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Chiral Perturbation Theory

starting point :

QCD in 
hiral limit

N

f

= 2 [or 3℄ massless quarks u; d [; s℄

L

0

QCD

= qi


�

�

�

�

+ ig

s

�

�

2

G

�

�

�

q+L

heavy quarks

+: : :

= q

L

iD=q

L

+ q

R

iD=q

R

+ L

heavy quarks

+ : : :

q

R;L

=

1

2

(1� 


5

)q ; q =

0

B

B

�

u

d

[s℄

1

C

C

A

exhibits global symmetry

SU(N

f

)

L

� SU(N

f

)

R

| {z }


hiral group G

�U(1)

V

� U(1)

A

U(1)

V

: baryon number

U(1)

A

: Abelian anomaly

N

f

=3

) M

�

0

6= 0
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strong eviden
e (phenom. + theory) for

spontaneous 
hiral symmetry breaking

G �! H = SU(N

f

)

V

N

f

= 2 isospin

N

f

= 3 
avour SU(3)

Me
hanism for SCSB ?

re
all order parameter of SCSB

lim

V!1

h0j[Q

V

(x

0

); A℄j0i 6= 0

QCD : axial 
harges Q

a

A

= Q

a

R

�Q

a

L

(a = 1; : : : ; N

2

f

� 1)

A : 
olour singlet, pseudos
alar operators

unique possibility for operator dim =3 :

A

b

= q


5

�

b

q ! [Q

a

A

; A

b

℄ = �

1

2

qf�

a

; �

b

gq

SU(N

f

)

V

invarian
e of the va
uum !

h0juuj0i = h0jddj0i [= h0jssj0i℄
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) suÆ
ient 
ondition for SCSB :

quark 
ondensate h0jqqj0i 6= 0


ertainly not ne
essary :

d = 5 : h0jq�

��

�

�

qG

���

j0i 6= 0

d = 6 : many more possibilities

Important question :

h0jqqj0i dominant order parameter of SCSB ?

answer 
ould depend on N

f

:

h0jqqj0i probably de
reases with N

f

Moussallam; Des
otes, Girlanda, Stern

N

f

= 2 : answer from �� s
attering

Implementation of SCSB

dim G=H = N

2

f

� 1 Goldstone bosons

! pseudos
alar meson �elds �

a

parametrize 
oset spa
e

L(�) = (u

L

(�); u

R

(�)) 2 G=H
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hiral transformation g = (g

L

; g

R

) 2 G

nonlinear realization

u

A

(�)

g

�! g

A

u

A

(�)h(g; �)

�1

(A = L;R)

Def.: matrix �eld U(�) (transforming linearly)

U(�) := u

R

(�)u

L

(�)

y

g

�! g

R

U(�)g

�1

L

no loss of information 
ompared to (u

L

; u

R

) :

with standard 
hoi
e of 
oset 
oordinates

u

R

(�) = u

L

(�)

y

:= u(�) = exp i�

a

�

a

=2F

�! U(�) = u(�)

2

Goldstone matrix element de�nes F :

h0jq(x)


�




5

�

a

2

q(x)j�

b

(p)i = iÆ

ab

Fp

�

e

�ipx

meson de
ay 
onstant in the 
hiral limit

Non-Goldstone �elds (meson resonan
es , baryons , . . . )

 

g2G

�! h

 

(g; �)

| {z }

SU(N

f

)

V

repr. of  
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CHPT : 2 
hoi
es of basis

U -basis u-basis

mesons only mesons, baryons, . . .

vielbein

�

�

U u

�

= i(u

y

�

�

u� u�

�

u

y

)

�

�

U ! g

R

�

�

Ug

y

L

u

�

! hu

�

h

�1

lowest-order invariant (nonlinear � model)

h�

�

U�

�

U

y

i = hu

�

u

�

i

h i = tr

N

f

! derivative 
oupling of Goldstone �elds

! L

e�

nonrenormalizable

However

no 
hiral symmetry in nature !

� expli
it breaking : m

q

6= 0

m

u

;m

d

� � 'M

�

N

f

= 2 : �

m

s

< M

�

N

f

= 3 : �;K; �
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� ele
troweak intera
tions :

in
luded perturbatively in �;G

F

Main assumption of CHPT

expansion around 
hiral limit meaningful

therefore (even for � = G

F

= 0) :

2-fold expansion of 
hiral Lagrangians

i. derivatives � momenta

ii. quark masses

L

e�

=

X

i;j

L

ij

; L

ij

= O(�

i

m

j

q

)

relation through meson masses :

M

2

M

� Bm

q

+O(m

2

q

)

B = �h0juuj0i=F

2

! 2 di�erent s
hemes depending on

size of quark 
ondensate � B
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Standard CHPT

Weinberg, Gasser, Leutwyler

Ass.: M

2

M

� Bm

q

dominant 
ontribution


orresponds to B(� = 1 GeV) ' 1:4 GeV

! 3M

2

�

8

= 4M

2

K

�M

2

�

Gell-Mann, Okubo

! 
hiral 
ounting : m

q

= O(M

2

) = O(p

2

)

L

e�

=

X

n

L

n

; L

n

=

X

i+2j=n

L

ij

mesons n = 2; 4; 6; : : :

mesons + baryons n = 1; 2; 3; : : :

Generalized CHPT

Stern, Kne
ht, Moussallam

allow for possibility of small quark 
ondensate

e.g.: B(� = 1 GeV) = O(F

�

= 92.4 MeV)

! M

2

M

� O(m

2

q

) dominant
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more natural 
ounting : m

q

= O(p)

(same) e�e
tive Lagrangian is reordered

e.g., for mesons

L

e�

=

~

L

2

+

~

L

3

+

~

L

4

+ : : :

Drawba
k : more unknown LECs at given order

! less predi
tive

present status

no 
ompelling eviden
e

against standard 
hiral 
ounting


ru
ial test (N

f

= 2) : �� ! ��

Constru
tion of L

e�


ouple external matrix �elds v

�

; a

�

; s; p

L

0

QCD

! L

0

QCD

+ q


�

(v

�

+ a

�




5

)q � q(s� ip


5

)q

! L

e�

inherits

lo
al 
hiral symmetry
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advantages

� L

e�

, Green fun
tions (of quark 
urrents)

manifestly 
hiral invariant

� phys. amplitudes : v

�

= a

�

= p = 0

s = diag(m

u

;m

d

[;m

s

℄)

E�e
tive 
hiral Lagrangian

strong intera
tions of mesons (standard CHPT)

L

e�

= L

2

+ L

4

+ L

6

+ : : :

L

2

=

F

2

4

hD

�

UD

�

U

y

+ �U

y

+ �

y

Ui

=

F

2

4

hu

�

u

�

+ �

+

i

gauge-
ovariant derivative

D

�

U = �

�

U � i(v

�

+ a

�

)U + iU(v

�

� a

�

)

� = 2B(s+ ip) ; �

+

= u

y

�u

y

+ u�

y

u

2 parameters :

F

�

= F [1 +O(m

q

)℄

h0juuj0i = �F

2

B [1 +O(m

q

)℄
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CHPT at lowest order : O(p

2

)

L

2

at tree level ' 
urrent algebra

amplitudes depend only on F

�

;M

2

M

e.g.: �� ! ��

A

2

(s; t; u) =

s�M

2

�

F

2

�

Weinberg

! absolute predi
tion from pure symmetry !

CHPT at O(p

4

)


hiral Lagrangian L

4


ontains

10 (7) measurable LECs for N

f

= 3 (2) T

L

e�

hermitian ! tree amplitudes real

BUT

unitarity + analyti
ity ! 
omplex amps.

example : �� ! ��

Im t

I

l

(s) � (1�

4M

2

�

s

)

1

2

jt

I

l

(s)j

2

partial waves t

I

l

(s) start at O(p

2

)

Saalburg
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Chiral Lagrangian of O(p

4

) for N

f

= 3

Gasser, Leutwyler

L

4

= L

1

hD

�

U

y

D

�

Ui

2

+ L

2

hD

�

U

y

D

�

UihD

�

U

y

D

�

Ui

+ L

3

hD

�

U

y

D

�

UD

�

U

y

D

�

Ui+ L

4

hD

�

U

y

D

�

Uih�

y

U + �U

y

i

+ L

5

hD

�

U

y

D

�

U(�

y

U + U

y

�)i+ L

6

h�

y

U + �U

y

i

2

+ L

7

h�

y

U � �U

y

i

2

+ L

8

h�

y

U�

y

U + �U

y

�U

y

i

� iL

9

hF

��

R

D

�

UD

�

U

y

+ F

��

L

D

�

U

y

D

�

Ui+ L

10

hU

y

F

��

R

UF

L��

i

+ 2 
onta
t terms

F

��

R

= �

�

r

�

� �

�

r

�

� i[r

�

; r

�

℄ ; r

�

= v

�

+ a

�

F

��

L

= �

�

l

�

� �

�

l

�

� i[l

�

; l

�

℄ ; l

�

= v

�

� a

�

L

i

= L

r

i

(�) + �

i

�(�)

�(�) =

�

d�4

(4�)

2

n

1

d� 4

�

1

2

[log 4� + 1 + �

0

(1)℄

o

L

r

i

(�

2

) = L

r

i

(�

1

) +

�

i

16�

2

ln

�

1

�

2
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! ImT 6= 0 at O(p

4

)

systemati
 low-energy expansion

! loop expansion for n > 2

loop amps. are in general divergent

regularization and renormalization

Consequen
es :

� renormalization guarantees independen
e of

regularization (no 
uto� dependen
e)

� divergen
es absorbed by


oupling 
onstants in L

4

;L

6

; : : :

� renormalized LECs s
ale dependent :


ontain e�e
ts of (heavy) states not in
luded

in L

e�

as expli
it �elds

example : CHPT for N

f

= 2

only pions in L

e�

! LECs 
ontain e�e
ts of K; �; : : :

Saalburg
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In prin
iple :

LECs dimensionless fun
tions of

�

QCD

, m




, m

b

, m

t

In pra
ti
e :

mat
hing (at � 'M

�

) not possible

in perturbation theory !

need to bridge gap between

CHPT  ! pert. QCD

E < M

�

E > 1.5 GeV

Di�erent approa
hes:

most su

essful or promising !

phenomenologi
al : resonan
e saturation

theoreti
al : latti
e, large N




Saalburg
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Loop Expansion

� expansion around 
lassi
al solution

of whi
h equation ?

Chiral Lagrangian (mesons, standard CHPT)

L

e�

= L

2

+ L

4

+ L

6

+ : : :

to ensure systemati
 
hiral expansion :

expand around solution of

EOM of lowest-order Lagrangian L

2

! perturbative propagator always O(p

2

)

Su

essive orders in the 
hiral expansion


hara
terized by


hiral dimension D

L

= degree of homogeneity in

external momenta and meson masses

Saalburg
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Meson se
tor (standard CHPT)

general loop diagram with

L : number of loops

N

n

: number of verti
es from L

n

I : number of internal meson lines

! D

L

= 4L+

X

n�2

nN

n

� 2I


onne
ted diagram : L = I �

P

n

N

n

+ 1

! D

L

= 2L+ 2 +

X

n�4

(n� 2)N

n

� 2L+ 2

s
ale of 
hiral expansion

D

L

in
reases with L , but phys. dim. �xed

!

1

F

2

1

(4�)

2

for ea
h loop

for mesons ! expansion in

p

2

(4�F )

2

N

f

= 3 :

p

2

(4�F )

2

= 0:18

p

2

M

2

K

Saalburg
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CHPT at O(p

6

)

skeleton diagrams for D

L

= 6 :

L = 2 a,b,


L = 1 : N

4

= 1 d,e

L = 0 : N

6

= 1 or N

4

= 2 f,g

a b c

d e

f g

Exer
ise : all O(p

6

) diagrams for �� ! ��

Saalburg
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Complete 
al
ulations to O(p

6

)

(standard CHPT)

N

f

= 2



 ! �

0

�

0

Bellu

i et al. (1994)



 ! �

+

�

�

B�urgi (1996)

� ! l�

l


 Bijnens and Talavera (1997)

�� ! �� Bijnens et al. (1996, 1997)

� form fa
tors Bijnens et al. (1998)

N

f

= 3

V V , AA Golowi
h and Kambor (1995, 1997)

Amoros et al. (1999)

form fa
tors Post and S
hil
her (1997)

K ! ��l�

l

Amoros et al. (1999)

Renormalization

pro
ess independent pro
edure useful !

divergent part of Z[v; a; s; p℄

method : heat kernel expansion

advantages

� nontrivial 
he
k for expli
it loop 
al
ulations

(dis
ussion)

� RGE for renormalized, s
ale dep. LECs

� leading infrared singularities : 
hiral logs

Saalburg
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O(p

4

) : L = 0; 1

divergen
es in dim. regularization

�

d�4

(4�)

2

�

1

d� 4

+

1

2

lnM

2

=�

2

+ : : :

�

independent of arbitrary s
ale �

M : typi
al s
ale

M =M

�

(M

K

) for N

f

= 2(3)

Renormalization :

L

i

(d) = �

d�4

2

4

�

i

(4�)

2

(d� 4)

+ L

r

i

(�)

| {z }

ren: LEC

+ : : :

3

5

again s
ale independent


oeÆ
ients �

i


hosen to 
an
el divergen
es !

amps. depend on s
ale-indep. 
ombinations

L

r

i

(�)�

1

2

�

i

l

with 
hiral log l =

1

(4�)

2

lnM

2

=�

2
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! renormalization group equations

�

dL

r

i

(�)

d�

= �

�

i

(4�)

2

! L

r

i

(�

2

) = L

r

i

(�

1

) +

�

i

16�

2

ln

�

1

�

2

Phenomenologi
al values of L

r

i

(M

�

)

i L

r

i

(M

�

)� 10

3

1995 2000 main sour
e

(Amoros et al.)

1 0.4 � 0.3 0.52 � 0.23 K

e4

; (�� ! ��)

2 1.35 � 0.3 0.72 � 0.24 K

e4

; (�� ! ��)

3 �3.5 � 1.1 �2.70 � 0.99 K

e4

; (�� ! ��)

4 �0.3 � 0.5 Zweig rule

5 1.4 � 0.5 0.65 � 0.12 F

K

=F

�

6 �0.2 � 0.3 Zweig rule

7 �0.4 � 0.2 �0.26 � 0.15 Gell-Mann{Okubo,

L

5

; L

8

8 0.9 � 0.3 0.47 � 0.18 M

K

0

�M

K

+

; L

5

9 6.9 � 0.7 hr

2

i

�

V

10 �5.5 � 0.7 � ! e�
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O(p

6

) : L = 0; 1; 2

redu
ible diagrams 
,e,g :

with appropriate 
hoi
e of L

4

(dis
ussion) :

sum 
+e+g

�nite and s
ale independent

irredu
ible diagrams a,b,d :

divergen
es should be polynomials in

masses and momenta of O(p

6

)

However : diagrams a,d involve

Green fun
tion G(x; x) (and derivatives)

G(x; x) =

2�

d�4

(4�)

2

�

1

d� 4

+

1

2

lnM

2

=�

2

�

a

1

(x; x)+ G(x; x)

| {z }

finite;nonlo
al

a

1

(x; x) : (lo
al) Seeley-DeWitt 
oeÆ
ient

! diagrams a,b,d separately have

nonlo
al divergen
es

of the type

1

d� 4

G(x; x) and

1

d� 4

lnM

2

=�

2
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proper renormalization at O(p

4

) !

nonlo
al divergen
es 
an
el in

sum a+b+d

remaining divergen
es : polynomials of O(p

6

)

in 
oordinate spa
e :

dimensionless, divergent 
oeÆ
ients C

i

of 
hiral Lagrangian

L

6

=

53(90)

X

i=1

C

i

|{z}


oe�s:

O

i

|{z}

monomials

for N

f

= 2(3)

tree diagram f :

divergent parts of C

i


hosen to make

a+b+d+f �nite )


omplete fun
tional Z

6

[v; a; s; p℄

�nite and s
ale independent

with renormalized LECs C

r

i

(�)

Saalburg



22

renormalization group equations

�

dC

r

i

(�)

d�

=

1

(4�)

2

h

2

^

�

(1)

i

+

^

�

(L)

i

(�)

i

^

�

(1)

i

: 
onstants

^

�

(L)

i

(�) : linear 
ombs. of L

r

i

(�)

Chiral logs

often numeri
ally important or even dominant

(! �� s
attering)

trivial observation :

total amplitudes are s
ale independent

! 
hiral logs disappear for � =M

l =

1

(4�)

2

lnM

2

=�

2

= 0

However

� =M generates \unnaturally " big L

r

i

(�) !

infrared singularities shifted into LECs

natural size : L

r

i

(� 'M

�

)

Saalburg
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Chiral logs at O(p

6

)

double 
hiral logs appear in following


ombinations (exer
ise)

irredu
ible 4L

r

i

(�)l � �

i

l

2

:= k

i

redu
ible [L

r

i

(�)�

1

2

�

i

l℄[L

r

j

(�)�

1

2

�

j

l℄

= L

r

i

(�)L

r

j

(�)�

1

8

(�

i

k

j

+ �

j

k

i

)

) full dependen
e on l

2

; lL

r

i

; L

r

i

L

r

j

in terms of k

i

and L

r

i

L

r

j

Generalized double-log approximation

Bijnens, Colangelo, E.

Remarks :

� 
oe�s. 
al
ulable from diagrams

with L � 1 (exer
ise) Weinberg

� indi
ation for size of O(p

6

) 
orre
tions

no substitute for full 
al
ulation
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Example : F

K

=F

�

= 1:22� 0:01

GDLA : 
orre
tions big (6� 12%)

F

K

=F

�

� 1 is used to �x LEC L

r

5

:

L

r

5

(M

�

) = (1:4� 0:5)� 10

�3

re
ent �t with full O(p

6

) 
al
ulation (Amoros,

Bijnens, Talavera) :

L

r

5

(M

�

) = (0:65� 0:12)� 10

�3

Exer
ise : summing 
hiral logs ?
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