p2q! P q, (3.38)

wherej O 1,...,N « 1. EachY; is a N! 8 N! matrix which acts on the vector ' Pg This
matrix can be naturally viewed as a momentum-dependent connection on the symmetric group that
debnes the transport of the vector 'pdq by a OdiscreteO amour#; . As such, it must satisfy certain
compatibility conditions that render the system of pN « 1giN !¢ equations (3.37) forpN !¢ unknowns
Ap. |0g consistent. Indeed, we have

N u N
' p#jzquYj Por;)yaga Por;yag 1q - P# 00 OYi ) 5 10, Py g oY ) o Py 10 FOQ,

where we have taken into account that according to our rulesp#; 0qpq O Op#; g qq OO0 ~ 1gand
P4 0qp © 19 OO0p#; * 1gg OO g The debning relation#? O e then demands the fulPiment of the
following relation

Y; Bp1, P20lYj P2, p1g O1. (3.39)

Analogously, the second relation in (5.74) implies that

Lt # QO P a# ) ad,
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so that Y; must satisfy

Y; B2, PaqY;~ 1PP1, P3dY; pP1, P2G O 101, P2alY; pP1, PadYj* 1PP2, P3g. (3.40)
Finally, the third relation in (5.74) leads to

YiY; OV,Y, (3.41)

for i « j| & 2.

Provided the matrices Y; satisfy the conditions above, the system (3.37) is consistent. Sincg;
generate the wholeGy , the connection (3.37) transports the value of ' at one point, for instance,
at the identity e, to any other point of the group. The value ' pegis thus an initial condition for
(3.37), it depends onN'! arbitrary parameters which are nothing else but the amplitudesAp. |eq of
purely incoming waves. Note that if the transmission is absent,i.e. B O 0, then eachY; is the
identity matrix times the ref3ection coe%cient A, justifying the name refRection for the corresponding
representation of the Bethe wave function. Thus,Y; can be interpreted as the two-body scattering
matrices in the reRection representation. In particular, for N O 2 there is only one transposition#
represented by the matrix

(3.42)

and, therefore, Y coincides with S-matrix (3.17).

Now we are ready to construct the full scattering matrix. The momenta of the incoming wave
(3.7) are related to those of the outgoing wave by means of permutation (3.34) that acts a% g q O
N «j 1. Writing " in two-line notation makes it obvious that it can be represented as the following
product of transpositions

" OplINgR|N « 1g8|N « 2q... . (3.43)

In turn, each of the transpositions entering this expression can be represented as a product of simple
transpositions

PINg O il29@I3am8l4q. .. N « 2N « 1g]N « LN gN « 2IN « 1q... B|4qr2|3ar|2q,
RIN « 1g O 2[3018l4g...pN « 3N « 2N « 2IN « 1giN « 3N « 2q...[BJ4q2|3q,
WBIN « 29 O Bl4q... N « 4N « 3gN « 3IN « 2giN « 4|N « 3q...[8l4q

and so on. Successively multiplying these expressions and using the debning relations@f , one
bPnds that" reduces to

" O pLi2q - P3qr|2q - Bl4qr2|3gM[2g - .. ~ ] « INgN « 2N « 1q...pl|2q, (3.44)

where to make the structure of" more visible, we separated the groups of simple transpositions by
an explicit multiplication sign. Taking this structure of " into account, formula (3.37) yields

I p' q O YleN«lrqu
. YZWN «2yPN qYlmN «2/Pn«1q
Y3[0N « 3, PN GY2PN « 31 PN « 1GY 10N « 35 PN « 20 (3.45)

o O O O

YN 1, Pn qYN «1P1, PN« 1Q. .. Ylela p2qI peq.

Here the order of Y matrices follows the pattern of simple transpositions in (3.44). The arguments
of Y Os were determined according to the scattering history built in (3.44).
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To illustrate the last point, consider an example of N O 4. As the brst step of using the
connection formula (3.37), we have

" pA|2q - P3ar|2q - Bl4ar2|3aM|299 OY1Pew)pa Pompeqd PIRI3AAI2g ~ Bl4ai2l3qr 2qg
Here" Pl js the permutation
" P90 2|3qri|2q - Bl4aiR(3ai]2g O 184210,
so that " P91q O3 and " P9@2q O4. Therefore,

" pri2q -~ P3qr|2q - Bl4ar2|3qi 209 O
O Y103, P40Y2Pe @) g2 Po @) psqd PAI20 = Bl4q12|30d|2qg,
where" P29 O pl|2q - Bl4q12|3gr|2q O B241g yielding " P9Rq 02 and " P93q O4. Thus, we have
" prl29 - P3qri|2q - Bl4qr2l3qri|2qq OY1pps, PadY2pP2, Pad PAI20 - Bl4qr2|3qr|2qg
Continuing along the same lines, we will arrive at the Pnal expression
" pr|2q - P3qd|2q - Bl4ar2|3qd]2q9 O
O Y1103, P4qY2pP2, PaGY10P2, P3GY3 P01, PadY2pP1, PsaY1PP1, P2 Peq,

which is a specibcation of (3.45) to the four-particle case.

S-matrix in the transmission representation . More generally, we can associate the scattering
operator of Yang with an arbitrary transposition " j , namely,

Yi o1, p2q OApDL, P2ql ™ Bppr, poq! P 4,

so that Y; Os introduced in (3.38) areY; O Y; - 1. In turn, by using Y; , we debne the following
matrix

Sij @1, P2q O! P a¥ij O Bppa, pal ~ Appr, p2d ' . (3.46)
Due to (5.73), we observe the following ObraidingO property
Ski!PkdO! P ik Sy - (3.47)

Now we rewrite the main formula (3.45) via S; and, using (3.47), bring the answer to the following
form

"PPg O !'p dBneiNnmON«1, PN T
0 SN«2NPON«2, PN OSN « 2N « 1N « 2, PN « 10
SN«3NmN«3!pN(SN«SN«1mN«3ypN«lCSN«BN«ZmN«S;pN«Zq

o: O O

SIN 1, PN OS1N « 101, PN« 10 - - S1201, P20 " Peq, (3.48)

where" is the permutation (3.43). A welcome feature of this formula is that the index of each S-
matrix perfectly matches with the index of the momenta on which this S-matrix depends. Thus, in
the future we may not indicate the momentum dependence 08, as the latter can be unambiguously
restored from the S-matrix subscript. Note that this is not true for the Y -representation (3.45). If
we introduce

S()SN«_‘]_N _'SN«ZNSN«ZN«I_'--' ﬂS].N SlN«l---8121 (349)
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Figure 3.5: Two topologically dilerent three-body space-time diagrams and factorisation of the
three-body S-matrix. The result of the three-body scattering process does not depend on the order
in which two-body scattering events take place.

then, keeping in mind that " 2 O e, we obtain

Ipdp qgO0S' peq. (3.50)

The expression on the left hand sideis g d p' q OAP' . |" g This is the amplitude of the outgoing
wave in the " . -sector where o i}
o} uo ua o a

1 2 N 1 2 N R 1 2 N

NN«l 1 .plg.pq . pNg .Ng.pN «1g . plg

It is clear that in this sector p; couples tog g, i.€. precisely in the same way as in the incoming
wave in the . -sector. The incoming wave in the. -sector

||-O

g@P 1) P20s2) - PN Gs(n)
with an amplitude Ap |eqis transmitted to the " . -sector
@Pnde #)@) PN —1de #)@) -~ Pade #)v) ) @P1l @) P20:2) -~ PN Gsn)

with the amplitude Ap' . |" g Thus, S in (3.50) is nothing else but the S-matrix in the transmission
representation. In particular, if the reRection coe%cientA O 0 the S-matrix is diagonal, as can be
seen from (3.46).

The structure of the scattering matrix encoded in (3.48) and (3.49) has also a very clear physical
meaning: in the transmission picture the fastest particle with momentump;, which is the most left
before scattering should undergo collisions with the remaining particles with momentap,, ps, ...,
pn to appear the most right after scattering. Every time it transfers through the iOth particle, its
amplitude undergoes a change (a phase shift) by the corresponding two-body S-matri8; pp1, pig
After all these collisions the accumulated change of the amplitude is

SiNSin«1---S12' peg

Then the p;-particle, which is now the most left, goes to cros9s, ps, ..., pn and take its position
in betweenpy and p;. This leads to further accumulation of successive amplitude changes and we
get

SonSon«t---S23 SN SiN«1 .- S12' PG
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Continuing in the same fashion, we bnd that after all particles crossed and reached the Pnal order
PNy PN«1s ---, P1, the initial amplitude turns into S' peg where S is exactly the S-matrix (3.48).
Obviously, the number of two-body collisions that happens before the bPnal conbguration is reached
is

10 NN «1q

N«l N«2 N«3 ...° >

Hence, theN -body S-matrix factorises into the product of NpN « 1g{2 two-body S-matrices. This
factorised structure of the S-matrix is a consequence of a large number of conservation laws that
prohibit dilraction and render the wave function in each asymptotic domain to be a superposition
of a bnite number of waves.

Another important observation about the factorised structure of the S-matrix is that the order in
which N pN « 1g{2 two-body collisions occurdoes not matter. This statement is a consequence of the
consistency conditions obeyed by the two-body scattering matrix. These conditions can be imme-
diately derived from those satisbed by the corresponding S-matrix in the re3ection representation.
Indeed, using the relation (3.46), the formulae (3.39) and (3.40) yield

S12/P1, P20S21 /02, P19 O 1 (3.51)

and

S12101, P28S13PP1, PCS2302, PG O Sz302, P3GS1301, P3CS12101, P24, (3.52)

respectively. In addition, it follows from (3.46) that S; S 0O Sy Sj , if among the indicesi, j, k and
| there are no two coincident ones.

Relation (3.52) is the Yang-Baxter equationfor the two-body S-matrix. Physically, it expresses
the equivalence of two dilerent ways to factorise a three-body S-matrix S;,3 into a product of
two-body S-matrices, see Fig. 3.5. Thus, integrability implies consistent factorisation of scattering
process and the corresponding S-matrix in a sequence of two-body events and S-matrices, giving
rise to the notion of Factorised Scattering Theory. This result is of fundamental nature, it reduces
the problem of calculating the multi-body S-matrix in an integrable model to the one just for the
two-body S-matrix, making the latter the main object of study, at least in the context of scattering
theory.

Among further properties of the S-matrix, we point out that it is unitary and symmetric. Uni-
tarity of (3.49) follows immediately if we require the two-body S-matrix to be unitary. Taking into
account the unitarity of the representation ! , the latter requirement reduces to the familiar condi-
tions: |A]?°| B|? O 1andAB "~ BA O 0. As to the symmetric property required by the time-reversal
invariance of the interaction, using the fact that the two-body S-matrix is symmetric,? we have

t A~
S OS].Z---S].N«]_S].N T _'SN«ZN«]_SN«ZN _'SN«]_N-

Now by successive use of (3.52) the right hand side of the last formula can be brought to the original
form (3.49) that proves the relation St O S.

3.3 Bethe wave function and statistics

First we recall the standard treatment of a quantum-mechanical system of many particles with
internal degrees of freedom. Suppose that the hamiltonian of such a system does not involve terms

2Representation ! is orthogonal and, since for permutation ! p&; ¢ O e, one gets! p&; q O! p&; .
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acting on internal degrees of freedom. In this situation the wave function! can be searched in a
factorised form

e, ..., XnGg O( pot, ..., O OBPSL, .-+, SN G, (3.53)

where ( depends on the particle coordinatesg, while 3 B on variabless; describing internal degrees
of freedom (spin). The variablesx; stand for the pairs pg, sig The Schredinger equation determines
the coordinate wave function ( only, leaving 3 arbitrary. Indistinguishable particles are either
bosons or fermions. Accordingly, the wave function! is symmetric or anti-symmetric, which can
only be possible if there is a rigid correlation between svmmetrv properties of ( and3 with respect
to simultaneous permutations of their respective

Assume that the hamiltonian is invariant un-
der permutations of particles, and, therefore,
commutes with all operators representing per-
mutations. Permutations, however, do not all
commute with each other, and, as a conse- N —M boxes
guence, can not be simultaneously brought to
a diagonal form. This means that the spec- | . L
trum of the hamiltonian is degenerate, and, in
general, there will be several solutions ( of  — N'! 2M boxes
the Schredinger equation with the same energy M boxes
transforming into each other under the action .
of the symmetric group. In other words, these Figure 3.6: Young diagram 8 O N « M,Ms
solutions can be combined into an irreducible represents an irrep of Sy under which the spin
multiplet $ of Gy . Correspondingly, the wave wave function of electrons with the total spin
function ( » is labelled by an index$ and is said S O 1{2pN « 2M g transforms.
to be of the symmetry type $. Similarly, the ac-
tion of Gy on 3 can also be decomposed into the sum of irreducible components.

Now, it is well known how to choose3 such that it can be combined with the coordinate wave
function of a given symmetry type $ to produce symmetric or anti-symmetric! . Namely, if particles
are bosons, then the symmetry of ( and 3 must be debned by the same Young diagram, and the full
symmetric wave function is expressed via certain bilinear combinations of those. If particles are spin-
% fermions, then the full wave function is anti-symmetric and the Young diagrams of the coordinate
and the spin wave functions must be conjugate,j.e. one is obtained from the other by replacing
rows for columns and vice versa. This follows from the fact that if! xp. qis the representation of
Gy corresponding to the partition $, then the representation corresponding to the conjugate (the
same as OtransposedO) pagitioﬁ is!gp qOsignp d Ap g . PGy. Hence,

e ( AP0k pgr - - - » O pN qEBRIB* prgy - - - » S* i gO- (3.54)

* PGy

For the purpose of our present discussion, the most convenient way to describe representatiofis
(or 8) of Gy in the space of functions ofN -variables is to useHundOs methof?]. According to this
method, a function ( Apa, . . . Gy ghas a debnite symmetry type$, i.e. it is one of the basis functions
of a representation$ O r$1,$,,...,$sof &y, if

1) it is anti-symmetric in a set of $; arguments, anti-symmetric in another set of$, arguments

and so on,
2) it satisbes the Fock symmetry conditions
(0] O 6
1« "rm ( OO, (3.55)
kPA;

where "y is a transposition such thatm is in $; for all choices of$; and $; with $ & $;.
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One usually writes a function ( satisfying the brst condition as
k u
( rQ1,---,QA15YQA1‘1.---:qx1‘AZS---rQN«N«N,l‘1,---,Q\l<<A|STQ\J<<)\“1,---,Q\15y

meaning that it is separately anti-symmetric in the $; variables qi,...,q,, in the $, variables
O\, 1, -0 A, @nd so forth.

Later, by using a dilerent realisation of irreducible representations of Gy, we show that for
electrons the spin wave functions are associated to the two-row Young diagran® depicted in Fig.
(3.6). Any such diagram with N boxes hasN « M boxes in the brst row andM boxes in the second
row, whereM takes values from O to the integer part ofN {2. For a bxedM the sIp2grepresentation
associated with this diagram has spinS O 1{2pN « 2M g Therefore, for electrons the corresponding
coordinate wave function must transform in the representation$ depicted in Fig 3.7 and, according
to HundOs method, be of the type

(PO, .- ON«MSIONG«M"® 1,---,0nSG (3.56)
and satisfy the Fock condition
¢ N@M #
1« "i (00, S N«M. (3.57)
i01

This completes our recollection of the standard treatment of multi-particle systems in quantum
mechanics.

Coming back to the Bethe wave function, we would like to un-
derstand the conditions it must satisfy in order to be of a debnite
symmetry type. To this end, we consider this function in the trans-
mission representation (3.10) and determine how it transforms under
permutations of coordinates. For any particle conbguration from the
. -sector the wave function is

R .
(pw,.--,ng O Ap |Ogg¥# P @), (3.58)
) PSn

Consider (pd pig: - -- 9 pn g% Where 4 is any permutation. Denote L |
L O g4 SO that g O g, . . Replacing in the last equality the

qd qu'q.th ataq (: tpig S 1p : o d T?]. v Figure 3.7: Young diagram
index i with . pg Yve 98t G piq O T iprpiqq O &, —1pg THIS Means o7 oy IN<2M g for a coor-
that the conbguration of g belongs to the.4 “-sector and we have dinate function of electrons.

@ iy R A
(Mpg--AuedO  Ap4“HOgs 0" O 0 Apd«0g P (359
)PSN )PSN

Comparison of (3.58) with (3.59) shows that the action of the symmetric group on the wave function
by permuting its arguments induces the following action on the amplitudes

Ap |0q, Ap4<!|0q, (3.60)
or for the vector ' p0q

' g, !'pt'd g, (3.61)

where this time ! 1is the right regular representation ofSy . It is now clear that if we want the Bethe
wave function to be of the symmetry type $, the vector ' p0qfor any O must obey the following two
conditions:
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1) The anti-symmetry requirement

I '#id p0g O «' pog, (3.62)
wherei Ptl,...$:« luYt$; " 1,...,8% $H«WwY...YEIN«$  1,...,N« 1u

2) The Fock condition
C #

a .
l«  !'g'wnq ' @q00, (3.63)
Kk PA;

wherem is in $; for all choices of$; and $; with $ & .

It is now time to recall that ' transforms linearly under the left regular representation ! of Gy.
Because 'and! commute, if ' satisbes the constraints (3.62) and (5.106), the vector! p d will also
satisfy them for any . . In fact, these constraints project out in decomposition (5.77) all components
but one that coincides with $. Thus, we arrive at the important conclusion that the requirement for
the Bethe wave function to have the symmetry type $ is equivalent for the amplitude vector ' to
transform in the irreducible representation $ of the symmetric group [?].

Example . To illustrate how the constraints (3.62) and (5.106) single out an irreducible component
of I, we look at a simple example ofN O 3 particles. The group &3 and its representations! and
I Lwere discussed in 5.5. Consider the diagrari O r2, 1sand Pll it as

13\_
2

This gives one of two possible standard tableaux. There is one anti-symmetry condition on the
six-dimensional vector ', namely,

'nod O« (3.64)
where. ; O " 15 is the second element from the list (5.79). The Fock condition i$
6 5
l«!pasg«tpgg’ OO, (3.65)

where . 4 and . g are the corresponding permutations from the same list. A solution of the brst
equation leaves 3 parameters undetermined, while a subsequent imposition of the second equation
leaves a two-dimensional vector space

"TO UL« Up,«Up’ Up,«Up, «Up,Up,U1Q, Uz, U PC.

It is not hard to see that this is a two-dimensional invariant subspace of the representation . On
this subspace! acts irreducibly and coincides, in fact, with one of the irreducible componentd |, ;5
in the decomposition (5.81).

Analogously, we can consider the second standard tableau

1]2
3

30ne cannot anisymmetrise the 3d particle with the brst and the second.
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The conditions on ' are
Lpad O« o
L« ! pogelpeq’ OO,
Together they single out another two-dimensional invariant subspace
" 1O paVy, €V« Vo,V1 T Vp,Vp,« V1, Va0, Vi,V PC,
on which ! acts irreducibly and coincides with another component! ., ;¢ in (5.81).
Further, there is an anti-symmetric representation

It is singled out by the conditions

'pod O« , !tped O«',
that have the solution ' * O wpl, «1,1,«1,1,« 1g Finally, the trivial representation r3s completes
the list of irreducible components appearing in (5.81) for the regular representation ofSs.

Compatibility of scattering with statistics . Recall that the action of scattering operators on
amplitudes is realised through theleft regular representation! . Taking into account that ! and!?!
commute, we conclude that imposition of symmetry conditions on the wave function should also be
compatible with scattering. More precisely, by construction the S-matrix is an element of the group
algebra of &y evaluated in the left regular representation! . This representation is reducible and
its decomposition into a sum of irreducibles is given by (5.77). Projecting the Bethe wave function
on an irreducible component$, we obtain the wave function with a type of symmetry described
by the Young diagram $. The corresponding S-matrix is still given by (3.49), where the two-body
S-matrices are substituted with

Sij pP1, P20 OBAPPL, P2GL ~ Axppr, P2d AP jj G,

where the subscript$ of A and B is used to emphasise that these scattering coe%cients can be, in
fact, dilerent for dilerent representations. If $ O riNsis the anti-symmetric representation, then
ap'i g O «landS OB « A. If $ O rNsis the symmetric representation, then! »g' ig O1 and
SOA" B. In both cases the S-matrices are scalar.

Example . Consider the delta-interaction model (1.37) for the case of fermions. The delta-function
potential produce no elect and the two-body S-matrix is trivial, S O B « A O 1. Since we deal with
fermions, the Bethe wave function must transform in the anti-symmetric representation for which
Fap'i g O «1. Therefore, from (3.37) we obtain the following equation

' P4 0q O A « B pog O «pB « Ad pog O «' pOg

It follows from here that for an arbitrary 4 the vector ' satisbes ' pA0y O signpdd pOg the latter

equation is obviously solved as 'mq Osignd peg Further, the requirement (3.62) of anti-symmetry

of the wave function allows one to completely determine the amplitudesAp. |0gq Osignp. “*0cA peleg

Up to an overall normalisation factor Apeleg the Bethe wave function (3.10) is then given by the
Slater determinant @

(P, .--,avg O signp. < *0gg%# P )
) PS N . N
.92 . . 0
o] SignOE® P © O detygny €4P . (3.66)
) PSn

This completes our discussion of the fermionic delta-interaction model.
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Lecture 4

Coordinate Bethe Ansatz

4.1 Periodicity condition for the Bethe wave function

Consider a system ofN interacting particles conbned in a one-dimensional box. The full description
of this system requires an imposition of certain boundary conditions. In the following we choose
periodic boundary conditions These conditions relate the quantum-mechanical amplitude for Pnding
a particle with given colour and momentum at one end of the box to the amplitude for Pnding a
particle with the same colour and momentum at the other end. To be able to use the Bethe function
formalism developed in the previous section, we assume that the side of the box is large enough
to bt in a kinematic conbguration corresponding to asymptotically free particles.

Under these assumptions, let us recall the Bethe wave function ( in the transmission represen-
tation (3.11)

N ) i‘N G ()P~ (i) ) u
(p,----ng O Ap. |Oce i=2 ) Gpq%... %0 nNg - (4.2)
*PSy ) PSy

Coordinates g can take any values but now within a segment of lengthL, thatis 0 # g # L for @.
The periodic boundary conditions for ( mean that

(ph,....q O0,....,0ngO( Pth,...,q4 OL,...,anG, @. 4.2)
For the left hand side of this equation, denoted by LHS, we get

LY

. 9 O i . . N
LHS O Ap 10 =T Y g% %G g 4.3)
*PSy )PSw
* plqoj
while for the right hand side called RHS,
.2 9 i i Gop : U
RHS O Ap [0 - (N>e|k:1 "o <k)) Gprg%... %G N«1g (4.4)
*pﬁsq'& e

where in the exponent we have nowg 4 O g O 0.
To compare (4.4) with (4.3), we introduce the following element%P Gy (cyclic permutation)

© 12 N«1N !
«
= (4.5)

0 g g b B |
%0 #N«1...#1 0 53 N 1
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% . Since. obeys. plg Oj, then

and make a replacement of the summation variable as. ,

% pNqO. PN gq O. plg Oj , and we get
. N A l]
S . ] q p
RHS O A6 0™ e =i T g%, % 0e g
*PSn. )PSn
£¥pN qOj
. N N u
N ) i q P. —1.
o) Apb 0P e k=1 T Y g 5% %G -
*PSy )PSy
* pLgO;j
Here the argument of the theta-function and the condition. plq O] are precisely the same as in the
expression LHS. Further, making a change of variabl® , %), we arrive at
! ) 0
% (k)P (k)

A% |9 - o e ke

RHS O
*PSy )PS
* plqoj
where we have taken into account thatg: g O g O 0. Note also that pgy g O Py pepnaq © P) pig-
Finally, comparison of (4.6) with LHS yields the following equations
4.7)

Ap |0g OAP% |%BcgP " @
This is a requirement on the coe%cients of the asymptotic wave function in order for the latter to
satisfy periodic boundary conditions. Using the left regular representation! of Gy, equations (4.7)
can be written as conditions for the vector ' p0g debned in (3.36):
| P4 g OeP @' PAaq. (4.8)
To make further progress, we note that (4.8) must be satisped for any momentum ordering, which

means that, in order to proceed, we can make fo a convenient choice. We take
0 a
R . 123 i1 N
00#,...#..0 . alb L, T,
. Jel j 12 j«lj 1 N

so that 99 O #y«1 ... #;. With this choice Oplq Oj and (4.8) boils down to

LN cr. . #1d PHL. L #1Q O Py .. # Q. (4.9)
Next, we evaluate both sides of the last expression with the help of connection formula (3.37) and
get

PPl pFLOYIP0L P O Y a1, P A pEg
O™ I p#q...! Pn 10N 1P, PN G- Y, P 1d peq.

Using the debnition (3.46) of the two-body S-matrix, the last expression can be rewritten in the
(4.10)

following elegant form
S 1jSp 2j - SNj Sy S pereini ' peg.

If we introduce the following matrix operators
T,0S 1S 2;-.-Snj =Syj -+ St » (4.12)

then (4.10) tells that |' y O' peqis a common eigenvector folN matrix operators T,
Til'yo"ly, (4.12)
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wherej O 1,...,N. In the following we refer to (4.12) as the(matrix) Bethe-Yang equations Once
a common eigenvalue, which is a function of momenta, is found, one is left to solve a system of
(scalar) Bethe equations

" O0eP, (4.13)

to determine the momentap; .

Compatibility of the system (4.12) requires that matrices T; for various j pair-wise commute.
The important fact that they do so is a consequence of the condition (3.51) and the Yang-Baxter
equation (3.52). In the case of scalar S-matrices, where ' is one-dimensional, the diagonalisation
problem of Tj does not arise.

As was argued in subsection 3.3, demanding the Bethe wave function to be of the symmetry type
$ implies that the vector |' y transforms in the same representation. Correspondingly, the scattering
operators and the operatorsT; are also restricted to$. The problem now is to solve the system
(4.12) for a given irreducible representation ofSy and, subsequently, use this solution to reconstruct
the corresponding Bethe wave function.

Lieb-Liniger model for two particles . The matrix Bethe-Yang equations are
So' peq O€P 1 peq,
2 P N P (4.14)
S12' peq O€™ 2" peq,
where
pr«p i* 0 01 ‘
N 1 K 2
2 0 e F  p«p 10 (4.19)
It is trivial to diagonalise Si;» by hand. This S-matrix has two dilerent eigenvalues
R L P« pp« it
/501, [ 02— 2 (4.16)

pL« pp - i*

corresponding to the anti-symmetric representation, where particles are speenless fermions, and the
symmetric one, where patrticles are indistinguishable bosons. Correspondingly, we have fopeqthe
following expressions

o] 1 U o] 1 U
'gpa0 o o g (4.17)
where we recall that
o} U
. Apl212q
peq O NS (4.18)

Starting from three particles, in addition to the anti-symmetric and symmetric representations
@ & [T -

there appears also a hook corresponding to spié-fermions

EI].
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4.2 Incarnations of the Lieb-Liniger model

To shed more light on the Bethe-Yang equations (4.12), we consider a few concrete examples. The
brst example is provided by the delta-interaction model for three cases dilerent by the nature of
interacting particles.

cients, we can write down for the Yang operator and the two-body S-matrix the following
expressions

_ R i* . Pr< P2, _
Yl 1, P29 0O « PL < P2 G 1 PL < Py S )\F#J d. (419)
N pi « pJ i* .
Sj i, pjg O — 1« —!ap'iiq, (4.20)

P« p o i* pi«p i

where ! \p'j qis the transposition " evaluated in the representation$. In this caseT; are
matrices, and the non-trivial problem of their diagonalisation will be discussed later.

2) The case ofgpinlessfgrmions corresponds to picking up the anti-symmetric representation,
'ap'i g O «1, formula (4.19) yields S O 1. As a result, equations (4.12) become the familiar
quantisation condition €Pit O 1 for momenta of free fermions put on a circle of length_.

To bnd the wave function, we notice that Y; O « 1 for this case. Therefore, from (3.37) we
obtain the following equation

' p#0g OY;' p0q O «' pog

It follows from here that for an arbitrary 4the vector ' satisbes ' pA0y Osignpdd pOq the latter
equation is obviously solved as 'fq Osign0d peg Since ' peq belongs to the anti-symmetric
irrep $ O riNs we have 'peq O Ap. |eq O signp. “*cApeleg Up to an overall normalisation
factor Apeleg the Bethe wave function (3.10) is then given by the Slater determinant

@ .
(tpuPd, - NG O signp. “ 10 P
) PS
% . R
O signpogg' P @ O det €9P (4.21)
)PSn

3) The Lieb-Liniger model describes Bose gas with repulsive delta-function interaction (1.37).
The corresponding wave function transforms in the symmetric representation$ O rNs. The
two-body S-matrix is scalar and reads as

~ PL« P2« i*
S, p2q O <P (4.22)
where* $ 0 is the coupling constant. Equations (4.12) reduce to
_ ¥ ¥, . ¥y N
L O SymLpqd BEPC D5 T RO T (4.23)
|l§01 ﬁ01 p] « pk « | KO1 pJ « pk « |
aj aj

1Later, considering the case of spin-1 {2 fermions, we specify $ as the permutation module M N «MM s,
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This set of N equations determine the allowed values of the particle momenta in this model.The
vector ' in (4.8) is one-dimensional, i.e. the amplitude Ap. |0gdoes not depend on . From
(3.37) we then have

P g€ Pp 19« i*
Ap#0gq O —+ARg.
J Ppg<Pp 19 !

The last equation has a unique, up to an overall normalisation, solution

$ L« LT
AfqOa  Ppa<Paa T (4.24)
i Pypa<€ Pypg

where a is 0-independent constant that might be a function of p. To preclude singularities at
coincident momenta, we choose it as
. $
ao i « pJ g.
it

Then due to the identity 2

$ $

u.
Pypig« Ppgd Osign0 i « pq, (4.25)
it inj

we will have
L $ .
Ap0g Osign0 Pyeq« Pypiq ¥
i

Substituting this expression into the Bethe wave function (3.11), we bnd

. Q Q iN q p-

(pn,...,qng O g =t T

*PSy )PSy

) - $ ~ - Ul‘$«l N u

(0] S|gn0 p)piq« p)qu i* ) q*p 1C|« q‘ﬂq .
inj i01

Using the invariance of the scalar product and making the shift0, .0, we write

N 1%} i " Ok P (k) .
(pn,....,onq O e x=1 sign0
) PSn
) Q . $ R - ul$«1 s l:l
0 sign. Pppiag“ Pppag " ) Qg 10< Gpig -
*PS i 101

The sum over. can be taken explicitly with the following result®
2 $ R u
sign. PppwS Pppa I ) %p 1< Gpig (4.26)
*PSy il ioé . .
) u
O  DPpg«Ppg« "2 « Gq .
itj

2We recall that N ;i « x;q Odetx]' “J is the Vandermond determinant.
3See appendix 5.8 for the sketch of the proof.
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Finally, using again (4.25), we bnd for the wave function the following expression
" a &
4 @ i Gk P (k) ¥ a i*2 «
(tpuPd, - NAO PO« pq e k=t 1«M .
it )PS i Pypa< Pypq

The wave function is parametrised by a set oN momentat p; uwhich was ref3ected in its nota-
tion above. The function is symmetric under permutations of coordinates and anti-symmetric
under permutations of momenta, so that it vanishes if any two momenta coincide. The coordi-
nate symmetry of the wave function is compatible with the boson statistics. In the momentum
space the particles behave rather like fermions: each value of momentum can be occupied by
at most one patrticle. To empb}@sise this behaviour, in the expression for ( we singled out the
overall anti-symmetric factor [P« pig without which the wave function would be sym-
metric under permutations of momenta. Dropping this factor is not allowed, however, because
this would lead to an ill-dePned wave function that would not be bounded on the wholeRN
when two momenta coincide.

4.3 Low-dimensional eigenvalues

In this section we would like to describe one approach to solve the eigenvalue problem
Tlyo Iy, (4.27)
for the commuting operators
T, 0S1jSj 2j ---SNj Stj - Sj«c1] (4.28)

acting in a given irreducible representation of the symmetric group&y . This approach, known as
the Nested Bethe Ansatzis an extension of the original treatment of Yang of the Lieb-Liniger model
for spin—% electrons and it is based on thegeneralised Bethe hypothesislt is therefore natural to

prst demonstrate how the latter model was solved by Yang.

Due to the simple relationship between representationss and 8, for the S-matrix in the repre-
sentation $ we can write
o MP«pgl«i AP G e par it Ll g (4.29)
pi « p] | pi « pJ |

and think about the S-matrix as acting in the representation 8. Recall that for spin—% electrons
$ O r2M | AN«2M g and, therefore, the original eigenvalue problem (4.27) with|' y transforming in
this irrep is fully equivalent to the one where the operators (4.28) act in the conjugate irrep® O
rN « M,M sand|' y belongs to the corresponding representation space. Recall th& O rN « M,M s
is the representation in which the spin wave function of electrons transforms. Thus, we want to Pnd
the eigenbasis for the commuting operators (4.28) acting in the space oN « M,M s

The direct evaluation of eigenvalues of commuting operators (4.28) becomes straightforward if
the representation for the moduleS? for $ O N « M, M sis explicitly known. The experience with
representations of&y shows, however, that representation matrices for an irreducible Specht module
are rather intricate as typically they contain ~ 1 and « 1 as their matrix elements, the position of
those depend on a basis chosen. Moreover, when the dimension of an irr8p becomes su%ciently
high the straightforward diagonalisation of T; becomes technically problematic. On the other hand,
permutation modules have rather simple representation matrices having only 1 as their matrix
elements, the latter are distributed in a controllable way. In addition, any permutation module M *
contains the Specht module,S* * M ?, as a sub-representation with multiplicity one. Thus, instead
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of diagoinalising T; on S™N «MM s one can diagonalise them oM ™ «MM s and then single out those
eigenvalues which correspond to the sub-representatio6™ «MM s Before we present the general
YangOs construction, we worked out the eigenvalues ©f on various modules we studied above. This
gives us further intuition of how these eigenvalues present themselves.

In the following we will often use the more concise notation

Sij O ajj ) bj ! i (4.30)
where
) P« B e i
WOhap v MOy (431

and depending on the context transposition! j; is realised as an operator acting either in the repre-
sentation spaceM ™ «MM s gr jn SIN«MM s Note the relation a; * h; O 1 which we always use in
the evaluation of T; .

It is enough to look at eigenvalues ofT; and compute them numerically by picking up a random
value of momenta and*. Throughout our analysis we use the following values

1 11 . 17 . 19 - 81 L .1
plogl pzof%’ p30?7, p40§1, p50377, OTS' (4.32)

The group &3. We have 3 commuting operators

T1 O S21Sa;

T2 O S52S12

T3 O S13S23
In the following it is enough to look at eigenvalues of one matrix, for instance,T;. Specifying the
relevant representation and computing the eigenvaluest; of T; we bnd
Permutation module Elj :

! )
t; O 0.8403« 0.5421i, 0.9908« 0.1353, 1

Specht module E‘:] ;

!
t; O 0.8403« 0.5421, 0.9908« 0.1353

In comparison to the Specht module, the permutation module contains one more eigenvalue equal
to 1 which corresponds to the trivial sub-representation.

The group &4. We have 4 commuting operators

T1 O S21S61Sm
T, O S32S42S12
T3 O S43513S23
T4 O S14524S34

Permutation module H:D :

! )
1 O «0.7245« 0.6894, 0.9270« 0.3751, 0.9918« 0.1275,1
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Specht module B:D :

!
1 O « 0.7245« 0.6894, 0.9270« 0.375%1, 0.9918« 0.1275

Once again, the permutation module contains one more eigenvalue equal to 1 which corresponds to
the trivial sub-representation.

Permutation module EH :

[
M1 O  «0.7245« 0.6894, «0.7167« 0.6974 ,0.86660« 0.5001,

)
0.9270« 0.3751, 0.9918« 0.1275 ,1

Specht module EE .

Hy O t« 0.7167« 0.6974, 0.8660« 0.5001iu

In addition to two eigenvalues of the Specht module (uderlined with one line), the permutation
module gives rise to three eigenvalues which coincide with those in the Specht modui8,1s In
addition, there is again the eigenvalue 1 that corresponds to the trivial representation. This result
is in accord with the decomposition of the permutation module into the following sum of Specht
modules

M™225Qr4s r3,1s r 2, 2s.

The group &s5. We have 5 commuting operators

T1 O S21551S41Ss1
T2 O S32542552S512
T3 O S43Ss53S13S23
Ta O S45514S24S34
Ts O S15S25S35S45

Permutation module H:I:D :

! )
1 O «0.8899° 0.4561, 0.0498« 0.9988, 0.9436« 0.3314, 0.9924« 0.1227, 1

Specht module E!:I:D ;

!
U1 O « 0.8899" 0.4561, 0.0498« 0.9988, 0.9436« 0.3314, 0.9924« 0.1227

Once again, the permutation module contains one more eigenvalue equal to 1 which corresponds to
the trivial sub-representation.

Permutation module EBj :

!
Hi O  «0.8899 0.4561, «0.8845" 0.4666, « 0.8580° 0.5136, « 0.2534« 0.9674,
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«0.0248« 0.9997, 0.0498« 0.9984, 0.8949« 0.4463,

)
0.9436« 0.3314, 0.9924« 0.1221, 1

Specht module Hﬂj .

!
uy O « 0.8845° 0.4666, «0.8580° 5136, «0.2534« 0.9674,

«0.0248« 0.9997, 0.8949« 0.4463

The structure of the eigenvalues rel3ects the following decomposition of the permutation module over
the Specht modules
M™25Qr5s r4,1s r 3,2s.

4.4 Spin chain representation of the permutation module

It is possible to realise permutation modulesM ™ «MM s of & in a more convenient and physically
appealing way by embedding them in a larger vector space of dimensiomN2 This is a spin chain
representation of the permutation modules which is constriicted a< fallnwe

Consider a discrete circle which is a collection of or-
dered points labelled by the indexn with the identibca-
tion n O n" N reRecting periodic boundary conditions.
Here N is a positive integer which plays the role of the
length (volume) of the space. The numbersn O 1,...,N
form the fundamental domain. To each integern along the
chain we associate a two-dimensional vector spadé O C?
with a basis

6 0 6 U

iy O é , iy O (1) (4.33)
Figure 4.1: Spin chain. A state of the

As this notation suggests, the basis elements are identibPedspin chain can be represented agly O

as Ospin upO and Ospin downO, see Fig. 4.1. The Hilbeffiiiiil = - - fily

spaceH of the spin chain is the tensor product of N

copies ofV, H O VPN and has dimension 2 .

The symmetric group &y acts in H in the following way. Each transposition " ;; when acting on
an individual basis element permutes the spins standing in thea Os and Os position. With the help
of the standard 26 2 matrix unities, its action on spin chain states can be written as

. @ i i
P, O  1b..bEablb..b1bEpab...b1, (4.34)
a,bO1

where the matriceskE,, and Ep, 0occur in the tensor product at positionsi and j, respectively. From
transpositions the action is extended on arbitrary elements by using the group property. Obviously,
the action of Gy preserves a subspace dfi with M down spins. Within each subspace withM
down spins, the latter has dimensionC) , the action of Gy coincides precisely with the one on
the permutation module M ™ «MM s This can be seen from identifying the basis of theM -particle
permutation module

|n1,...,nMy, 1#ny%n,%...%nNny # N, (435)
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with states of the spin chain with M down spins occurring in the positionsnq, n,,...,ny along the
chain. Thus, with respect to the action of Gy the Hilbert space of the spin chain decomposes as

“N

H O M IN«M,M s

M 00
which is, of course, compatible with counting dimensions ® O k‘,, 50 CN' . The wave function (4.38)
is then naturally interpreted as an element of H lying in the subspace spanned by states withM
down spins.

4.5 Generalised Bethe hypothesis

We consider the eigenvalue problem
T yo"ily, (4.36)
for the commuting operators
T,0S 1)S 25 ---SNj Stj -+~ Sje2j Sjetj» (4.37)
wherej O 1,...,N. The matrix S; O a; 1" by P .

The generalised Bethe hypothesis gives an ansatz for a vectgry P M ™ «MM s \which diago-
nalises the commuting operatorsT; on the sub-representation corresponding to the Specht mod-
ule S'N«MM s The hypothesis also provides an expression for the corresponding eigenvalueg. "
Namely, the following expression for|" y is postulated

. 0]
|‘ yo Cnl...nM |n1!"'!nM yy (438)
1#n1! ny! !l ny#N
where the coe%cients are
R
Cnl---nM o) AFﬂq: p/) plqanlq_‘_':p/)pl\llqynM q (439)
)PSwm

Heren; with i O 1,...,M are distinct integers 1# n; # N and |nq,...,ny Yy are C,Q" states (4.35)

which form a basis of the permutation moduleM ™ «MM s |n the spin chain picture N is identiped

with the number of spin chain sites andM with the number of down spins. To solve the eigenvalue
problem for T, the function F pv,ngmust be chosen as

i* '$<1pj «vy =

R i
Fp,ng O - 2, (4.40)
pn(( V « 7]01p] « V«7
while a set of unequal numbersvy, ..., vy must solve the following set ofBethe-Yang equations
P P <« Vi '7 3 ¥ Vi € V| « i* . (4.41)

jo1 P €« Vi« T o Vk«w T

The eigenvalues ofT; on the irreducible Specht modulerN « M, M sare then given by

Y, <
e Pi«Vk 3 (4.42)

ko1 P € Vik « 5
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Finally, the coe%cients Ap0g are given by (up an overall normalisation)

N $ V & Wy go < 0¥
Apog O )pka~ ) A . (4.43)
wkm Ika < Vg

Formula (4.38) is similar to the one which was suggested by Bethe for describing the wave function
of the Heisenberg spin chain, the role of plane wavés

= []n
) N V&« =%

e’ o
v

NI

(4.44)

*

NI

in the original Bethe ansatz is now played by the factorsF pv,ng The formula (4.44) follows from
«pV« i'?cF pv, ngin the homogeneous limitp; , 0. This is the reason why the ansatz (4.38) is referred
to as the generalised Bethe hypothesis. It described the wave function of the inhomogeneous XXX
model. In the following we will prove this hypothesis forM O 1,2.

One-particle case. We start out consideration with the simplest case of one overturned spin

B
I'yO  clny, (4.45)
nO1
where |ny denotes a state of the spin chain with all spins up except one, which is the down spin
at position n and ¢, is the corresponding amplitude. Consider the operatorS;.1;. If n & j and
n & j « 1, then this operator leaves|ny invariant, Sj«1j[ny O |ny, becausea «1j = B«1; O 1. On
the other hand,
o 6l
Sic1j .- Geali « 1y gliy” ...
0]

(0]
O ...7P&«1jC«1 BerjGal « Iy paye1jq  BerjGerdiy ...

Now we note that none of the remaining operators inT; will act on the overturned spin at position
j « 1 and, therefore, the corresponding amplitude must obey

"jcj«loaj«ljcj«l‘ h«lej )

so that

"j Oaj«lj ) q«lj Cjcil

Next, we denotecjplq 0aj«1jG "~ B«1jG«1 and consider the action ofS;j.»; on the previous result

@) . 0
Sj« 2j O C«2l] «2y° cqu“y‘

~ ~ ~ 1 N 1q ~ ~
o ... paj«ZjCj«Z tH«chquqi « 2y paj«chqu q«ZjCj«Zq'y
The remaining operators inT; will not act on |j « 2y and, therefore, we should have
e

]
Cj«Z .

"joaj«Zj q«2j
Analogously, we introduce

N 1q ~
C‘PZquj«szJPq tq«qu«Z-

4From the formula below the rapidity v is related to the particle momentum pasv O « %cot %.
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Proceeding in the same manner, we formulate a recurrent scheme

C!:k«lq
" Oa'« P «kj ] ’
e E N (4.46)

08k §M Bkj Gk -

Since the number of theS-matrices in T is N « 1, herek O 1,...,N « 1 with understanding that
A mj O an« mj » Bemj O by« mj forany m 00,...,N «j « 1. The brst of these equations implies

that " ; depends on neitherk nor j « k. We use this equation to solve forcjpk“ 1a

1 . "k oa Ki " P« Ki * Ki QA « ki
CJPk« e R Bk KL P iPB«kj  Bekja«aye LG ek
5 B «kj ) 5 B «kj
~ nwoox " «
O i p j « 1q¥ Cj«k
«kj

Changing herek , k™ 1 gives
o ~
ijkq (@] " i ) p" j « :I.q%«]]:]J G «kal- (447)

We substitute these formulae in the second equation of (4.46) and get

© A« ke« 1]j N © aj k‘o
"j‘p"j« 1q . ]_l C]«k«loaj«kj "j‘puj«lqj l C]'«k\ lq«kjcj«k
. « ((] .
e y 0 y
O a]'«kj"]" t]«kj ‘p"j« 1qu«7] CJ«kO 1\p"j« 1qu«7j Cj«k!
((]

from where upon substituting the explicit expressions fora and b in terms of particle momenta, we
obtain

LY . QA —k—1j Yo~ ' !
G «k d j P« :I'qJ k—1j OIJT]_ P« ke 1 « [

S — (4.48)
Cj«k«l 1 p j « 1% IJIT]_ pj«k« pJ
Now, setting j « k O n, for the ratio of two successive coe%cients we Pnd
- AT
Tl p «1« p |
@ ophix MM (4.49)

Ch«1 !;-Tl‘ pn « p]

Here the right hand side has an apparent dependence on the indeix On the other hand, the
left hand side must depend on the indexn only to account for the fact that |' y is a simultaneous
eigenvector for allT;.°> Thus, the right hand side, should not depend onj as well, which is possible

only if —— T <P is some constant, which we choose for further convenience as
i* ; i*
e 1<P O «v« 5 (4.50)
Hence,

Cn Opn«l«V\l_?
Ch« 1 Pn « V«"7

5This is precisely the place where we use the information that we diagonalise the commuting family tTj u rather
than one matrix.
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Iterating this equation, we bnd

< 1 < i N - -
°n00$ Pev G oo Peve s Bip v & (4.51)
1jolpj‘1« V«i'7 1pn«v« %ji)lpi <<V«i'7' .
The coe%cientc,; remains arbitrary and we choose i
. *
a0 vy (4.52)
PL« VvV« 5

so that

. i* Bl «v &
Cn O - A=z (4.53)
pn K VK« 7 j Ol pJ KV« 7

From equation (4.50) we obtain the eigenvalue '}

"0 w . (4_54)
! P« Ve« 5
Equation p4.47qyields
~ Pjeke1 € A £
FUOP 26kt (4.55)
pj « VK« 5

In these formulae v plays the role of integration constant. In the following it is convenient to
introduce the following variables

R i* N PV’ '7
X; Oii_, y O1 X; Oii_. (4.56)
P« V& & = P« VvV« S
In terms of this variables formula (4.53) reads as
¢, O YooY Xn (4.57)
We then bnd that
) vk i* i*
qu O p] «k«l &V 2 | O |
CJ p] «v«i-7 pj«k«l«V« %Xl---Xj«k«Z p] « V « %Xl"'xj«k«l
R Yier - Yieq o .
O Xl.lxl"'Xj«k«lil : S o C] '
Xj«k"'xj«l Xj«k"'!j«l

and the formulae (4.46) can be now regarded as identities satisbed by functiorgs, namely,

a-j«kj CJ—‘ ta«kjcj«k 0017,
Xj«k‘l‘“xj«l Xj«k”'xj«l

a-j«kjcj«k‘ t]«kj Ochj«k'

(4.58)

Xj«k\ 1_|_|X-j|«1
We have not yet solved the eigenvalue problem completely. Indeed, choo$eO N. Then, after

all k O N « 1 applications of the S-matrices, we will be left with
o] 0

TN |l yOSj_N ---SN«lN |' yO" N C]_lly\ e CN«llN « 1y h C’,le«lqlNy. (459)

6The choice ¢; O 1 was implemented in the original work [ ?].
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Thus, to satisfy the eigenstate equationTy|' y O " n|' Y, we have to require that
MO Ny . (4.60)

Plugging here the value ofc)' “**and "y O y, » We get

Thus, satisfaction of the last relation requires that

N R
y, O1. (4.61)
jo1
Explicitly, it reads as

$p«v b

eV 71, (4.62)
jor P« Ve 'y
This is the Bethe equation to determinev. It implies, in particular, that ¢; O ¢y 1, as follows from
(4.53) provided py- 1 O p1. As a result, identifying [N ~ 1y O |1y we render|' y as a state of the

periodic spin chain that is also an eigenstate of the commuting operatord; .

In this way we have proved the validity of the generalised Bethe Ansatz and the expression for
the eigenvalues in the one-particle sector. The Bethe equation (4.62) is a polynomial equation far
of degreeN « 1 and, therefore, for generic momentey; it has N « 1 roots. Thus, formula (4.54) for
" does not give all the eigenvalues oT; on the permutation module, but only N « 1 eigenvalues
on the Specht submodulerN « 1,1s. One extra eigenvalue ofT; is equal to 1 and it corresponds to
the trivial submodule.

We conclude our consideration of the one-particle case with numerical results. Using the same set
of momenta and the coupling constant (4.32), we solve equation (4.62) for dilerent value®l O 3,4,5
and bnd for each case the corresponding solutions which we enumerate\dsl, i O 1,...,N « 1. Once
the roots are found, we evaluate the eigenvalue ¥ for each of them. The results are summarised
below

. PLA () 0.3332 P20 0.
N O3 Bj: vplq90333 Ny vpzqqoegoa .
#9190 0.8403« 0.5421i #5290 0.9908 « 0.1353i
N4 ] VP14 0 0.2133 vP24 0 0.3713 vP34 O 0.7206 )
’ Bjj #7190 « 07245« 06892 © #"90 0.9270« 0.3751°  #7°90 0.9918« 0.1275 '
N OS5 _ vPl900.1920 vP24 0 0.2350 vP3d O 0.3956 _
' BID #7190 «0.8899" 0.4561 ' #7290 0.0498« 0.9988 ' #7901 0.9436« 0.3312 ’
vP4a 0 0.7414

#9790 0.9924« 0.1227

One can see that the eigenvalues found here coincide precisely with those obtained earlier through
the direct diagonalisation of T;.

Two-particle case. To consider multi-particle excitations, it is convenient to reintroduce a set of
functions

i* j$(lpk«V\

i;
i Oy, ¥ X (4.63)

Fi OFp/,jq O v i 1%

p] & VK« vl kolp
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which coincide with ¢; from the one-particle problem, but now we attach to them an independent
meaning as to the set of basis functions satisfying the identities

F ‘ . F
aj«kj—J t:]«kjlzj«k()ijy
Xj«k‘l"'Xj«l Xj«k"'Xj«l
. (4.64)
N i N
aj«kij«k q<(kj—O¥.Fj«k.
Xj«k‘l_‘_‘ﬂ«l :

These identities can be veribed in a direct manner using the debnitions (4.56) and (4.64). We also
reintroduce

. Fi
Ff9o —J (4.65)
Xj«k "'Xj«l
and regard this function as as a result, ofk-th iteration of F;.
For the two particle case we then try the following ansatz
con O AFpy, mcFpv',ng ™ A'F v, moF pv, ng. (4.66)

For conciseness in the following we denot& pv, mq OF,, and Fpv!, mg OF.}, on other words,

Cnn OAFWFY> AFLIF, OAF,FL1 conj. (4.67)

The ansatz requires two terms with coe%cientsA and A’ to be present, as well as two dilerent
integration constants v and v Operating on the coe%cientsc; with T;, we need to consider only
the fate of the brst term in (4.67), as the second one is obtained from it by replacingh ~ A'and
v~ VL7 and so we will not write the second term and its transformations explicitly. For simplicity
we assume that we act on the two-particle state
R
I'yO  Cmn|mny.

m! n

with the operator T; with j O N, so there are no overturned spins on the right off . Under the
action of Sj . 1; all amplitudes remain invariant unless there is a down spin either atj « 1 orj. We
have®

C #
~ @ 1 A N @ 1. -
Sj«1j ... AFiFi ] « 1y AFiFli,jy
il j«2 il j«l #
. ) o) )
O0Sj«1j ... AF Flali,j « 1y° Flijy © AR« R « 1,jy
\ @ il jx 2 6
0...0 AF YRRl « 1y Fjy S AR GFi « Ly,

2 T I

where we have taken into account that the state|j « 1,jy with two neighbouring spins down is
invariant under S;.1; and use identities (4.64). To be able to use recurrent formulae (4.64) after
the second step, we will try to impose onA and A® the requirement that

AF F AT F Oy ARPIRL  ° y AFPF (o. (4.68)

71n the present context we call this operation of replacement of primed for unprimed quantities conjugation .
8For more visibility we separated the positions of spins i and j in [i,j y by comma.
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With this requirement the result above reads as
(o}, 0 @
Ag .7 yAFL, Fili,j « y> FPj « Ljy © A FiF 0 .
i#j«2 i#j«2

Now we are prepared to act ong qwith Sj.2j. In the application of S;.2; we have activated (in
red) a set of terms in|' y which will now undergo a non-trivial action

C . . #
N Q 1 .o N 1 1 O g .. N plq;. . 0\ Q 1dq,. .
Sj«2j .- AF,FJ-«2||,J « 2y XjAFj«l Fili,j « 1y Fj li «1,jy A FiFj li,jy
ilj«3 ilj«2 ilj«2
R 7] (0] X o]
0...0 leAFjl«l Fili,j « 1y° XJ.]'AFjl«lsj«z,j Fiazli « 2j « 1y” FMj « 1,jy
. ilj«3
(o7} 1%} o]
©ASj2; FiF ™y AFiFLlij « 2y
ilj«2 il j«3
‘ o Y 5
o leAFjl«l Filij « 1y° Fjp q“ «1jy " y‘ylAFJ « 2F; «1“ « 2,] « 1y
il j«3 i N
SN LIE iFiloaliy” IS o EL i <2yt AFMCE L « 2,
i Paj«2jF; B«2jFic2alhjy pPl«2jF 8« 2j Fj 20l j « 2y i Fiezli « 2,y
ilj«3 .
. v [O0N7,] ) 0
o leAFjl«l Fili,j « 1y F-p q“ «1,jy y‘ylAFJ«ZFJ«l“ « 2,] « 1y
il j«3 [T
%}

AFi YRl « 2y BRI y AF,-quj«zlj «2jy.
ilj«3

Here the underwaved term will stay unchanged under action of any further S-matrices, and, therefore,
from the eigenvalue equation, we pnd

"; O Y, le. (4.69)

To proceed and bring the result to the form similar to the one obtained after the pbrst application
and, therefore, to prepare it to the third application, it would be nice to require that

AFF ARLFP90 YIAF JFPE y, A'Fi oF P, (4.70)

although it is not at all clear if a simultaneous solution of (4.68) and (4.70) does exist. Nevertheless,
accepting (4.70), after two applications we will have

C 4 #
Alg ... Ay Filij « 1y Fj « 1,jy
i#j«3
VY VAR QF Rl « 2] « 1y
C =g !
@ p2 @ 12
L AYF Filij « 2y FPj « 2,jy ° AFFy,
i#j«3 i#j«3

where we have omitted the underwaved unchangeable term. This result is similar tpl gand is ready
for the next application of Sj.3;. We get

¢ 5 #
pllg ... © Ay'Flg Fili,j « Iy> FPY « 1,jy 4.71)
i#j«<4 -
tYJAF,«st«llJ «3j«ly” vy, AFJ«zFJ«lIJ «2,j«ly
Ay'Fl, Filij «2y” F™j « 2.jy
i#j«4 -
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’ y. leAFj « 3Fjl« 2“ « 3!J « 2y

¢

- < . . N 1 .

AX]lFJl« 3 Fi ||1J « 3y F]p3q|J « 37_] y AFI F] mqllvj y

i#j«4 i#j«4

We see that more and more applications of S-matrices Owork outO more and more terms into their
eigenstate form with the unique eigenvalue j O Y, le. Proceeding in the same manner, aftek steps

we will have the result
#
Filij « 1y” FMj « 1,jy (4.72)
#

Iéj «k«l

: X]le AFj«k\ lel«llj « k” 1,] « 1y\

X AXJl Fjl« 1

) AFj«ZFjl« 1|J « 21] « 1y

. XjXJlAFj«ijl«W 1l «Kj«k™ 1y
¢
AYIFL, Fillj < ky" B« kijy AFF ]y
- i#jak«l

i#j«kal

All spin states |i, my, wherei % m, with
jek#i#]«2,
ek 1#m#j«l

have been brought to the eigenstate form. To be able to write down this formula, before performing

the k-th application, we require that

1 pkelg &y 1 1 pkq ~ ) 1kq
fkFi O y/AFF XjAlFJ«ij ,

AFJ « k Fjl’k« 19~ AlF] « k j«k (473)

which is
11l . . 1
ET BN A L

Fi o FL FL.F .
ASH IS ¢ S C1 o - a—
Xj«k"'xj«l Xj«k"'xj«l

1 1
Xj«k‘l"'Xj«l Xj«k‘l"'Xj«l

From here we have an equation

Fi _«F/ " F
kY « F_Fj

! ’
A O XJ —K y,] 1 XJ —k +1'"y—1 —1
Al Fj i F/ F/_Fj Xj/
«
Xj/7k+1"')/7j/71 xj 7k...yij =

. 1 1 oyl 1
C‘) Xj«k F]«ij Xj«k‘l“'xj « Fj«kFJ Xlxj«l
1 . 1 1 .oyl 1°
Xj«k F]«ij Xj«k"'Xj«l« Fj«kFJ Xj«k‘l”lxj

which must be satisped independent ok. Substituting here the expressions foiF- -functions in terms
! ,» We arrive at

of y, see (4.63), and cancelling the common factoy, .. Vi 121 Y

p1« vV« % pr« v/« % . p1« V& % pre v/« % ,
Pj —k « V« % pj « V/« %*J pj « vV« % pj —k « V/« %*J «k
- - i -

N i-
Preve 5 pr« v/« > 1

- h
= =

pj « vV« % Pj —k « V'« 7

¢

Z|>

I- -
preve 5 pl«v’«7 1 «

Pj —k « V& % pj « v/« %*J «k
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Substituting here the expressions fory, we observe remarkable cancellations leaving us the result

A . v« viki*

Al VeV 7 (4.74)

which is independent ofk, as desired.

We recall that for the operator Ty we havej O N, and we can perform applications of S-matrices
down to k O N « 1. At the end we will be left with all the terms in the eigenstate form except a
certain number of them (these are the underlined terms in (4.71) and in (4.72), where in (4.72) only
the brst and the last of k such terms are shown explicitly). Namely, after the full application of Ty,
we will be left over with

Ng 10 )
AyrFR PR p AT ALvT VigIN « KNy

kO1
Ng 10O 0
Oy, Y AFN«kFg "pA~ ALvT Vvig|N « k,Ny
kO1
which we have equated above to the right hand side of the eigenstate equation. This equation can
be satisPed by requiring the Ocross-cancelationO, namely,

AX][\-] Flilj« kFIPIN« 1 OXNXI{‘A].FI&« kFN ’ AIXN FN«kF[i]i‘N« 1q0¥]'\.l¥N AFN« kFliLj

that is
A . XN FN . »
ﬁo F'j\l«lqo_o:lxj’
T . : (4.75)
A71 O YnFN ¥ yt
A Faeta = 3
These areBethe-Yang equationswhich have the following explicit form
Vi € Vo « i* O$‘ Pj « Vi '7 d Fpvi,N ° 1q
Vi« Vp oo o1 P« Vi« '7 Fpvi,1q
_ (4.76)
Vl((vz\i* O$‘ pj((VZ‘ %OFWZ,N\ 1q
Vi « Vo « i* 01 P« Vz«% Fpv2,1q

where we have written the product of XOS vigF -functions by assuming the periodic identibcation
pnc 1 O pr and setv O vy and viO vs.

Finally, let us give some numerical results which will allow to understand further restrictions on
relevant values Bethe roots. Using the same set of momenta and the coupling constant (4.32), we
solve equation (4.76) forN O 4 and get the following ordered pair§ pv1, v2G

10.2165 0.6536; [0.4350« 0.0659, 0.4350° 0.065d
10.8525 0.8525; [0.4656 0.46565 [0.2483 0.24835 p0.1738 0.1738).

We got 6 pairs of roots but only the brst two pairs, wherev; and v, are not equal, give rise to
physical eigenvalues

" P93 «0.7167« 0.6974, " ™90 0.8660« 0.5001,

9Solutions which diler by permutations of roots lead to the same eigenvalue # ;.
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which agree with the direct generalisation ofT; on the Specht moduler2, 2s. Similar results hold for
higher N. We thus conclude that the physically relevant solutions of the Bethe equations (4.41) are
those for which Bethe roots are pairwise dilerent. If Bethe roots coincide,v; O vy, then A O « Al
and the wave function (4.67) vanishes.

The results obtained for the one- and two-particle cases are generalised to multi-particle ones
according to (4.38), (4.41) and (4.42). In the next section we provide an independent and general
derivation of the Bethe-Yang equations (4.41) as the cyclicity condition for the coe%cients,, n,,
of the wave function (4.38).
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Lecture 5

Transfer Matrix Method

Here we explain another method of solving the inhomogeneous spin-1/2 chain by using the concept
of the transfer matrix. We therefore introduce the transfer matrix for this chain and show that the
problem of its diagonalisation is equivalent to Pnding the eigenbasis for the commuting family T; u.
We then diagonalise the transfer matrix by LiebOs method as explained in GaudinOs book.

5.1 Transfer matrix

Now, to treat all T; at once and, most importantly, to prove their commutativity, we use the spin
chain representation to introduce the concept of transfer matrix. Consider the following object

M g O S1afP1, PAS2a 2, PA- - - Sna PN, PO (5.1)

Here @O stands for an extra copy oV, called Oauxiliary spaceO ang is an associated auxiliary
momentum variable. The quantity M ppqis called monodromy matrix or simply monodromy. The
monodromy acts on the space/®N b V,.

Taking the trace of M ppgwith respect to the auxiliary space, we obtain an operator
o] o}
Tpg OTraM pog OTra SiafP1, POS2a02, PY. - - Sna PN . P (5.2)

called transfer matrix. The transfer matrix is an operator on the conbguration space of the spin
chain
Tpog: VPN, vEN

The fundamental property of the transfer matrix is that it is a generating function for the
commuting operators Tj. According to (3.46), the two-body S-matrix for coincident momenta de-
generates into a permutation S g, pg O Pjj , which is, of course, compatible with the condition
(3.51). We then evaluate the transfer matrix at p O Pj

e 5
Tg O Traéslamly Py 052202, P 0. - - Sja MY, P 9. .- Sna PN B G
0

O Tra Slarplvpj CﬁZanZupj q“-Pja ---SNamNuqu .

Then, using the braiding property (3.47), we pull Pj; to the left
o o}
Tmg O Tra PaSymnpd. .Sy« hdS 1aM 1,0 0...Snalon. B Q-
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Here we separated by-two strings of S-matrices. Since the indices of any S-matrix from one string
are di'erent from those for any S-matrix from other string, these two strings commute and we can
interchange their position under the trace
0 5
T O Tra PaS 1aP 1,00 --SnaPPn. B d Sy Sy W« B -

Next, we move P}, into the position between two strings to get

Tmwid O S 140 1,50 .- Snj PN P TrapPja d 81 1. B 0. - - Sj« 1) W« 1. P} 0.

It remains to note that due to Tr apPja q O 1, we getTpp; g OT;, where T; is given by (4.11).

Working with the spin chain representation and the transfer matrix has an advantage that it
allows for an easy proof of commutativity of T; . It follows from the commutation relation between
two monodromy matrices, M yppq and M ppgg each of which is debned with the help of its own
independent auxiliary spaces,V, and V,, respectively. This commutation relation is derived as
follows. Let us consider

Sabip, 0OM LM 200, (5.3)

where S,y is the S-matrix which acts on auxiliary spaces only. Using the debnition of the mon-
odromies, we write
SabPP, oM pPIAM 2P O Sapp, OYS16P1, A4 - - Snb PPN AGS1a 1, PY. - - Sna PN Pa
O SabP, AES16MP1, AGS1aP1, P S2bPP1, A0 - - Snb PN » A6S2aP1, PO - - Sna PN PO

Here we freely moved the matrixS;, next to S;, because it commutes with all the matrices on its
way until it meets S;p. Now we can use the Yang-Baxter equation

SabP, QUS16P1, A0S1aPP1, PA O S1a 01, PUS16PP1, G0Sab PP, O

that yields at this stage the following answer

SablP, QoM bPIM afpg O « 5
S1aP1, PAS16/P1, AGSabP, A4 S26P1, A4 - - Snb N > AGS2a P01, PJ- - - Sna N, PO

Clearly, the matrices S;5 and Sip interchanged their initial order and S,y stands again in front of
monodromies, the latter being reduced by the elements;, and S;,. Clearly, we can now repeat
the same manipulation for S, and Sy,, and so on until we commute with the help of repeated
application of the Yang-Baxter equation the matrix Sy, to the right of all the matrices. As a result
of these manipulations, we obtain the the following commutation relation between the components
of the monodromy matrix

SapPP, GM HPIM appg OM 2 POM POIeSan PP, O (5.4)

This relation is of fundamental importance, it provides a starting point for the algebraic Bethe Ansatz
approach, which will be discussed later. Here we note that (5.4) immediately implies commutativity
of T;. Indeed, we rewrite it as

M appaM bpag O Sanp, aoM pPIgM o PAS,, PP, O

and then take the trace with respect to each of the two auxiliary spaces. This gives
«

%]
TodTpod OTrap SapPP, AOM pPIOM 2 pPASS, 0, qd - O T padT pog.
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Thus, the values of the transfer matrix at di'erent values of momenta commute

TppdT pag O T podT ppg. (5.5)
Taking p O p; and q O px completes the argument.
Considering the system (4.12) in the context of the spin chain representation, we can replace the
problem of diagonalising the sett T; u by an equivalent problem of diagonalising the transfer matrix

T O TroS10P01, P. - - Sy oo, PO (5.6)

for all values of p. If we denote by " ppg an eigenvalue of the transfer matrix, that is,
TI'yO" [y, (5.7)
then (4.12) results into a set ofBethe equation
Pt O mltpkug j OL,...,N, (5.8)

where by tpcuwe have indicated an implicit dependence of the eigenvalue on all the other momenta
than p; . Equations (5.8) are implications of the periodicity condition for the real space wave function
and they can be thought of as the quantisation conditions for asymptotic momenta. The range of
their applicability is the same as of the asymptotic wave function.

5.2 Diagonalisation of the transfer matrix by LiebOs method

Here we explain how to diagonalise the transfer matrix. First we introduce a local spin algebra
generated by the spin operatorsS;,, where" O 1, 2, 3, with commutation relations

ISy, S, s Qi2" % sk . . (5.9)

The spin operators have the following realisation in terms of the Pauli matrices:S; O % *. Spin
variables are subject to the periodic boundary conditionS; O S'. . We then introduce the raising
and lowering operatorsS! O St 01 iS2. They are realised as

0 01 1] 0 0 o a
Sn O 0 0 Sn © 10

The spin operators S, S acts non-trivially only on the nOth site of the chain, where this action
reads as

Sy Ay OO, Sa Ty Ol fhy, S3| finy O 3| finy,
S¢|Tay 0O, S| Ay O] 1ny, S Tny O «i|Thy.

The Hilbert space of the spin chain carries a tensor product representation of the Lie algebralp2g
the corresponding generators are realised as

)
St O 1b-=-I8 b==-hl. (5.10)
nO1
In particular, S O S!u iS2 are the raising and lowering operators. The transfer matrix has the

property that it commutes with S*, rT,S*s O 0. In particular, rT,S%s O 0. The later property
implies that the matrix elements

xml,...,mM|T|n1,...,nRy (511)

1 Here we denote the auxiliary space by 0.
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Figure 5.1: Matrix elements of the transfer matrix T.

are non-zero if and only ifM O R, becauseT preserves the number of the overturned spins. The
operator S, o entering the monodromy is the following 26 2-matrix in the auxiliary space 000

- « O « 1] b
1~ g3 1 3 «
SnO O y an 2 Sn \bn 2 ¢ Sn « ﬂcnsn « 2 é ’
cn Sy a 3« S8 by 3 S
where
R 1 X
aa 01, hO=, ¢ O, (5.12)
Yn Yn

and we have introduced

I*

Ph«p’

Xn O yn O1° Xp. (5.13)

The matrix S,o has operator-valued entries that in the local spin basis give rise to the following
matrix elements

6 0 a 6 b o a
~ ~ N a N R N
Xfh |Snol finy O 8 by , Xin |Snol Thy O 0 a ,
6 0 o a 6 0 "4
Xfh |Snol Tay O & 0 Xin S0l fay O 08 ,

The next important observation is that S,o debnes thesix-vertex modelof statistical mechanics.
The vertices of this model satisfy theice rule which allow for the transfer matrix to have in the spin
basis non-zero matrix elements of only two types symbolically depicted in the Fig. 5.1.

Construction of the transfer matrix . Computing the matrix elements of the monodromy M
for the spin spin conbguration on the upper picture of Fig. 5.1, we bnd
v 0 0 uo 0 o a
~ al e an «l
xm|M nyé O !
l | 1st conf 0 b1...hq1«1 Ch, 0
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0 ao a

o) anl‘ 1---am1«l 0 0 le
. 0 B, 1...Bn«2 ,. O O 3
0 uo u
o) am1‘ l---anz«l 0 h’lz 0
0 ST o S 0 a
6 R T o
o) ang‘l---an3«1 0 0 0 o)
.. 0 h’lz‘ 1---hﬁ3«,l Cn3 0 '
[0} u
6 Admy, " 1-.-9N 0
0 By 1. by

Using the projector nature of upper and lower triangular matrices, we can brst replace the redundant
matrix elements by zeros

Y i o 0o o
Ming o
Xml In 1stconf N 0 bl---bnl«l Cn,y 0 .
0 uo u
o) anl‘l---aml«l 0 0 le
. 0 0O, 0 0
o] uo a
5 0 0 0 O
.. 0 h‘nl‘l---hﬁz«l .o 0 anz p L. .
0 uo a o] a
. 0 0 0 O . 0 0
0 0 0
0 h’]z‘l---h’13«l Cn3 0 0 me‘l b\l
Then we multiply the matrices pairwise to get
N o] 0 0 a o 0 a
N " An,;" 1...8m;«1Cm
xm|M nyg O o) n ! g
| | 1st conf . by ---bnl« 1Cn, 0 , 0.. 9
0 ua o a,, U
. 0 o . 0 =
0 0 n2
bml‘l---hqz«lcnz 0, 0 0 ,
0 u o} a
5 0 0 5 5 0 0
Bh, 1. bhse1Cry O O bBny 1...bv 7
where we factored out
o] a o uo a,, U
0 0 o 0 0 0 Cn;
0 bml‘]_...h-lz«lanz hﬂl‘l...hqz«lcnz 0 0 0
Finally, we can take away the common factory O yi, ...y, obtaining
J 1 0 0 0 ua o 0 a
M yé O* m ynl‘ 1---ym1«1xm1
xm[M |n 1st conf y .. Xn; 0 , . 0 , 0
o] ua o u
o} 0 0 o] 0 z%
. Xnp 0 . 0 . 0 .
0 u 0 a
5 0 O 5 6 0 0
Xn, O 0 1
Thus, multiplying all the matrices, we will end up with the following answer
U o} u
5 O 0
M yé (0] . 5.14
xm[M n 1st conf 0 xm|T: |ny ( )
Here
yxm|T- [ny O DgOn;eD mim1cD pminz0D memed. .. Dpny my g, (5.15)
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where
1#ni#Em#...#ny #my #N (516)

and we have introduced the set of basis functions
Dpmng Ox,, m%n

.1 R
DpmngO—, mOn
_ Xn (5.17)

Dpmq Oyn Yn 1--Ym«1Xm, Nn%m
Dmnq o nom.
Xn
In the example depicted in Fig. 5.1 the term with Dmngdoes not arise, but it will arise when, for
instance, n, O my; and we will get the structure

yxm|T: [ny O DponseD pimacD pmingD mamzg. .., (5.18)

where the highlighted term has coincident argumentsn, O my.

Proceeding in a similar way, we compute the matrix elements oM for the spin spin conbguration
on the lower picture of Fig. 5.1

yg 0 0 a o 0 u
R ar...am,«1 " Cm,
XmIM ln 2nd conf © . 0 bl---h"nl«l © Q 0 -
o] 0 ua o o o u
.. Am,;  1..-.-n;«1 .. L.
0 o 0.
.. 0 bml‘ l---b’ll«l Cn1 0
0 u
8 Any > 1---9N
0 bhy 1...by
Further simplifying this result, we bnd
y 1° o 0 00y ot
xm|M |ny§ o = o) o ...
2nd conf g 0 Y1 Ymi« 1Xl:lm1 Xny 0
5 YwoioWw O
0 0

Thus, multiplying the matrices, we will have

xm|M |ny§ o i xm|Te[ny 0 :
2nd conf 0 0o -
Here
yxm|T. [ny O DOm;eD pminioD mimaq. .. DMy Ny QYny, * 1--- YN (5.19)
where
T#nm#m# . #my#N. (5.20)

In this way we have computed the matrix elements of the monodromy for arbitrary conbguration of
admissible spin states with the following result

o]
xm|T. [ny 0

xm|M fny - © 0 xm|T- [ny
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Taking the trace in the auxiliary space, we Pnally Pnd the matrix elements of the transfer matrix
xm|T|ny O xm|T: [ny x m|T, |ny, (5.21)

where the quantities xm|T, |ny are given by (5.15) and (5.19), with restrictions (5.16) and (5.20),
respectively.

Eigenvalue equation . An equation for the amplitudes c,, ., Wwhich diagonalise the transfer
matrix reads as

g ! ) .
xm[T- [ny xm[Tc[ny Chyny O Cmymy - (5.22)

ni! ... nm

Although we already know the coe%cientsc,, ., that satisfy this equation from YangOs tratment,
it is instructive to derive them again by using a dilerent method, the latter admits a generalisation
to the problem of arbitrary spin.

Note that (5.15) can be written as
¥ _
yxm|T- [ny O Dpmj.1n;dDm;m;q, (5.23)
jo1
where we by debnition setmg O my « N # 0.
Assuming the periodicity conditions x,- y O Xk and so that y, n O yk, we can write
Yoy 1---YNDPOM1d O Yo, 1. YN V1. Ymi«1Xm,
O Yy 1. YN YN 1. YN mi«1Xm;T N O D My~ 14,

where we identifymy - ; O m; > N. This allows us to obtain the more concise expression analogous
to (5.23)

yxm|T. [ny O DpminicD mimzg...Dpmy Ny P iy My - 14
¥ _
O  DpmjnjdPm;m;- 1q. (5.24)
jo1

To perform the summation in (5.22), we assume that thecoe"cients c¢,, n, can be extended
outside the interval 1 # n; # N with the condition of their cyclic invariance, that is

Cnlnz...n M O CnDnl---n M —1 O anng...n M 417 (5-25)
whereng O ny « N andny: 1 On;” N. Then we have
(/] 1 %] # _
XmlT\ |nycn1...nM Oi Dpnj«ln]q:)mj qu:nl...nM .
#ng! ..l ny #N yl#nl! L nu#NjO1
Here we make the change of the summation variables
N1, No, N2, N1, ... Nm, Nm«1

so that inequalities (5.16) becomes

1#ng#E Mi#ENHEMHE ... #E N1 #E My #N (526)
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and the sum takes the form

1 @ ¥ _
- Dpﬂj « lnj « qumJ « 1mj Cpnonl...n M —1
y #np! .1 ny _1#N jO1

1 (] ¥ _
O - Dp'nj«lnj«lcpmj«lmj(pnl...nM,1nM )
y 1 ni..! ny_1#N! ny jO1

where we used the cyclicity of the coe%cients and sety O ng~ N, where
N %ny %n;” N#m;° NOmy- 1,
see equation (5.26). Taking into account thatmg O my « N %1 %ng, we notice that
Dpmono®® mMomM1q OXneYng' 1-- - Ymy« 1Xm; O Xng* NYno' N* 1---Ymy* N«1Xmy® N
O Xny Ynu «--Ymy 41« 1Xmy 42 O Dpmy Ny APy My - 14.
Using this property, the sum can be Pnally written as
() 19 ¥ _
xm[T NYCn;.ny O DAMINIAPMM; 1nyny (5.27)
1#n.! ..l ny#N tnujO1
where summation extends over alin; satisfying the conditions
m#n#m-q, jOL...,M, (5.28)
as well as
1%n;...%npmer # N %ny %ny-1, nNu-10n;° N. (5.29)

Next, for T, the sum is given by the same formula (5.27), except in addition to (5.28) the summation
variables have to satisfy the condition

1# nqy%n,...%nNny # N. (5.30)
Since domains (5.29) and (5.30) do not intersect, we can unite them in one domain
na%n,...%ny %ny-10n° N (5.31)
and write the eigenvalue equation (5.22) in the form

g ¢ _ R
Dpm;njdDmMimj> 16n;..ny OY" Cmymy o (5.32)
tnujO1
where for a given set ofm; the summation on the left hand side runs over alln; obeying (5.28) and
(5.31). Also, forny $ N, ny is not allowed to take the value 1, see (5.29).

Example . Before we proceed with (5.32), we look at an explicit example of the permutation module
M "N «2.2s which corresponds to the have of 5 momentum-carrying particles and two overturned spins.
We have
1] /] _ _
Cnin, DpminidDd mimadD pmanacDmzm; - Nq

mi#Fni#Fmomo#n#my N

« Cm,m, D pM1m20D pmamadd pmamedD pmamy - N g (5.33)
«Cmym, NDpMimiddpmimadPpmem; © NdDpmy© Nm;® Ng
oy" lemga
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wherem; % m,. Here we set up to sum over all values afn, # ny # meandmy # ny # ms Om;™ N
but then explicitly subtract tho terms B the brst one represents the overlapping casa; O m, O ny,
and the second one corresponds ta; O my, n, O my - N and it must be excluded because for
n, O m; we should haven, %n; On;> N Om; > N.

LiebOs method. To solve (5.32), for the coe%cientsc,, .n, We adopt the same ansatz (4.39).
Then, substituting (4.39) into (5.32), we note that the expression under the sum would factorise if
we would not impose the condition that all n; must be distinct. To use this welcome factorisation
property, we can brst disregard that n; are distinct and extend the coe%cientsc,, n, to the
domainny # n, # ... # ny . However, once the summation is performed, we have to subtract the
(unwanted) terms which originate from coincident n; O n;j- ; on the walls separating the regions
nj %n;- 1 for all j O 1,...,M. This approach constitutes LiebOs methodf solving (5.32) and this
is precisely what is implemented in example (5.33).

Thus, according to LiebOs method, we disregard the conditions
Ny %n, %...%ny
factorise the sums ovem; and subtract the unwanted terms

@ mpe _ ! )
Ap0q Dpm;njdDm; mj- 10F p¥) g, Nj g« unwanted terms O y" Cm,.my, -
)PSwm nj Omj j 01
Summation over n in each of these sums can be performed in an explicit manner. We have

M@+ _
D pm; ndd mm;- 1cF pr,nq O
nOm;
L1 .
© rymi C17 Y e Xmy PV, Mg ym, Fv,myaq
m;j
mj@[« 1
’ XnYn 1---ym,+1«leJ+1Fp/’nq-
nOm;" 1
Substituting in the last sum an explicit expression for F pv, ng we then need to evaluate the sum

mj@« 1
SO Xl!Z"'Xn«lxnlnyn\ 1---Ymi+1«1-
nOm;" 1
The key formula to perform this sum is
. R R i*
XnXp O XXn « X Ko O pyn « Y Kg, X O PETER (5.34)
It immediately follows from dePnitions (5.13) and (4.56). Herex, is similar to x, in (4.56) except
Pn is replaced with pg O p. Then we have

mj@«l
S O xq \ Yiee YneaYn - Ym iacl € Y1 YnYnt 1o Ym, ict
nOm; " 1
) Xo¥1-+-Ym, Ym;* 1+ -Ymj 1«1 € Xo¥1 -+ Ym, ict-
Therefore,

M@ _ .
Dpm;ndDmm; - 1F pv,nq O

nOm;j

80



L1 <
O rymj C17 Y e Xm o PR, MG Ym Fv, My aq
m;
’ lOXl B 'ij ymj Tl -ym,- +1« lej & KOXI v 'ij 41K 1Xm,- +1°
We can further rewrite the last two terms in terms of the corresponding functionsF, namely,

Mzy-1 _ .
Dpm; nddmm; - 1¢F pr, ng O

nOm;
1 R
) rymj 17 7Y 4« 1ij+1Fp/1 m;q yijFp/,mj‘ 19
mj
XoYm; Xo
X ij‘ 1---ij+1«1xmj+1Fp/a qu« XixijFle/amj‘ 1q
2amj =mj 41
« «
N < l()ijijﬂ 1 N ij+1g
O 10 =EETE oy 1 W Xm G FPAMT Y € Xo T Y, my g,
=mj m;j =mj 41

Further, we have

Ym Xm; . LY X, Km; Xm: = Xm:
N Zmj j N i j N N j N N j
1 loxi O1 loxi O1 XeXm; X Ol Xopym; « 1q lox
=mj =mj =mj =mi
X . <o Xmp o « Xm, o XoPXm; « X 0 . Xm,  Xmj Xm,
O Xo¥m; = 1« Xg  Xg—— O Xo¥m, : — O XoYm;, ————
2mj ij ij
Opl™ XoQYm; - (5.35)

Analogously,
Xm. N N va N < Xm 1lmv « XOXITI 1
ymj+1 « 5071“01 Xm1+1 « loijﬂol i+ i+1 i+
=Mj 11 =Mj 41 lmj +1
Kop(m,- +1 « ij +1q « XOij +1
X

=My 41

o1

O1l«x,. (5.36)

Thus, we have evalueated the necessary sum with the following result
M@+ _
D pm; ndd m;- 1¢F pv, nq
nOm;
. . 1 .
O pl XoO —Ym, Ym;~ 17, o« 1Xm; o PV, MG pl« XooF pr, mj- 10,
m;

Note that this formula remains valid also for the limiting case whenm;- ; O m; * 1. Introducing
the concise notation

. N 1
X] O pl loqEij ymj Y1 —|—|y',lnj +1€ :]_XmJ +1Fp/, m] g, (537)

Y 1 O pl« XooF pv, mj- 1.
We can write the Pnal sum together with unwanted terms subtracted in the schematic form

%]

[ |
A IR0 0mEERD oME8@sD omaoorBusooobtricdboooon (5.38)

PS
JPSw Vi) Ve (2) Ve 3) V)

Here contractions connect the terms which product upon opening the brackets will contain two
functions, Fpvy 5 Mj 10F V) 5~ 1, Mj~ 1G With the same argumentm;- ;. The idea now is to try
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to choose the coe%cienAp0g in such away as to cancel allF -functions with coincident arguments
including those which come from unwanted terms, that is,
« Y «

[7) [7)
Ap0q Y 1Xj 1 « unwanted é) T Ap#0q Y 1Xj- 1 « unwanted é ) 0o0. (5.39)

&

Submitting here the expressions (5.37) and cancelling out the common multiplier

Ymi +1Ym,- 411 ““Y?ni 42« lej 420
Xmj 11

we obtain the condition,
(6) o g O
APg 1« XoVypgd 17 XoP¥yp- 10 « 1 3
6] h) o 0. (5.40)
TAPE 00 L1« Xophypt1qd 1T Xegvypqd « 1 OO0,
where we blued the subtracted unwanted terms. This yields an equation

AP 00 o Vg« Vi 1q 1*

—, 541
ARG Vg« Vyp 1« ¥ 641
which has the unique up to an overall constant solution
. Vyhig < Vg« i*
Apg O L i L D (5.42)

witjgm VAa“ Vg
Formula (5.41) gives a simple example of theonnection formulaethat we will meet in full generality
in the next section when discussion the nested Bethe Ansatz construction.

Meanwhile, implementing (5.42), all contacted terms in (5.38) cancél and the eigenvalue equation
takes the form

ApOGX1...Xm © Ya...Ym: 10 OY" Cmymy - (5.43)
)PSwm
We bnd
¥ a
X1...Xm O 17 Xovypiqd F V) g Mig
i01

N 1
0 7Ym1---ym2«1xm20 7Ym2---ym3«1xm30
Xm1 XmZ

. 1
0 ——Ymy Ymyu " 1---YN ¥dooboodonodooBimodoo00000000000N

Xm
Yi..Ymg—1Xmy
R - uy
O \Mooemboon 1 XoPviq FpvypigMid,
i01 i01

y

where the the product of factors 1° xo does not actually depend on permutation0. Hence, the
eigenvalue equation becomes
Cc #
- u @ ¥
y 1 Xepviq Ag  Fpypgmiq
io1 )PS io1

2For cancellation of X 1Yy - 1 «t unwanted u one needs to use the Bethe-Yang equations, as will be discussed in a
moment.
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. G - #
¥ u 9 M .
L« xopuig ARG Fpyhgmid OY" Cmymy -
o1 [0bTD0000006¢H000000MOOO00000000000000000N

Due to the cyclic property of the coe%cientsc, we observe that the eigenstate equation is satisbed
and we read o! the eigenvalue
LY U, 1 ¥ a
"0 1 X ————— L« xopiq . (5.44)
i01 Yi-oWN o
Substituting here the functions x, and y;, we Pnally get

mqoy P« Vi‘ * . $‘ p « p] yl P« Vv « SIT- (545)
(51 P« Vi « * jOlp« P« i* co1 PV «* '

This is an eigenvalue of the transfer matrixT ppgfor arbitrary p. From this expression we immediately
see that "pojg O" ;.

Cyclicity condition and Bethe-Yang equations . To carry out the diagonalisation procedure,
we heavily used the condition of cyclic invariance (5.25) of the coe%cients (4.39). Let us now show
that this condition leads to the Bethe-Yang equations (4.41). According to (4.39) we should have

4]

Crponm s O ARG V) p1g, N20.- - . FPA gt « 1g: M OF Yy ot o N> 10
)FéM
o APOF PY) iog, N20. . . F Yy g g, N OF Yy prq, N~ 101
) PSwm

Here we made a change of summation variable , %, where
%0 #p «1...#1

is the cyclic permutation of the setpl2...M g The cyclic invariance requires the coe%cient above
to be equal to

. @
Cryny O APOdF Yy p1gs N1OF PY) p2gs N20- - - F V) pv g, N 4,
)PSwm
which is only possible if
Arﬂq O F p/) plq: Nm- 19
APBG ~ FpYpig g

Using the dePbnition (4.63) andny - 1 O n;~ N, and assuming momentgp; to be periodic, pj- N o bj
we obtain that

(5.46)

Fp/)plqanM‘lq 2 ¥
———— 0 y.
F pvy pig, N10 jof' ) plq

and this expression is independent om;. Finally, from the explicit solution (5.42), we bnd

Apdq O$/I Vyprg € Vy pg « 1
Aﬁ)/ﬁ)q a1 V) plq « V)plq‘ i*

It remains to choose0 O #4, so that V) pig O vk and equations (5.46) reduce to

¥ Vi € V| « 1% ¥
Ve« v Y; P/Q, (5.47)

la k .01
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5.3 Fock condition

For any O the vector ' p0g must be an element of the the permutation moduleM ™ «MM s gnd it
expanded over the basigns,...,ny Yy of C¥ elements, which in terms of the Young tabloids are

| ] ) oo |o0f0]

Ny|...[...Nm ( BN Nl )

To show that |' y has an irreducible symmetry typerN « M, M s we have to show that we cannot
symmetrise in more thanN « M variables, which amounts to the following Fock condition

Symgel' YOO, (5.49)

i.e. picking, for instance, a spin down visualised as red particle at positiom;, we symmetrise its
position with positions of all black particles (spins up). This leaves us with the following coe%cient
in front of the corresponding symmetrised term

ngk 1 ngk 1 ngk 1 1]
H O Cnnz...nM X annng...nM ) anngnn4...nM ) anng...l"lMI"I l
ndO1 nOn, 1 nOnsz 1 nOny * 1
wherecn, ., IS given by (4.39).
To evaluate this sum, we brst compute
7] N . . .
Fovng O y ...y, a Y. Xa1 - Y- ¥y  Xod

a

Fp/,b 1g« &Fw,a« 1q.

Oy, ... .. 190
Xl Xa« 1gla Xb« 1¥b « q Xb‘ 1 la« 1

With this formula at hand we then pnd?® )
+ u

F PV p2gy N20. . . F Ve g g, N

H o 2 Apq FPmenzd Fprpeld
"pS X2 PV prad X3 PV p1gd

i
F pv- p2qgs N3Q « an pv- quCF V- p2g, N2Q

Ap oF v p1g, N2Q F v g, N3 .. F v pm g, N

"PSwm ,l,”fp,ln,p,ziq !!!!!!!!1!!!!!%" 2 PV e
- ii
F v g, Naq Yo, PV p3a0F PV paq, N3q
Ap oF P/ pig, N2OF PV p2g, N30 « N3 o F D gre G
" PS y plq p2q X, PV p3qd Xp 4V p3qd pM g
K ) Y D gt oOF PV gt
Fovomq N~ 1g Y, Brema M g v
Apq « m F PV o1, N20. . . F PV o « 1, N G
"PSy _EncaPromad Xny PV ot @ Pl PM « 1q

To proceed, we recombine the terms according to the underlined patterns and get

g o« o
H O X, Ve p2qQ € Xy, PV prgQ « Xy, V= p1qQ&p , PV p2q0 Apq
"PSm
5 F W plq» an: D/ p2q» n2q
ﬂln 5 PV p1qOKy, , PV p2gd

X3 PV p3q0 < Xy 3 PV p2qQ € X s PV p2q @ s V- p3qd AP Q

"PSwm

o Fpromg v g
g «

Fpve (1),10 & X3 Ve (1)9 ~
X3 PVe (1)d X3 Ve (1)9 oL

3Here the term
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F D/ p2q» nSCF FN p3q» n3q

O Fpvepig, N ...Fpw ,n
P oy 112 Xy PV p2q®p 3 V" p3qd A ar Ml G
% Fpvopuag, N 1
Ap g P ey 20, F D v 1N G
“PS KN\ lp‘/" pm qq
1] .
« Ap qMFp/--pzq,nzq...Fp/--pM ¢ Nwm g.
"PS ll pv- pqu
First we consider the term
R Fpyano N 1q
WO Aqu)qu—Fp/) pig N20- - FPY)pm « 1M G
) PS XN‘lp/)quq

and perform a change of variable®© , 9% obtaining thereby

R Fovyme: N ° 19
w O Apj/oﬂ)ipq—Fp/)pzq,nzq...Fp/)p,v,q,nM q.
YPS u 7lp/) pqu
Then, the Bethe-Yang equations

Apq o Fypq N~ 1q
APOG " F Py g 1

allow one to replaceF pvy uq, N * 1qin favour of F pv) 4, 1q so that

.9 F V) piq, 10
W O AquFp/)pzq,nzq...Fp/)qu,nM q.
) PS A1MY) pqu
As the result the last two terms in H cancel and we are left with
. g « [}
H O Xn, PV p2qd « Xy, PV p1g0 « X, PV p1q@Kn, V" p2q0 AP Q
"PSm
. F Ve pig, N2OF PV g, N2Q
o} ...Fpv ,n
g « ﬂlnzp/" p1gOKyy , PV p2gd P g fim G
X V- p3ql « Xpy o V- g < Xy, IV p2qK , V" p3gd AP G
"PSwm
N F pv p2q, N “ p3gs N
0 F v p1g, N2 PV p2q, Mo P psg 3q---':p/"pM a v g

Xy PV p2qp 3 V" p3qd
5« . 7
Xy PVpm g0 <« Xq PV w190 € X PV oM« 10K, PV pv g0 AP Q
"PSm
F pv- oM « 1gs MM ofF pv- oM g MM
XnM W pM « 1q%nM W pM qq

OF p/" plq: n2q- ..F p/" M « 2q» NMm « lq

At j Os linr we will have the contribution of the form
g « o
Xni 1P gt 160 < Xn, L P gl € X, Y b qKn, L, V) g 160 APOQ
) PSwm
" FV)ga N 10F PG 1g:Nj 10
O F i g Q.. — B8 T8 20T 1 Epy g,
Xn 1Py po®n; Mg 10
Since every permutation in the sum is accompanied by a permutatior#; 0, we will have the contri-

bution in the form
« %)

Xpi P p 100 < Xp L Y pgd < Xn, L PY) K, L PV o 160 APOQ
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« (%)
Xn, P ol < Xn P b 199 < Xn, L PY) K, L, Yy 5 190 AP#Oq,

which vanishes because it is nothing else but (5.40) wheng is replaced with py; - ;. Thus, H oo.

5.4 Algebraic Bethe Ansatz

After having understood the combinatorial and group-theoretical properties of the spin chain repre-
sentation, we are facing the problem of diagonalising the transfer matrix (5.2) in this representation.
This will be done with a special technique known under the nameAlgebraic Bethe AnsatZ which
represents a far-reaching embodiment of the general Bethe Ansatz idea. Introducing the so-called
R-matrix

OIqu « Pl « i* 1 5
Pa « Pp« i*

we rewrite the commutation relations (5.4) between the entries of the monodromy matrix in the
form

RabPa, Pod O S oa, Pod : (5.50)

RabPa, PodTaPadTopPsd O To oGl aPa R abPa, Pod, (5.51)

where we recall that the indicesa and b stand for two auxiliary spaces. The relation (5.51) is an
essential starting point in the algebraic Bethe Ansatz approach to diagonalisation of the transfer
matrix. The formulae (5.51) comprise the so-calledfundamental commutation relations

To proceed, we brst point out that the monodromy (5.1) and the corresponding transfer matrix

(5.2) are inhomogeneous with pg,...,pn playing the role of inhomogeneities. Second, using the
explicit form (4.29) of the S-matrix, we obtain the following expression for the monodromy
. $l « %]
Tappq O&pg P« pgl«i* ja (5.52)
jo1
where
. 1
&ppq O (5.53)

jOlp« b « i*

is a scalar prefactor which was singled out for later convenience. Every term in the product (5.52)
acts as a 20 2 matrix in the auxiliary space, which we can write down explicitly with the help of
the local spin operatorsSf’ and SJ-” as
0 p«p« b« *S 3 «i*S ¢ u
. A ) * . O 2. ] |

LJanqOﬂD« qu]]-« I T ja O «i*S . p« p « |*83 (554)
i ] 2 j
In the context of the Algebraic Bethe Ansatz, Lj, ppgis called Lax operator. The depbnition of the
Lax operator involves the local OquantumO spacé E C2. The Lax operator Lj; acts inVj b V,:

Liama:  VibVa, Vb V. (5.55)

Taking the ordered product (5.52) over all sites of the chain, we obtain a realisation of the
monodromy as the 26 2 matrix acting in the auxiliary space and we parametrise its entries as
0 a

Amd Bppg (5.56)

Tmg O
P2 cppg Dmg

4See the review [7] in the annotated literature.
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Here Ampq ..., Dppg are operators that act on the Hilbert space of the spin chain; they implicitly
depend on the inhomogeneitiegs,...,pn. The relations between these operators follow from the
fundamental commutation relations (5.51) and those which we need here are

B ppoB pog O B pooB g,

L p«q i* i*
AppdB g OWBNC}AWQ « P ququmq, (5.57)
D oP«d« g LA
PPAB pad W pacD ppg D« q [sele BevieR

The transfer matrix which we aim to diagonalise is given by the following operator
Oppg O Tr pTaq OAppg ™ Dppg. (5.58)

The main idea of the algebraic Bethe Ansatz relies on the existence of a reference std@y, also
called pseudo-vacuum, such thatCppg0y O 0 for any p and the eigenvectors ofOppqwith M spins
down have the form

I/ 1,/ 2,7 =7 myOBp 1Bp 2q--By v qPy, (5.59)

wheret/ ju are unequal numbers calledBethe roots In our present case the pseudo-vacuum can be
naturally identiped with the state

oy O b [y, (5.60)
nO1l
that is the unique state with all spins up. Indeed, since (5.54) acts on this state as
5 .
v Pep «irglihy [ Tay
Li o] ~ :
ja Al Fhy 0 m« bl iy
we bnd that . b
% .
g e« p«i*qgly U
Trpaloy O &ppayl '+ % g,
0 P« p gy
jO1

where U stands for terms whose explicit form is irrelevant for our further treatment. Taking into
account (5.53), we thus have

N N N $l p(( p]
Cppgly OO, AppgPy O [0y, D gy O

————|Oy, 5.61
jor P« P« o 560
where the brst relation conbrms the status ofOy as the pseudo-vacuum. The second two relations
show that |Oy is an eigenstate of the transfer matrix
#
s hep
jOl p(( p] « |

|0y

Excited states are then obtained by multiple application of the Oraising operator(B to the
vacuum, in accordance with the formula (5.59). These states will form the eigenstates of the transfer
matrix, provided the Bethe roots t/ ;u satisfy certain restrictions, which we are going to determine.
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An explicit computation done for small M indicates that the result of acting with Appg on the
state (5.59) should have the following structure
+ u
¥ p«/n i*

no1 P« I'n

AppBp 1B 2q--B¢ v qly O Bp 1Bp 20--B9 m qly

) A ¥
Wi, t/juBppg B japy.
nO1 jo1
Jan
Here the coe%cientsW mp,t/ jugdepend onp and the set of Bethe rootst/ u,. To determine
these coe%cients we note that since the operato p' gcommute with each other at dilerent values
of / , we can write

A ¥

|71,/ 2,-=-7myOBprng Bp;qPy.
jo1
jan

Thus,

p«/ln i* ¥
Tp« i, BPacAma B0y
" jo1
jan

Amal 1,/ 2,77 my O

I*

p«/n

N

« BI®AD nd  BEjqpy.

jo1

jan
It is clear from this equation that only the second term on its right hand side will contribute to
W2 since this term does not containBp ,g On the other hand, moving in this term Ap ,q past
the string of B jg we see that the only way to avoid the appearance oBp ,qis to restrict an
application of the commutation relation (5.57) to the brst term on its right hand side. With this
restricted application, we pull the operator A/ ,,qthrough all B ; g close to the pseudo-vacuum
and, taking into account the second equation in (5.61), bnd the following contribution

L PRy I

¥
« B Bl ,
p<Tn o1 Tnl, pqupl P j oy
ian jan

from which we read o! the coe%cientW2

R R T
«/n /n«/j

W/ m,t/ug O «

Peingo
jan
We should point out that this expression for W2 is a non-trivial result that comes from cancelling
many individual terms arising upon the use of the full commutation relation (5.57). In the same
way we obtain

D peB L1 cB P 20~ Bl . gy O .
R . M i
p«p p«/n«i
—_— —F B -8By
orPem < o el PaiBp 2q m APy
b ¥
Wy m,t/iuBmpq  Bp jaly,
nO1 jo1

Jjan
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where
i ¥ I'n«p $/|/n«/j«i*
" 1% . "
«/”j01/”«pl«| o1 /n«/j
jan

WP mp,t/ juq Op

Thus, we will solve the eigenvalue problem
ompaf 1,~ = my O" p,t/qug 1,7~ My

with
¥ p«/n‘i*‘w p« P ¥ p«/n«i*

" m,t/ nug O .
o,/ nuq o1 p«/n jOlp« P« i* o1 p«/q

provided W2~ WP O 0 for all n, which means that

Yornadi i o nep ¥ lnaljai

O . 5.62
jo1 [« jorln«p it o Tn«l 5:62)
jan jan
Making a uniform shift of all Bethe roots / ,, /n~ '7 we rewrite the above equations as
$ij«/n\i'7o$4 /n«/j«i* (563)
jOlpj(</”<(l_7 J.ém/n«/j\i*' .

These are theBethe equations Their solutions for the sett/ L{"'Ol enumerate the eigenstates of the
transfer matrix.

Solution of YangOs spin- % problem . Thus, YangOs fermion spirk problem reduces to the fol-
lowing set of equations

il o ¥ F’J“/in? joOL...,N, (5.64)
nolpj«/n«%
% A S . | L« i R
Beln 7 g In<li«® — ho1...Mm. (5.65)
JO]_p] «/r.l((7 jan/n«/j |

Here (5.64) are the equations (5.8) for the eigenvalues of the transfer matrix and they express the
periodicity condition for the coordinate Bethe wave function. In the present context the variables
p; are calledmomentum carrying roots, while the variables / , are usually referred to asauxiliary
roots. We see that equations (5.65) for auxiliary roots are algebraic and they involve momentum
carrying roots as parameters. Once the momentg; are found the energy of the state described by
the corresponding Bethe wave function is determined as

19,
EOS o (5.66)
jo1

The system of equations (5.64), (5.8) is an example of the so-callegested Bethe Ansatz with
one level of nesting given by equations for auxiliary roots. The termnesting originates from the
hierarchical way of applying the Bethe Ansatz technique for diagonalising an auxiliary spin chain
with spins transforming in an arbitrary irreducible representation of the symmetric group &y .

To make a connection of our bPndings with the representation theory ofIp2q 6 Gy, let us rewrite
the fundamental commutation relations (5.51) in the form

RapP « paTap qTppug O TppudTap cRapf « WG, (5.67)
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where the momentum variablesp,, p, were replaced by/ and p which play the role of spectral
parameters We study the behaviour of (5.67) in the limit p, 8 . From (5.54) we obtain that in
this limit the monodromy expands as
+ a
SN B
Topg O1 " — —« S'b.g (5.68)
Ho2 e,

where we recognised in the sum jNol S/ the generator (5.10) of the globals(p2q algebra and. ;
denotes the corresponding Pauli matrix acting in the auxiliary space. Then the relation (5.67)
expands as

« ] 0 TS "] a
P« pgl« i* Mgy Tap g 1° EN7<(S+b.+ . C
0 RN a u « g

1° E E« S*b.* ... Tap g P « POl « i* 1 g

Here the leading term in the larget expansion cancels out and the subleading contribution yields
the relation

M ap, Tap s rS*, Tap gsb. ¥ OO0. (5.69)
Writing ! 4 via Pauli matrices, we conclude that (5.69) implies the fulblment of the following relation
rS*, Tap gs O Tap g 1. 5s. (5.70)

The spin operator S* acts on the Hilbert spaceH of the spin chain. On the left hand side of (5.70)
one has the commutator of this operator with each entry of the 26 2 monodromy matrix (5.56),

the latter being also operators onH . On the right hand side, one bnds a matrix commutator of
the monodromy matrix with the corresponding Pauli matrix in the auxiliary space. Thus, equation

(5.70) is equivalent to three distinct equations

G
S 2 0 «Bp’q
8 3

ST 0 Jmraiso g Y

1S ,Tapgs O Mapg.,sO «iﬁq Adg;gdq
and

0 B 0 U
S, Tap gs O Map . s O Pq

Dpg«Apq «Bpq

Essentially, we need the following commutation relations
rs3,Bs O «B, rS ,BsOA« D. (5.71)

The action of the symmetry generators on the pseudo-vacuum is
. R 31n. ~ N
S [0y OO0, S710y O —-|0y.

Therefore, the pseudo-vacuum is the highest weight state of thelp2q algebra. With the help of

(5.71) we then compute « .

S/ 1,7~7myO 5« M |/1,m=7my
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and
. %
S |/1,m--7myO Bpi10...Bpj«10fAp jq«Dp;jqBP; 10...Bp mqPy.
j

An attentive look at the last expression reveals that it can be re-expanded as

. ®
S |/1,m=7myO OnBp10...Bp n«1BPF=BP n 10...Bp v gy,
nO1
where the crossed out term does not appear in the sum. The coe%cient, are unknown but they

can be calculated by invoking the arguments similar to those used for computingv and WP . The
only contributions to O, will come from

Bp 10...BP k« 10RAP kq« DR xqBP k 19...BpP maly  with  k# n.
If k O n this contribution will be

ol ¥ Ll ¥ Jiap
I'n«l;

. - *
jon" 1 jonr 1 In<li oy fncp«

and if k % n the contribution will be
Watp ot/ U g« WPt/ u 4,
where it is convenient to representW/) and WP in the following split form

R A T P B
In«ly '

WAp'k,t/Lﬂ/l\ q 0 —
" ' /”«/"jOn‘l [« jOk™ 1

i* ¥ In«lj«i* Bl /n«/]-«i*$\l I'n«p

Wr?dk,tll.ﬁ‘ lq O «

/”«/ijn‘l I'n« [oKk" 1 I« jOlln«pj«i*'
Thus, adding up, we obtain
RO A I R (N - A
0, O - WA, t/ Ut g
S I'n«l .
jon" 1 kO1
¥ R . Bl
« [n«lj«l /n«p]-* « WP, t/ g0
jon 1 I'n <l LOlln«pj«' kO1 i
5 ¥olnety e 0P % ey
jon 1 ['n kOl/n«/k;jOk‘l ['n« i
M /n«/j«i*ﬂg'\l /n«pj Bl i* el /n«/j«i*
« _ - LIRS BRI
jon 1 In<li o lnep«i wor!n <lijoe s Tnel

To proceed, we note the following useful identity

e P T P e P T,

51~
tm O I'n«l; I'n«l;

/ ; (5.72)
kom ' n Tk 1 iom
We will prove this identity by induction over m. For m On« 1 andm O n « 2 we have

i* ‘/n«/n«l‘i*

tn«l O 1

/n«/n«l /n«/n«l
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i* N i* /n«/n«l‘i*o/n«/n«1\i*/n«/n«Z‘i*

/n«/n«l /n«/n«z /n«/n«l /n«/n«l /n«/n«z

tn «2 O 1
Now we suppose that the formula holds form O I, then we have

R N T LR L IR P

t|«lot|\ O ’
/n«/|«1joI I'n«lj [Olc1 I'n«l

which proves the identity. With formula (5.72) at hand we get
e I P Y IR P e PR IR

/n«/j OjOl /n«/j

1

N « N
o1/ n /ijk‘l

In the same way one can show that

1 Bt Bl In«lj«i* \'$(l/n«/]-«i*
« —_ .
kOlln«/jjOk‘l ['n«lj jor I«

This, we found for O, the following answer

OOEM /n«/j‘i*«$/'/n«/j«i*$\‘ I'n <« p
: I'n«l; I'n«l; [n«p«i*’

jan jan

jo1

It is quite remarkable that this expression is nothing else but the Bethe equation (5.62) for the root
/ n, and, therefore, if the Bethe equations are satisped all the coe%cient3, vanish. This proves
that the eigenstates of the transfer matrix are annihilated by the raising operatorS , i.e. they
are the highest weight vectors of the spin algebra and, for this reason, belong to the representation
N « M,M sof &y . For a given M, the number of distinct solutions® t/ ;u of (5.62) with no two /
coincident is equal to dintN « M, M s Showing this is, however, non-trivial and represents a variant
of the so-calledcompleteness problenfor the Bethe Ansatz.

5That is the solutions which are not related to each other by permutations of some Bethe roots.
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Appendix

5.5 Symmetric group Gy

The symmetric group Sy is debned as the set of all one-to-one mappings of the set of numbers
tl,...,Nuto itself. Every element. P&y, called permutation, can be written in two-line notation
as
0 1 2 N u
. O ion B B | y
- plg . p2q -PNq

meaning that . maps 1 to. plg 2 to . 2q and so on. Since in two-line notation the top line is
bxed, one can drop it obtaining a one-line notation. The product.0 of two permutations . and
0 is constructed as follows. In theO-string one takes an integer standing in the position. g g and
moves it in the position j of the product .0 . For instance, given two permutations. O pl32gand
0 O @213yin &3, written in one-line notation, one has for their product®

PL3ZR1y O 231g.
In the two-line notation the same product looks like

0 uo ua o a
123 1230123
132 213 231

As the Row of indices shows, this result means thap0 qpq OOp. @ qq that is it corresponds to the
application to the index j of . followed by 0.
Next, we need a transposition” j that interchanges the positions ofi and j and leaves all the
other elements unchanged
0 1 i i N u
ij Opquo 1 —|—|—|j —|—|—|i —|—|—|N

Multiplication of . by "j from the right exchanges the positions of. pigand . g g Thus,

j. Opplg...,.A4G...,.AG...,. Nqgg
Transpositions satisfy " ﬁ O e, where e is the identity, and the relations

"k O"iw"y, iaj. (5.73)

8To display a permutation ' in the one-line notation, we conbne the corresponding sequence of numbers from the
settl,2,..., N u within the brackets p..g This notation should not be confused with the one used to represent ' via
its cycles. In this book we never use cycle notation.
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Every permutation can be expressed as a product of transpositions, albeit not in a unique way. For
a given permutation . P &y the number of transpositions in its decomposition is always either even
or odd. This allows to dePne thesignature function, also calledparity, on Gy : signp. q O1, if . is
given by an even number of transpositions, and sigm q O «1, if the corresponding number is odd.
The sign function has the properties

«l

signp.0 g Osignp. gsignpdg,  signp. “*q Osignp. g.

Importantly, the group Sy is generated by simple transpositions#; o TR 01,...,N«1,
subject to the Coxeter relations

#20e, 1#j# N«l,
#i# o O# 1#i# 1, 1#j#N«2, (5.74)
#itty O #j#, 1#0,) # N« 1 and |i«j|& 2.

It is useful to have in mind that the invariance of the euclidean scalar product under the action
of .,0 PGSy implies that
a 9 9
_ %pigPpiqO _ 4 Py 1) qq O - % g
j j j

Let FunpSy g be the algebra of functions on&y . The left | and the right ! ! regular representa-
tions of Gy are debned as

'poApg O Apgl.q, (5.75)
I'nodApg O Ap. oq, (5.76)

for A P FunpSy g The left and right regular representations are equivalent: ! 3 O 3!, where an
intertwining operator J acts aspJAqp q OAp “1qg

The left (right) regular representation is decomposed into a sum of irreducible representations
according to

LE  dim!y-la, (5.77)
A

where ! , is the irreducible representation of Gy corresponding to a partition $ of N and dim! »
is the dimension of this representation. The sum runs over all partitions ofN. According to
(5.77), the multiplicity with which a representation ! , appears in the decomposition of the regular
representation is equal to dim! ,. This dimension is given by the determinant formula

1
mi«i® jag’

wherei,j O1,...,1 and$ O r$;,$,,...,$sis the associated partition or Young diagram.

dim! , O N!dets, (5.78)

Example . As an illustrative example for later use, we consider the decomposition (5.77) foS;.
There are 6 permutations which we enumerate as

.1 0pl23Oe, ., O @13y, .3 O M@31g, .4 OEB21y, .5 O B12, . ¢ O pl3. (5.79)

The corresponding multiplication table . ;. j, wherei andj enumerate its rows and columns, respec-
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tively, looks as

N |k O[O W ||Ww
W [N [P o |0 ||[;
RN W [d oo ||o

g (o (kN |Ww >

o g |~ W N |-
[« T 1@ B I ~NU G I B O T )
W |~ OO (PN

In the basisg; O Ap. ;qthe representation! is realised by the following & 6 real orthogonal matrices

d
d

010000'f 000010*_’_
glooooog 3000100@
A .40 0 0 1 0 0 .41 0 0 0 0 O
g0, 2008 o 0 1 0 0 of ™39O o 0 0 0 0 1Y’
Yo o o o 0o 1¢ Y0 o 1 0 0 o022
00 0 0 1 0 01 0 0 0 O
"0 00 10 0P ﬂ001000'f ﬂ000001tf
30000105 3000001@ 3001oooH
.40 0 0 0 0 1 .40 0 0 0 1 0 .40 1 0 0 0 0
440U 1 9 g o0 0 oH' TsAOU o 1 o o o0 ofr 40U o g o0 0 1 o0 B
Yo 1.0 0o o o0?¢ 1 0 0 0 0o 024 Y0 o o0 1 0 029
00 1 0 0 O 00 01 0 O 10 0 0 0 O

and, hence, this representation is unitary. Transpositions are. , . 4 and . . They are realised by
symmetric matrices. In particular, the simple transpositions are#; O . ; and#, O . . The operator
J that intertwines ! tand!, 310! 7, is

d
~

3201. (5.80)

(S

O

<co
[eNeNeoNeNaN
[eNeNoNol o]
[l NeoNoNoNa]
ooOrooOo
oOo0ooroo
POOOOO

o

The matrix realisation of ! 1 on the same basis is

"0 1000 0P "0 0100 o

g1 00 000 gooo 10 o0y

. .40 0 0 0 0 1 .40 0 0 0 1 o0
GLECERY "p2a0 5 5 o9 o 1 o "PWO8 5 o 0 0 0 10
Yo o0 o 1 0 02?2 Y1 0 o o 0 o0?@

00 1 0 0 O 01 0 0 0 O

"0 0010 0P "0 000 1 0P "0 000 0 1P
30010005 3000001@ EOOOOlOH

/ .40 1 0 0 0 O p .d1 0 0 0 0 O p g0 0 o0 1 0 o0
TPad0U 4 5 o g o0 oHr TPAOU 5 1 o 0 o0 oHr TFAOU o g 1 o 0 o H
Yo o o o 0 129 Yo o0 1 0 o o0?@ Yo 10 0o 0 o?@
00 00 1 0 00 01 00O 1.0 0 0 0 O

The representation ! has three irreducible components:$ O r3s $ O r2,1sand $ O r1,1,1s
The brst is a trivial (symmetric) representation, the last is a one-dimensional anti-symmetric one.
The representation r2, 1s is the two-dimensional standard (debning) representation and it occurs
with multiplicity 2. The decomposition (5.77) is obtained by performing a similarity transformation
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I, T!T«! whereT is the following unitary matrix

d
k=2

1 1 1 1 1 1
~ 24 24 2#i 2#i
H 1 1 e es es e 3
R iH 11 e R s

TO Z=u 24 28 o 24 = .

GH «1 1 «e“’3 e s «es3 e“ 3 3
y 28 2#i 24 2% 3

1 «1 es «e“ 3 e“ 3 «e 3

1 «1 1 «l 1 «l

Under the action of T the basisg O tgiuof ! transforms into
Tl b
91 92 093 094 U5 Ge - b

0 N A «% N N % N Vl .
U gr 02 9 3ps Jged €3 s 0sq H a '
"I o2 . u V2
3 3
6 «01” r«e 3 pgs«geq €3 macgsql OU V4 U
v 2 o2 ) Y vs a
y 01« 0o« € 3 PJs«0sq € 3 g3« 0sQ a Ve

01«02 03«04 05« Je

In this basis the matrices of T! T« take a block-diagonal form which corresponds to the decompo-
sition

TITV0! 350! 1215012150 11115 (5.81)

In particular, v; is a projection on the invariant subspace of the trivial representation of! .35 and
Ve plays a similar role for the anti-symmetric one-dimensional representation ;; ; 1s. Analogously,
pv2,v3q and pva,vsq are invariant subspaces for the two-dimensional representation$ ,, ;5. This
example shows a clear pattern of how the tensor product decomposition of the regular representation
looks like. In particular, for the general case of&y , a decomposition of!  will always contain trivial
and anti-symmetric representations.

5.6 Some facts on representations of Gy

Let $ O r$;,...,$ s be a partition on N. A Young tableau of shape$ is an array obtained by
replacing boxes of the Young diagram with the numbers 12,...,N bijectively. A Young tabloid of
shape$ is debned as an equivalence class of row-equivalent tableaux. A tabloid is denoted in the
following way

(5.82)

I
O N

o))

This notation means that we do not distinguish between tableaux which diler from each other by
permutations of 1, 2,3 and 4,5. The number of dilerent tableaux is a given equivalence glass corre-
sponding to a single tabloid is$;!...$! and, therefore, the number of$-tabloids is N {p$,!...$ !q

Permutation modules M ?. The symmetric group acts on$-tabloids in well-debned way, which
for any $ debnes an associated representation of dimension

NI
dimM* O ooy (5.83)
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Elements of &y act on $-tabloids by permuting their elements. For instance, if ( P &g, then its
action on the tabloid (5.82) gives another tabloid

(plg (R (P
(p4q (PPq
(pBq

The M? is called the permutation module corresponding to$. The importance of M is that it
contains a unique irreducible moduleS* called the Specht module. There are three basic permutation
modules. The brst one corresponds to the diagrars O rN s

M™SO 1 2 ... N

with the trivial action of Sy . Next, considerrIN s Each equivalence class consists of a single tableau,
each tableau can be identibped with a permutation itself, and therefore, the module is isomorphic to
Sy itself: M™"S E C&y, Thus, this module realises the regular representation ofSy . Finally, if
$O N « 1, 1s each tabloid is identibed by the element standing in the second row, so that the basis
of M ™ «1.1s contains preciselyN -elements. This is the so-calledlePning representationof Gy that
is realised in a vector space of dinv O N. In the following we will be interested in representations
corresponding to the Young diagramsN « M, M s The dimension of the corresponding permutation
module M ™ «MM s jg

dmmmemmsy N o om (5.84)

N« Mgm! — N~ '

The states of this permutation module can be realised as spin conbgurations witM spins down of
a closed spin% chain. Later on, when discussion the construction of the algebraic Bethe Ansatz, we
will use all advantages of this physical interpretation of the permutation module M ™ «MM s,

Specht modules S*. Specht modules provide an explicit realisation of all irreducible represen-
tations of the symmetric group, the latter are in one-to-one correspondence with Young diagrams.

Suppose that the tableaut has rowsRy,...,R; and columnsCy,...,Ck. Debne

R O GRr, 6 Gr, 6 ...0 Gg, (5.85)
and

CtO0Gc, 66,6 ...0 &, , (5.86)

which are the row-stabiliser and column-stabiliser oft, respectively. Note that the equivalence classes
which at the same time are tabloids can be written as

N 7
ttuOR{t O 1
* PR,

Debne

R
* O signp( . (5.87)
I PC

Note that *; factorises as
*'[ O *Cl*CZ _'_'*_Ck .

97



If t is a tableau, then we construct an associategbolytabloid as

A .9
e O *ittu O signp( ((.t. (5.88)
* PRy
| PC,
Here the element
.9
YO signp( . (5.89)
* PR,
! PC;

of the group algebra of Sy is called Young symmetriser.

For any partition $, the corresponding Specht moduleS» is a submodule ofM» spanned by the
polytabloids e, wheret is of shape$. The dimension of the Specht modules is found, for instance,
from the hook formula and its is also equal to the number of the standard Young tableauk.

For the Specht moduleS* with $ O rN « M, M sthe hook formula yields

N!pN « 2M ° 1q

. A A
dimS OFN«M‘ gM 1

(5.90)

Another direct and useful construction of the Specht modules is as follows. The Specht module
S? can be idengloaed the subspace of the polynomial ringrxq, ..., Xy S spanned by all polynomials
P, wherep, O ° px; « Xj g the product over all pairs i % j which occur in the same column of a
tableau t of shape$.

Examples. To provide a large set of explicit examples of YangOs approach, below we work out
the representation matrices for permutation modulesM ™ «1.1s and M ™ « 2.2 corresponding to the
symmetric groups forN O 3,4, 5.

The group &3. Consider a Young diagramr2, 1s corresponding to the debning representation 063
and specify the following basis of tabloids

.2 3 .1 3 .1 2
e O , e O , e O . (5.91)
1 2
We have the following table of actions of transposition§ on the tabloids
1260 . 1361 O €3 2361 0 e
126, 0 &y 132 0 & .38 0 6;
1263 O €3 .13630 e 23830 &
In this basis transpositions are realised by 3 3 permutation matrices
o1 0f "o 0 1P "4 0 0of
"»0Y 1 0 0&, '";30Y 0 1 0&, ',30Y 0 0 124 (5.92)
0 0 1 100 010

Let us now construct the corresponding Specht modulé&'?1S which has dimension 2. Let is take
as the cyclic vector of the basis

3 3

vi O

«

2 1 Oe
« .
1 5 1« €

A tableau t is standard if the rows and and columns of t are increasing sequences.
8Since the symmetric group is generated by transpositions, it is enough to build up a representation on transposi-
tions and extend it to the whole group by multiplication.
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As the vector v, we take v, O . 13v1 O €3 « €. We then have the following table of actions

. 12V1 O« Vi . 13V1 ) Vo . 23V1 o) Vi « Vo
. 12V2 O Vo « V1 . 13V2 O V1 . 23V2 O « Vo

As the result, in this basis pvy, voq transpositions are realised by & 2 matrices

00 1LI Ol Ou
"s O A

(o] u
« l « 1 n o
0 23 « «

12 O 0 1

(5.93)

Finally, we note that since the Young diagramr2, 1sis self-conjugate, the conjugate representation
must be equivalent to the original one. Indeed, taking
0 1]
1
ho 2 T
«l « 5

we observe that

h. 12h“10«.12, h. 13h“1O«.13, h. 23h“10«.23.

The group &4. For this group we have the following non-trivial Young diagrams

H:D EE @j (5.94)

The Pbrst two diagrams are the most relevant for our purposes and we construct the corresponding
permutation and Specht modules explicitly.

We start with the dePning representation M 1S for which we have

L4
H r3,1s
dim M O 31 04
and choose a basis in the representation space as
o O 2 3 4 3 1 3 4 3 1 2 4 0 O 1 2 3
1 1 ) € 5 ) €3 3 ) ) .

In this bases the transposition act as

- 1261 o} € - 1361 ¢} €3 - 14€1 0 €4

126, 0 g 13820 e 148 0 &

126, O & 13630 e c1283 O &g

1261 O &y 1364 O &y 1461 0 &

2361 O . 2461 O € 2461 O g

-2332063 -2492094 -3492092

23820 & 24830 &3 346068

23620 &4 24610 & . 3464 O &3
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and are realised by the following permutation matrices

o010 o? To0 0 1 ot_), 00 0 1?
~41 00 0} ~40 1 0 0} ~40 10 0}
' u ' u ! u
20y 9 0 1 oga- B3Oy 1 o9 0 oar Oy g g 1 ga-
0 0 0 1 0 0 0 1 1 0 0 0 (5.95)
10 0 o? 100 ot_), 100 o? '
~40 0 1 0§ ~40 0 0 1Y ~40 10 0}
' u ' u ! u
80y g 1 0 oa- 20y g 01 0a* w9y g o9 0 14"
0 0 0 1 01 00 0 0 1 0
The Specht moduleS'!s has dimS":1s O 3. We can pick up a basis spanned by
vi O e« e
vz O e« e
vi O e« ey
Computing the action of transpositions in this basis we pPnd
Tkl «1 okj o1 1? 000 «1'
"20Y 0 1 04, 130Y 1 0 «1a, '";,0Y 1 1 14,
0 0 1 0 0 1 «1 0 0 (5.96)
T 1 0 of " 100" "1 0 of '
"3 0Y «l1 «1 «1 @, 20Y «1 0 1aa, '320Y 0 1 0a,
0 0 1 1 1 O 0 «1 «1

Note that the determinant of any of these matrices is equal to -1. This shows, in particular, that
the conjugate representationr2, 1, 1s corresponding to the utmost right diagram in (5.94) for which
any transposition is realised as« . with . inirrep r3, 1scannot be equivalent to irrep r3, 1s, because
« . would then have the unit determinant. It is still a useful exercise to construct the representation
r2,1,1s and show that it is equivalent to the one where the matrices (5.96) are taken with minus
sign in front. To proceed with solving this exercise, we use the method of polynomials and pick up
a subring of Crxy, X2, X3, X4S with the following basis

P1 O X1 « X3QX3 « X40X1 € X40,

P2 O X2 « X30X3 « X40X2 « X40],

Ps O X1 « XaQX2 « X3QX1 « Xad.
The symmetric group acts onx; by X; , Xspq. If we identify

-

- 1;\
ploy Oa,
0

- -

0
p2OY 18, pz0OY (5.97)
0

= OO
)

then the action of G3 on these polynomials becomes equivalent to the following matrix action

TO 1 OA ?«1 «1l OE) ?«1 0 OE)
tlzoy 1 0 04, t13oy 0 1 0a, t14Oy 0 0 1a,
0 0 «1 0 «l1 «1 0O 1 0 (5.98)
10 okj 0 o0 «1'? o «1 0 1'? '
taOY «1 «1 0a, toa OY 0 «1 oa, txuo0y 0 «1 «1 &,
1 0 «1 «l 0 0 0 0 1
Introduce a matrix b
) 1 3 1
wOY 2 «2 «2 4
«1l 1 3

One can now check thatwtj w“! O «.; for all i %], where. ; are given by (5.96).
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Let us now consider the permutation module M %25 for the middle diagram in (5.94). The
dimension of this module is

4!

: 12,2s & o
dim M 02!_|2!06
and we choose the following basis
5 3 4 5 2 4 5 2 3
€ ) € ) )
Y12 1 3 &Y
3 1 4 3 1 3 3 1 2
e , €s ) €6 .
*Y T3 2 4 3 4
In this bases the transposition act as
-1291081 -1391084 -1491095
L1268 O ey 138 0e . 148 O &
1263 O €5 . 1363 O &g 1463 0 &3
12820 & -1394091 1484 O &4
. 1265 O €3 . 1365 O &5 .1465 O e
. 1265 O & . 1365 O &3 . 1485 O &
-2381062 -248106'3 -3461091
.23 O e .28 0e . 346 O &3
. 2383 O €3 .2483 0 .83 0 e
2382 0 &y . 2464 O €5 .2483 0 €&
. 2365 O €5 . 2465 O &5 .3465 O &y
. 2385 O &5 . 2485 O &4 . 3466 O €5
and the corresponding matrix realisation reads
"1 000 0 0P "0 00 10 0P "0 000 1 0P
g0 0 0 1 0 0§ g0 1 0 0 0 0 50 0 0 0 0 1 [
*OH00001OH*OHOOOOOlH*OjO()lOOOg
2%4 0 1 0 0 0 of* BYH1 0 0 0 o0 of' ¥“YHo oo 1 0 03
Yo o 1 0 o 0?2 Yo o o o 1 0?2 Y1 0 o o 0 o0?
0 00 0 0 1 00 1 0 0 O 0 1. 0 0 0 O
- b - b - b (5.99)
01 0 0 0 O 00 1 0 0 O 1.0 0 0 0 O
g1 0 0 0 0 O 0 1 0 0 0 0 50 0 1 0 0 0y
*OH001OOOH*OH1000005*0ﬂ010000ﬁ
2240 0 0 1 0 O #2240 0 0o 0 o0 19 *Y4o0 0 0 0 1 09"
Yo o o o o 12 Yo o o o 1 0?2 0 00 1 0 029
00 0 0 1 0 00 01 0 O 0 0 0 0 0 1

The Specht moduleS'2s has dimension 2. We can start with the following tabloid

ttuOe O

1 2

which has

*, O R« p13yqR« p24qq O2« p13q « p24q " p13u124q.
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Applying * to ttu, we obtain the pbrst basis vector of our Specht module

Obviously,
viOe « e3« e, €5.

We supplement this vector with another one
V0e « e« es’ €.

Together v; and v, form a basis of the 2dim irrep S'225. Computing the action of transposition on
these two basis vectors, we bnd the following matrix representation

0 0 1 u © 1 1 L'J 0 1 0 u
" ~ " ~ " A 1 ~ « « " ~ " ~
120"3 0O 1 0 130"24 0 o 1 140"30 1«1 (5.100)
Introducing a matrix ) U
1
KO 2 .1 .

«l «=

2
we verify that k. j k* O «.j fori %j,i,j O 1,...,4, which shows that the conjugate irrep is

equivalent to the original one. This is, of course, is a consequence of the fact that the diagran?, 2s
is self-conjugate.

The group &5. This is the last example we work out in an explicit manner. For G5 we have the
following non-trivial Young diagrams
EEEE

H:I:D
Ej @3 (5.101)

We are primarily interested in the brst two diagrams in the brst row. The debning representation
M 1S has the dimension 5 and to describe it, we pick up the following basis

2 3 4 5 .1 3 4 5 .1 2 4 5
_— O—, O—,

The corresponding representation of&4 will again be given by the standard 56 5 permutation
matrices. The Specht moduleS™1s has dimension 4. To single it out, we can use the following basis

vi O e «ey,
v, O ej« ey,
vi O e« e,
vai O es« ey,

(5.102)

In this basis the corresponding representation matrices are
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Tkl «1l «1 «lp T o0 1 0 Op T 0 0 1 0p
. g 0 1 0 0 U G 1 0 0 0 .3 0 1 0 00U
e 0§ o o 1 of: "wO¥ g g 7 gf uOy L 5 g g8
0 0 0 1 0 0 0 1 0 0 0 1
"0 0 0 1P T 0 0 o P T 0 0 o b
N g 0 1 0 00U 0«1l «l «l «1 U ] 0 1 0 oy
15 oy 0 0 1 0@ *23 Oy 0 0 1 o @- Y2 Oy «l «1 «1 «1 2
1 0 0 O 0 0 0 1 0 0 0 1
T 0 0 oP "1 0 0 oPf "1 0 0 oPf
g o0 1 0 0 0 0 1 0y .3 0 0 0 1U
s 0 Y g 5 1 of: "mO¥ g ] 5 of 'm0y g g 1 8.
«l «1 «1 «1 0O 0 0 1 0O 1 0 O
"1 0 0 oPf
. 00 1 0 O
x5 O 90 o o lg (5.103)
0 0 1 0

All these matrices have the determinant equal to« 1.

The permutation module M 325 has dimension 10 and to construct an explicit matrix represen-
tation we pick up the following basis

.3 4 5 .2 4 5 3 5 2 3 4 1 4 5
e 0 ————, e, 0 —— e3 O , es O , es O ,
1 3 1 5 2 3
.1 3 5 .1 3 4 .1 2 5 .1 2 4 R 2 3
e O —— e70 ——— eg O —— eg O ———, epp O
2 4 2 5 3 5
In this bases the transposition act as
*1e1 0 e *13e1 O es *14e1 O e *15e1 O g7 *pe1 0 e
*182 O es *1382 O € *14€2 O eg *15€2 O e *3e 0 e
*10e3 O e *13e3 O eg *1ue3 O eg *15e3 O ey *23e3 O eg
*1264 O €7 *13e4 O eg *14e4 O e *15e4 O ey *23e4 O ey
*1es Oe; *13e5 O e *1465 O es *15e5 O es *2es O es
*1006 O €3 *13e6 O €5 *1ues O e *15e6 O €5 *23€6 O eg
*1ner Oey *13e7 O €7 *1ue7 Oe; *1567 0 e *23e7 O e
*10e3 O eg *13e3 O e3 *1ae3 O e *15e3 O eg *23es O e
*12e9 O e *13e9 O €4 *1e9 O e *15e9 O € *23e9 O €7
*12e10 O exp *13e10 O ey *14e10 O €4 *15e10 O e3 *2e1 O ey
*2e1 O eg *25e1 O ey *ge O e *sse1 O e *s;e1 0 e
*2ue O e *xe 0 e *316 O €3 *3562 O €4 *s56 O e
*me3 O e *e3 O e; *s1e3 O e *35e3 O €3 *s5e3 O g
*24€4 O ey *5e4 O €1 *3e4 O ey *35e4 O €2 *s5€4 O €3
*2es5 O eg *5e5 O eg *31e5 O eg *s5e5 O €7 *s5e5 O es
*2e5 O e * 565 O ey *3165 O es *3565 O €5 *s565 O €7
*2407 O €10 *e7 O €7 *34e7 O €7 *35e7 O es *a5e7 O es
*2ae5 O es *5eg O eg *3405 O eg *35e5 O ey *4e8 O e
*2169 O €9 *a569 O €5 *3169 O eyo *3569 O €9 *s5€9 O eg
*2e10 O €7 *s5e10 O e *se10 O e *g5e10 O eg *s5€10 O e
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This action gives rise to the following matrix representation
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All these matrices has the determinant equal to« 1.

The Specht moduleS'?s has dimension 5. It can be singled out from the permutation module

M 3.2 constructed above by picking up a basis

vi Oe « e« €

€10,

€10,

V20 e « 63« €

€10,

~

vz O &5 « € « €

Vs O & « €3« e

€10,

€10 -

vs O 65 « €7 « eg
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then in the basis whelge

1 "o b "ob "o b "o b
GO0 L oBLH L o808 o8B oo
viOuo O , voOu O vzOu 1 vaOu O vs Ou O (5.104)
Y o Y ot 02 y 1@ Y ot
0 0 0 0 1
irreducible action of G5 is realised by the following 56 5 matrices
"0 1 0 0O 1 P T o0 0 1 1 oP
8 1 0 0 0 «l@ H 0 0 0 «1 l@
*»O0g 0 0 0 1 «1 , *300 1 0 0 «1 00,
Y0 0 1 o0 14 Y0 0 o 1 049
0 0 0 O 1 0 1 o0 1 0
Tkl «l «1l «1 «1 b - 1 0 0 0 Op
a 0 1 0 1 IH 0 «1 «1 0 0 «IH
*,O00 0 o0 1 1 1 *sO0H0 0 o0 1 0 o0
y 0 0 0 0 «la y 0 0 «1 «1l Oa
1 0 0 «1 0 0 0 0 0 1
" 1 0 0 0 oP T 0 0 0 oP
0 «1 0 0 1 OH 0 «1 «1 0 «1 O@
*300 «1 0 0 0 1 *q 00 O 0 1 0 0y, (5.105)
1 1 0 0 o2 0 0 0 1 0 &
1 0 1 0 0 0 0 «1 0 «1
T o«l «1 0 0 oP T 0 0 0 o P
a o 1 0 0 OH a o 1 0 0 og
*250H 0 0 «1 «1 «1 , *34OH «1 0 «1 0 «1
Y o 0 0 1 0 @ Y 0 «1 0 «1 0 @
0 0 0 0 1 0 0 0 0 1
"0 0 0 «1 oP o0 1 0 1 0P
g 1 1 0 1 oﬁ g1 0 0 «1 OH
x5 O 1 o 1 1 0y, *sOH0 0 0 0 «1 1
Y «1 0 0 0 04 Y0 0 o 1 0¢
«l «1 «1 «1 «1 0O 0 1 1 0

The determinant of any of these matrices is 1.

5.7 More on the Fock condition

According to the group theory, the symmetry of the coordinate wave function of the multi-electron
system should be debned by a Young diagram on the Fig. 5.2.

A wave function of the required symmetry can be obtained by
from an arbitrary wave function by brst symmetrising with respect
to the pair of variables that stand in each row, i.e. with respect
to pLLM = 1g @2,M " 2q...pM, 2M g and then by antisymmetrs- e
ing with respect to the columns, e.g. with respect to the variables
pl,2,...MqgandpM > 1,M " 2,...,Ng This procedure is equivalent
to an application to the corresponding Young tableau the Young op-
erator (5.89). As is known, this gives an irreducible representation ;
representation of Gy, which is the Specht moduler2¥ , 1N «2M g —
Obviously, the sequence of variables in the Young tableaux may be Figure 5.2: Young diagram
diterent yielding dilerent Young operators. The number of linearly ¢ O oM | 1N«2M g for a coor-
independent operators coincides with the dimension of an irreducible dinate function of electrons.
representation of the symmetric group corresponding to this Young
diagram.

In FockOs method the coordinate wave function must obey the following two conditions:
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1) The anti-symmetry requirement: it must be anti-symmetric in the variables pl,2,...M gand
pM T LM 2,...,Ng

2) The Fock cyclic symmetry condition: the operator
FC)]l« PMM‘l«PM,M‘Z«---«PMN! (5106)

must annihilate the coordinate wave function.

A function which is obtained by application of the Young operator does satisfyl). We now show
that such a function also obeys thq Fock condition,i.e. FpY tq OO0, the latter is equivalent to the
following product of operators Y F O 0, see the footnote below.

The Young operator can be written in terms of the antisymmetrizer and symmetriser a8

9 )
YO S MAApL2...,MApM * 1,M * 2,...,NqOSAA;.
jo1
We show that all the terms in SA;A>F cancel in pairs. Consider one of theM !pN « M d terms in
the product A;A,. It can be written as a permutation in the two-line notation
. N i
N 1 M % M1 N
. plg .PMqg ¥y OpM © 1q ONg

where the sign is determined by the parity of. . Let us now apply to this term one of the transpo-
sitions in F.

+ V . . ug a
10 1 b M M 1 b M d N M a
" plq M "pM g 'pM T 1q c a N g aM
+ Y U
o 1 b M % M® 1 b™ M d N
" plg a "pMqg ¥ !'pM T 1q c M 'MNg

whereM ~ 1# a# N, M~ 1# c# N,M "~ 1# d# N and 1# b# M. This expression is the
same as

6 ooaT y . . Uy a
10 b b M 1 b M M1 b M d N M c
b>M b "plg M "PMqg y !'pM " 1q a c IpNg cM
We now see that both permutations
+ Y u
1 b M i M™ 1 b™ M d N
"plg M "pMg Yy !'pM T 1q c a 'pNg
- u
1 b M % M*® 1 b™ M d N
“plq M "PMq ¥ Ipv - 1q a c 'pNg

are in A1A, and they diler by a transposition which introduces an additional O« O sign, so iMA;1A,
these two permutations will appear with opposite signs. The operator

© b pwm!
Poom O oy g

does not change the operatoiS. Thus, the permutations above cancel under the action of the Fock
operator F.

9The opposite order is related to our convention of multiplying permutations in the two-line notation. When
applying to the Young diagram, symmetriser acts Prst and then anti-symmetriser.
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It remains to consider a particular case whena O cand b> M O d. In this case the following
identity is valid

* V . . g a
7o 1 b M M1 b M N M a
" plg M "PMag y !'pM T 1q _a I'PNag aM
R} §F i
5 b b M 1 b M i M© 1 b M N
b>M b "plg M "pMqV!pM 1q a I N g

This term in the product A;A; will cancel against the same term but under the identity in the
operator F. Tuis, it is proved that any function that is obtained by applying the Young operator
satisPes FockOs condition.

The reverse relation is more involved, because any function which satispé$ and 2) corresponds
in general to a set of Young tableaux that diler from each other by permutations of indicesM °
1,M " 2,...,N. Any linear combination of the corresponding Young operators, when acting on an
arbitrary function, gives a function which satisbes1) and 2).

It remains to note that application of the Young operator is convenient when we want to construct
a wave function from some given non-symmetric function. On the other hand, if the function is
already known, then it is easier to check if it obeys FockOs condition than to see how it behaves
under the action of Young operators.

5.8 Miscellenia

Here we prove the formula

Q - $ ~ . ul‘$« 1 ~ u
sign. Prpg“ Pppag ¥ ) Gp19€ Gpig
“PS i i% . N
. ) u
S Pypa“ g« 2% « G g .
inj
First, it is clear that the product of successive )-functions debning for a bxed. the corresponding
coordinate sector can be replaced as

el VI u
) Gp1q€ Gpig O ) Gpg« Gpig (5.107)
i01 i
as the additional )-functions yield trivial contribution. Making this replacement, we then obtain
the sum
g $ ooou s u
sign. Pppa€ Pppa ) Gpa« Gpg
*PSy i
Let us concentrate on two parucular terms in the product with some Pxed indices and |, in other
words, we consider

S|gn p)[*q(( p)p|C| ) q « q< s

where we set. pig Ok and . paq Ol. For every ., there will be an accompanying permutation of
the form " jj . which acts non-trivially only on the indices i and j, namely, g j . qpq 0. pa Ol and
P - apq O pq Ok. Thus, summlng in pa|r5 and " jj ., we will have

e U
Ba g I*) GG SO} Ppg« Ppg’ ) G«
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Since sigr' O «1, we have

e VI e u . )
Paa< Paa * ) G« & " Ppa<Pag< ™ ) &« OPpg« Ppug« 2Pk « 44,
where we used the properties of the Heaviside )-function

) g ) pexqO1, ) xg«) p«xq O2xq.

Summing up in this way, we obtain the desired result.

As an example, of more explicit evaluation of the Bethe wave function, we consider the two-body
function (3.19) in the symmetric representation.
" *
p1 « p2 « i* i .
—Apl2 pP2d1 P1d29
pr« pz I* L2 .
P « pp « i* i .
— = A PP2G2 P161q
P1 « P2 i* p12qe

(ph, g O ) pon %pq Apl2gg Prd P2dd>

) pop Y%opq Apl2gePPrde P2did>

p1« P2 « i o PP« P2 i*0) PR« hg PP« P2« i*Q poh « Gq
pL« pp i pL« pz i '

) P % ) P % g
Next, we take into account that

Y Xq ) pexq Ol & ) g« ) pexq Osignx

from where we bnd that

.17 signx
) Xq OTQ-
Thus,
. P1« P2« i o P1« P« ¥ signpty « GoQ
0, 0,
) Pk % Cpq )FQZA)qlqpl«pZ\i*o T
Analogously,

PL« P2« ™ o PLe« P I Signpoy « G
P« pp i P« pp i

) P % g ) pon % g

Finally, choosing Apl2q Op; « p, ~ i*, the wave function becomes
C

0 o #
( Ph, Gq O P1 « p2q eipplq{ P2G20 1 «

L u 6 . . a
I* signpoh « g . gPLG P2id ] I* signpth « pq
pl « p2 p2 « pl
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