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Phase transitions & cosmology

Phase transitions in early Universe:
Thermal Changing T () Vacuum Changing field o (t)

» QCD phase transition

» Thermal (Confinement of strong interactions: quarks & gluons — hadrons)
» Electroweak phase transition

» Thermal (First order: electroweak baryogenesis())

» Vacuum: cold electroweak baryogenesis®®
» Grand Unified Theory & other high-scale phase transitions

» Thermal: topological defects®)
» Vacuum: hybrid inflation, topological defects, ... (4)

(MKuzmin, Rubakov, Shaposhnikov 1988

@8 mit and Tranberg 2002-6; Smit, Tranberg & Hindmarsh 2007
®Kibble 1976; Zurek 1985, 1996; Hindmarsh & Rajantie 2000
@ Copeland et al 1994; Kofman, Linde, Starobinsky 1996
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Phase transitions and relics

» Relics = departure from equilibrium e.g. at phase transition
» e.g. 1st order phase transition — c.f. water boiling

> Production of gravitational waves
» Topological defects

» Cosmic Microwave Background fluctuations
» Cosmic and v rays
» Gravitational waves

Event T t
QCD transition 100 MeV 10~ %s
Electroweak transition 100 GeV 107 "s

GUT/Hybrid inflation < 10" GeV > 10"%s
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Conventions

v

Natural Units: A =1,c=1, kg = 1

» Natural Unit converter:
Quantity Nat. U.  S.I. Conversion
Energy: GeV 1.6022 x 10~ Joule
Temperature: GeV 1.1605 x 10" K
Mass: GeV 1.7827 x 107% kg
Length: GeV™' 19733x107"® m
Time: GeV™' 6.5822x107% s
» Planck Mass (Energy): Mp = 1/hc5/G = 1.2211 x 10'° GeV
» Reduced Planck Mass mp = \/hc®/87G = 2.436 x 10'® GeV
> ap = g—g
> 3(p) = 2mi(p)
> Metric — + ++
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Thermodynamics of harmonic oscillators 1: bosons

Partition function:

Z =Ti[e "
Leading to:
freeenergy F = —-TInZ
entropy S = -90F/oT
energy E = Z 'T[He *Fl=F+ TS
Bosonic harmonic oscillator B.h.o. partition function
» H=lwaa+ aat N
> [a gﬁ]z—(1 ) Zono = Xolnle”"Im)
i Snto exp[—Bw(n + 3)]
> aln) = +/nln—1) _ el i
» afn) =vn+1ln+1), N

Fano = jw + TIn(1 — e~#%)

Mark Hindmarsh GWs from phase transitions



Introduction: phase transitions in the early universe
Thermodynamics of free relativistic particles
High-temperature expansion and phase transitions
Phase transitions in the Standard Model

Free scalar field

Field operator:

—3
B(x) = gTJ/.: (ake*’k'x + a,ie’“) , (A0 8] = 2w 3 (k—K).
Field equation:

O-m)dx)=0 = (K =wd=k +nP

’ Free scalar field is a collection of harmonic oscillators, one for each momentum k ‘

Partition function: Zg = ], Zgno
Free energy: Fs = —T >, InZgny = ’ Fs =3 (%wk + Tin(1 — e—ﬁwk)) ‘
Quantum statistics of fields: 3, — V [ d k
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Thermodynamics of harmonic oscillators 2: fermions

Partition function:

Z = Tr[e_ﬁ':l]
Fermionic harmonic oscillator F.h.o. partition function
» H=lwaa+ aat E
2! : Zre = Yholnle#In)

> {a.81) =1
> 30) = 0,4]1) = [0)
> &1j0) = |1), 1) =0,

= Y oexpl—Bw(n+ 1)
e’2/(1 + e ")

Feho = —gw — TIn(1 + e77%)
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Free fermionic field

Field operator (Dirac 4-component field):

—3 A A
oo [dk PA —ikx | = ~NAE ikex {bg, bf/T} = 2wkd*8 33 (k — K')
P(x) = / 2in (UA(k)bke + va(k)g, '€ ) ) {alf\7 algf} = 20 578 53(k —K)

Field equation:
R (kO)Z — wk2 — k2 + m2
(iv*0, + m)p(x) =0 = (K—m)ua(k) =0
(K+ m)va(k) =0
’ Free fermionic field is a collection of harmonic oscillators, 4 for each momentum k‘

Partition function: Zr = [y Zrno
Free energy: Fr = —T >, InZrno = ’ F=3% (_%wk — TIn(1 + e—ﬁwk)) ‘
Quantum statistics of fields: Y, — V [ d'k
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Free energy (density) of an ideal gas

Free relativistic particles of mass m in equilibrium (zero chemical potential)

f= —nT/HskInU +ne E/T)

where n = +1 (Fermi-Dirac/Bose-Einstein).
» Entropy density: s = — 2~
» Energy density: e=f+ Ts
» Thermodynamic pressure: p = Ts — e ( Note p = —f)
To find equilibrium state we minimise free energy
» Dimensions: f = T*¢(m/T) with $(0) = —gerrm? /90.

Defines effective number of relativistic degrees of freedom geys.
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Free energy: exact formulae in high T expansion

Bosons:
2 2 T2 3 4 p)
P TP (mP)ET m m
o= —907 T 2a T 12 eanz "\ a7
_om Sy 2L m '
1678 4 (4 1)1 \4m2T?
Fermions:
727 4 mPT? m* m?
f= g8 T +64w2'”<afr2>
m* eC(20+1) —20—1 1 2 ¢
1603 Z@:(—U WU -2 €+ 3) <47:27T2)

ap = 1672 In(g — 2vg), ar = ap/16, ve = 0.5772. .. (Euler’s constant)
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Effective potential for scalar field with gauge fields and fermions

» scalars (Ms(d)),
Let scalar field give masses to > vectors (My(¢))

» (Dirac) fermions (Mr())
Define effective potential Vr(4) = Vo(¢) + f(}) + Genn® T*/90

o+ g (MR 03I 2 M)
S v F
- (Z(Mé«%))g +32<M€<q3))5>

S v

+ 1—ZM4(5)In M ;3 > My(¢)In My
642 £ SV ap T2 64n2 £ v ap T2

V(o)

Neglect higher order terms where M?(¢)/T? < 1.
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Phase transition (weakly coupled field theory)

Effective potential: expand in ¢/ T

Ve (T TR - ATC ST T g T
T=%;

» High temperature: equilibrium at ¢ = 0. I=F

» Second minimum develops at T1, ¢p(T). T=0

» Critical temperature Te: f(0) = (o).

» System can supercool below T (until Tp).

» First order transition (apparently)

> Latent heat £ = T, As(Tc) v o

» 1st order from cubic term (bosons only)
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Degrees of freedom of SM: mostly coloured

v 0 2 g 0 16

Ve <1leV 2 u 3 MeV 12

vy <1eV 2 d 7MeV 12

Vr s1eV 2 s 76 MeV 12

e 0.5MeV 4 c 1.2GeV 12

106 MeV 4 b  4.2GeV 12

T 1.7 GeV 4 t 174 GeV 12

W 80 GeV 6

Z 91 GeV 3

h 125 GeV 1
>1 TeV: 118 +8 172 +16 | 72/106.75
40 GeV: £18+2 ;60 + 16 | 68.5/84.25
0.4 GeV: 14 +2 £36 + 16 | 47.5/61.75

QCD interactions important, especially around 1GeV

t, W, Z, h contribute most to V; around 100GeV: largest mass change

Mark Hindmarsh
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Standard Model effective potential in weak coupling approximation

| h | we | z_ | t
M/GeV | 125 | 80.4 912 174
d.odf. 1 6 3 112

M(3) | \/V5(9) | sgwd | 3V Gk +9%0 | Vayd

Form of effective potential: V7 ~ 2(T2 — T2)|¢|? — gT\J)P +2r19*

D = 12¢2 (8My + 303 + 617 A= 12 P (83 +3M2)
_ 1 (M o e
)\T — )\ - W <6MW |I’l (ab T2 + SMZ In T2 4M |n T2

| Predicts: T, = 166 GeV, To = 165 GeV |
Transition is very weak.
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Standard Model effective degrees of freedom

Ideal gas, model QCD transition® (dashed)
With interactions, lattice QCD® (solid)

Temp.

Event

100 GeV
1 GeV
500 GeV
200 MeV
30 MeV
2 MeV
0.2 MeV
1eV
0.1eV

®)0live 1981

t non-relativistic

b non-relativistic

¢, T non-relativistic
QCD phase transition
w1 non-relativistic

v freeze-out

e non-relativistic
matter = radiation
photon decoupling

®Hindmarsh & Philipsen 2005, Laine & Schroder 2006, Borsanyi etral 2016
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Electroweak phase transition in the Standard Model

| Interactions are important! |
Standard Model phase diagram

T(GeV)

4
110

Supercritical
Crossover

2nd order

75 m,(GeV)
Kajantie et al 1996

Vapour

SM is cross-over

T
Water phase diagram (sketch)
" MakHindmarsh
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QCD phase diagram

» ng = ng/n, = (6.10 £ 0.04) x 10~° (Planck)!”
» Low g = low chemical potential

200
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Hadron phase
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Ruester et al hep-ph/0503184

(MAde et al 2015 oy« -
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QCD equation of state

» Budapest-Marseille-Wuppertal lattice (physical quark masses)®
» Shown: pressure and trace anomaly /(T) = p(T) — 3p(T) (with fit)

p(1)/T

z
I
[}
(¢}

z
I
@

E. neto W4
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» Can model with hadronic resonance gas at low T

®Borsanyi et al. (2010)
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1st order phase transitions in SM extensions

v

2HDM (2 Higgs doublet model)
» Extra scalars (A%, HO, H%) increase strength of cubic term.
> Strong phase transition when m o > 400 GeV(®)

Extra singlet scalars

> Tree level first order phase transition
» Strong phase transition with SM-like phenomenology allowed(10)

Effective field theory with h® operator''"

v

v

> e.g. by integrating out singlet(12)
> Vr(¢) = co+ ci(T)h* + coh* + cah® + -
> Co < 0 gives 1st order transition at tree level.

\{

etc. etc. etc.

®Dorsch, Huber, No (2015)

(19 Ashoorioon, Konstandin (2009)
(" Grojean, Servant, Wells (2005)
(" Huber et al (2006)
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