
Exercises Saalburg School 2015

J.W. van Holten

1. a. Let
[Σµν ]

β
α = ηµαδ

β
ν − ηναδ βµ . (1)

Show that
[Σµν ,Σκλ] = ηνκΣµλ − ηνλΣµκ − ηµκΣνλ + ηµλΣνκ. (2)

b. Same for

[Σµν ]
γδ
αβ =

(
ηµαδ

γ
ν − ηναδ γµ

)
δ δβ + δ γα

(
ηµβδ

δ
ν − ηνβδ δµ

)
. (3)

2. Define

Z2 = P µΣµλP
νΣ λ

ν , W 2 =
1

2
P 2Σ2 − Z2. (4)

a. Show that for a vector field Aα[
Z2 · A

]
α

= −P 2Aα − 2PαP
βAβ,[

W 2 · A
]
α

= −2P 2Aα + 2PαP
βAβ.

(5)

b. Show that the eigenvalue equations

P 2Aα = m2Aα,
[
Z2 · A

]
α

= λAα,
[
W 2 · A

]
α

= κAα, (6)

have 2 solutions:
(i) a scalar solution (pure gradient)

λ = −3m2, κ = 0, Aα = PαΦ, P 2Φ = m2Φ; (7)

(ii) a transverse (divergence-free) vector solution

λ = −m2, κ = −2m2, P 2Aα = m2Aα, PαAα = 0. (8)

c. Show that for a symmetric tensor field

[Z2 · A]αβ = −2P 2Aαβ − 4PαP
γAβγ − 4PβP

γAαγ + 2ηαβP
γP δAγδ + 2PαPβA

γ
γ ,

[W 2 · A]αβ = −6P 2Aαβ + 4PαP
γAβγ + 4PβP

γAαγ − 2PαPβA
γ
γ

+ 2ηαβ
(
P 2A γ

γ − P γP δAγδ
)
.

(9)
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d. Show that in this case the eigenvalue equations appropriately generalized from (6)
have 4 solutions:
(i) A pure-trace scalar

λ = 0, κ = 0, Aαβ = ηαβΦ, P 2Φ = m2Φ; (10)

(ii) A traceless scalar

λ = −8m2, κ = 0, Aαβ =

(
PαPβ −

1

4
ηαβP

2

)
Ω, P 2Ω = m2Ω; (11)

(iii) A transverse (divergence-free) vector

λ = −6m2, κ = −2m2, Aαβ = PαVβ +PβVα, PαVα = 0, P 2Vα = m2Vα; (12)

(iv) A traceless transverse tensor

λ = −2m2, κ = −6m2, A α
α = 0, PαAαβ = 0, P 2Aαβ = m2Aαβ. (13)

e. Check that in all cases the eigenvalues of W 2 satisfy

− κ

m2
= s(s+ 1), (14)

where s = 0 for scalars, s = 1 for vectors and s = 2 for pure symmetric tensors.

3. Anti-symmetric tensor fields
Let tµν = −tνµ be an anti-symmetric tensor field. Define

θµν = ηµν −
PµPν
P 2

, ωµν =
PµPν
P 2

. (15)

a. Show that one can define 2 projection operators for tµν :

Π(0)κλ
µν =

1

2

(
θ κµ θ

λ
ν − θ λµ θ κν

)
, Π(1)κλ

µν =
1

2

(
θ κµ ω

λ
ν − θ κν ω λ

µ − θ λµ ω κ
ν + θ λν ω

κ
µ

)
, (16)

with the properties

Π(A) · Π(B) = δABΠ(A), Π(0) + Π(1) = 1, (17)

where the unit operator on anti-symmetric tensors is

1 → 1

2

(
δ κµ δ

λ
ν − δ κν δ λµ

)
.

b. Consider the field equation

�Π(0)κλ
µν tκλ = m2tµν . (18)

2



Check that it is regular (no non-local poles), and that for m2 > 0 it implies

∂λtλµ = 0, �tµν = m2tµν , (19)

i.e., the field is divergence-free and satisfies the Klein-Gordon equation.
c. Show that the field eqn. (18) can be derived from an action

S =

∫
d4x

[
− 1

3!
(∂µtνλ + ∂νtλµ + ∂λtµν)

2 − m2

2
t2µν

]
. (20)

d. Check that in the massless case m2 = 0, both the action and the field equation
are invariant under abelian gauge transformations

t′µν = tµν + ∂µξν − ∂νξµ. (21)

e. Explain how these gauge transformations can be used to reobtain the condition
that tµν is divergence-free also in the massless case.
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4. The Einstein form of the action for GR is

S =
1

2κ2

∫
d4x
√
−g gµν

(
Γ κ
µλ Γ λ

νκ − Γ λ
µν Γ κ

λκ

)
. (22)

The metric connection is

Γ λ
µν =

1

2
gλκ (∂µgνκ + ∂νgµκ − ∂κgµν) . (23)

a. Show that
∂λgµν = Γ κ

λµ gκν + Γ κ
λν gµκ. (24)

and that
∂µ
√
−g =

√
−g Γ ν

µν . (25)

b. By partial integration derive the identities∫
d4x
√
−g gµν Γ λ

µκ Γ κ
νλ '

1

2

∫
d4x
√
−g gµν

(
∂λΓ

λ
µν + Γ λ

µν Γ κ
λκ

)
,

∫
d4x
√
−g gµνΓ λ

µν Γ κ
λκ '

∫
d4x
√
−g gµν∂µΓ λ

νλ ,

(26)

up to boundary terms.
c. Using these results show that

S =
1

2κ2

∫
d4x
√
−g gµν

(
∂λΓ

λ
µν − ∂µΓ λ

νλ − Γ λ
µκ Γ κ

νλ + Γ λ
µν Γ κ

λκ

)
' − 1

2κ2

∫
d4x
√
−g R.

(27)

Conventions:

R λ
µνκ ≡ ∂µΓ λ

νκ − ∂νΓ λ
µκ − Γ σ

µκ Γ λ
νσ + Γ σ

νκ Γ λ
µσ .

5. The field equation for the massless spin-2 field in Minkowski space-time is

�hµν − ∂µ∂λhλν − ∂ν∂λhλµ + ∂µ∂νh
λ
λ − ηµν

(
�hλλ − ∂κ∂λhκλ

)
= −κTµν . (28)

a. Check that the equation is invariant under gauge transformations

δhµν = ∂µξν + ∂νξµ. (29)

b. The Einstein equations can be simplified by switching to different field variables

h̄µν = hµν −
1

2
ηµνh

λ
λ. (30)
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Show that

hµν = h̄µν −
1

2
ηµν h̄

λ
λ, (31)

and rewrite the Einstein equations in terms of h̄µν :

�h̄µν − ∂µ∂λh̄λν − ∂ν∂λh̄λµ + ηµν∂κ∂λh̄
κλ = −8πGTµν . (32)

Check the invariance under the modified gauge transformations

h̄′µν = h̄µν + ∂µξν + ∂νξµ − ηµν ∂λξλ. (33)

c. Define the momentum components εµν(k) of the redfined spin-2 field h̄µν by

h̄µν(x) =

∫
d4k

(2π)2
εµν(k)e−ik·x. (34)

Prove that the reality of h̄µν requires ε∗µν(k) = εµν(−k), and show that in empty
space (Tµν = 0)

k2εµν − kµkλελν − kνkλελµ + ηµνk
κkλεκλ = 0, (35)

and derive the corresponding gauge transformations in momentum space:

ε′µν = εµν + kµαν + kναµ − ηµν kλαλ, (36)

with

ξµ = i

∫
d4k

(2π)2
αµ(k)e−ik·x, α∗µ(k) = −αµ(−k).

d. Show that one can find a gauge transformation parameter αµ such that

kµε′µν = 0 and k2ε′µν = 0. (37)

This implies that ε′µν(k) 6= 0 only on the light cone k2 = 0:

ε′µν(k) = eµν(k, ωk) δ(k2), (38)

and that the metric perturbation can be expanded as

h̄µν(x) =

∫
d3k

8π2ωk

(
eµν(k, ωk)e−i(k·r−ωkt) + e∗µν(k, ωk)ei(k·r−ωkt)

)
, (39)

with the convention ωk =
√
k2.

e. Check, that the momentum amplitude eµν(k) satisfies

kieiµ = ωke0µ, (40)
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and this condition is respected by gauge transformations on the light cone:

αµ = aµ(k, ωk) δ(k2),

such that
e′00 = e00 + ωka0 + k · a,

e′i0 = ei0 + kia0 + ωkai,

e′ij = eij + kiaj + kjai − δij (k · a− ωka0) .

(41)

Find (a0, a) such that

e′00 = e′i0 =
3∑

k=1

e′kk = 0. (42)

Answer:

a0 = − 1

4ωk

(
e00 +

∑
k

ekk

)
, ai = − 1

ωk

ei0 +
ki

4ω2
k

(
e00 +

∑
k

ekk

)
. (43)

f. Explain that there are only 2 polarization modes for a perturbation with wave
vector k, and that these can be taken to be space-like, transverse and traceless:

e00 = ei0 = 0,
∑
i

kieij = 0,
∑
i

eii = 0. (44)

In particular explain that for a pertubation mode moving in the z-direction one can
take

eµν(kz, ωk) = A+(kz)e
+
µν + A×(kz)e

×
µν , (45)

with

e+µν =


0 0 0 0
0 1 0 0
0 0 −1 0
0 0 0 0

 , e×µν =


0 0 0 0
0 0 1 0
0 1 0 0
0 0 0 0

 . (46)

g. Prove, that these gauge transformations turn the solutions for the metric pertur-
bations h̄µν into a solution of the linearized Einstein equations with the properties

h̄00 = h̄i0 = 0,
∑
i

h̄ii = 0,
∑
i

∂ih̄ij = 0, �h̄ij = 0. (47)
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