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1 Why supersymmetry?

When the Large Hadron Collider at CERN takes up operations soon, its main objective,
besides confirming the existence of the Higgs boson, will be to discover new physics beyond
the standard model of the strong and electroweak interactions. It is widely believed that
what will be found is a (at energies accessible to the LHC softly broken) supersymmetric
extension of the standard model. What makes supersymmetry such an attractive feature
that the majority of the theoretical physics community is convinced of its existence?
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First of all, under plausible assumptions on the properties of relativistic quantum field
theories, supersymmetry is the unique extension of the algebra of Poincaré and internal
symmtries of the S-matrix. If new physics is based on such an extension, it must be
supersymmetric. Furthermore, the quantum properties of supersymmetric theories are
much better under control than in non-supersymmetric ones, thanks to powerful non-
renormalization theorems. The latter provide a solution to the problem that has plagued
ordinary grand unified theories (GUTS), namely how to stabilize the large hierarchy of
energy scales, ranging from the electroweak scale (10> GeV) to the GUT scale (106 GeV)
or the Planck scale (10 GeV), against quantum corrections that drive the tree-level
masses of bosonic particles to very high values, in contradiction to experimental bounds.!
Let us explain this problem and how it can be overcome by supersymmetry by studying
a simple example. Consider the following Lagrangian for a complex scalar field ¢(z) and
a Weyl spinor ¢ (x) (more about those in the next section):

L=—0,p 0" —itha"dup — mZ oo — Fmy (P1h + )
— gl + @) — u(p@® + @p®) — N (@) . (1.1)

As we will show later, the corresponding action is supersymmetric (and known as the
Wess—Zumino model in this case) if the masses and coupling constants satisfy the relations

My=my=m, A=g¢g, p=mg, (1.2)

but let us not assume these to hold for the time being.
If my = p =0, i.e., when the tree-level fermionic mass terms and cubic scalar couplings
are absent, the model is invariant under the chiral symmetry

,QZ) N eio‘@/) QZ N e—ia,& ’ 0 — 6—210480 ’ @ N eQia@ ) (13)

This symmetry guarantees that no fermionic masses will be generated by perturbative
quantum corrections. Indeed, for my # 0 the one-loop correction to m, arises from the
Feynman diagram

which gives

A
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! Additional benefits such as gauge coupling unification and natural cold dark matter candidates will
not be covered in these lectures.



where A is an ultraviolet momentum cut-off that regularizes the divergent integral. We
learn that the mass correction is proportional to the tree-level mass and diverges only
logarithmically. It therefore stays small for small m, and vanishes if the fermions are
massless at tree-level, i.e., when the chiral symmetry is present. In this sense fermion
masses are natural, as no further fine-tuning is needed to keep them small if this property
has been implemented by hand in the classical theory. Small fermion masses are protected
by an approximate chiral symmetry.

The situation is completely different for the scalar masses. Their one-loop corrections
arise from the diagrams
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The squared scalar masses are quadratically divergent and receive large corrections even
if m, = 0 at tree-level. This is a problem in GUTs, where initially small Higgs masses are
driven up to the GUT scale unless one carefully fine-tunes the bare masses and coupling
constants to avoid this scenario. For this reason scalar masses are called unnatural.

But the expression for 5mi suggests a way out: If the Yukawa and quartic scalar coupling
constants are equal, A = g, the quadratic divergence is absent! Indeed, if all of the
relations (1.2) are satisfied, the logarithmically divergent corrections vanish as well, and
we have 5mi = 0 at one-loop order! This is no fine-tuning, as these relations are naturally
enforced by supersymmetry. The latter requires an equal number of fermionic and bosonic
degrees of freedom, such that the fermion loop, coming with a minus sign due to the
anticommuting nature of the spinor fields, precisely cancels the boson loops. In this way
supersymmetry can stabilize the small scale of electroweak symmetry breaking against the
much larger scale where grand unification occurs, thereby solving the so-called hierarchy
problem.?

Our argument relied on a one-loop analysis, but the conclusions derived above remain true
to all orders in perturbation theory thanks to the aforementioned non-renormalization
theorems in N = 1 supersymmetry, which will be the topic of the last lecture.

2This argument does not explain where the hierarchy of scales is coming from in the first place. One
should therefore better speak of the naturalness problem.



2 Weyl spinors in D=4

The superspace approach to supersymmetric theories in four spacetime dimensions is most
conveniently formulated in terms of Weyl spinors. As these are usually not covered in
introductory courses on quantum field theory, we shall briefly list their properties.

In our conventions, the Dirac y-matrices v* with =0, ..., 3 satisfy the Clifford algebra

{’Y;La ’YV} = Qnuy]]- > (2].)

where n = diag(—1,1,1,1) is the Minowski metric. A particular representation of this
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algebra is the Weyl representation

7#:1(;)“ 0:) . (2.2)

Here, the o-matrices are given by
ot =(-1,7), ot =(-1,-7), (2.3)

where 7 are the three Pauli matrices. In the Weyl representation, we have

~1 0
:_'0123: 24
Y5 = —iy vy vty (0 1), (2.4)

such that Dirac spinors ¥ decompose into left- and right-handed two-component spinors
with respect to the projectors Pr/r = %(IL F )

Uy = <§Z> . (2.5)

Dotted and undotted Greek indices from the beginning of the alphabet run from 1 to
2. The Weyl spinors y and A form irreducible (and inequivalent) representations of the
universal covering SL(2, C) of the Lorentz group; infinitesimally, we have

Mo =40 wlvo == (0 0 )(5) (26)

O

Here, we have introduced matrices

ot = i(a“&” —a’a") ot = i(&“a” —a’d") (2.7)
satisfying the same commutation relations as the Lorentz generators M, namely
[O-MV ’ 090] = NuoOve — MvoOpuc + NvoOue — NueOvp (28)



and analogously for G,,. Using the SL(2, C)-invariant® e-tensors

)=o) = (£ ) =) =~ (29)

satisfying %5, = 45, we can pull up and down spinor indices,
X=X, Aa=epN, (2.10)
and form Lorentz invariants from two Weyl spinors of the same chirality:
XY = X"Pa = e¥Xg%a = —€¥Xats = —Xa¥" =Y Xa = X
M = A = ey W = —ey NgP = Ay = A =X . (211)

Here we have assumed that the spinors anticommute.
Complex conjugation reverses the order of fields and turns left-handed spinors into right-
handed ones and vice versa. For example

()" = (X*%a)" = (%) (X*)" = YaX* = PX = X0 . (2.12)

In the Weyl representation, Majorana spinors are of the form

Uy = <§3> with X% = (x%)* . (2.13)

The free action for a massive Majorana spinor then reads

Lo= =3V (y"0u 4+ m)Vy = —5x0"0X — 3m(xx + XX) , (2.14)

D=

where Uy, = i¥},70 = (v, Xs) and AD,B = A9,B — 0,AB.

Numerous identities satisfied by the o-matrices can be found in appendix A.

Exercise: Use the Schwinger-Dyson equation (65/6¢'(x) ¢/ (z)) = i6?6(z —y) in showing
that for the Lagrangian (1.1) subject to the conditions (1.2) the fermion propagators are
given by

(Yal®) Yaly))y = D%mQ 0ha 00z —y)  (Yal2) ¥ (y)), = D%me 0oz —y) .
Verify the tree-level Ward identities
(O (va(2) 8() )y = (e (9(x) 7 (9)) ) = O

for the infinitesimal supersymmetry transformations

Sep=—EU,  Serba = (Mm@ + g@°) — 1(0"€)a0up -

3For M € SL(2,C) it is MeM! = detM ¢ = ¢.



3 The supersymmetry algebra

Drawing on the Coleman—Mandula theorem, which states that the most general algebra
of bosonic symmetry generators of the S-matrix is given by the direct sum of the Poincaré
algebra and a compact Lie algebra of internal symmetries, Haag, Lopuszanski and Sohnius
proved that the unique* extension including fermionic generators with anticommutation
relations consists of the supersymmetry (or super-Poincaré) algebra:

{Qfxa Qa]} = 25;0-gapu ) {QZO“ Q%’} - Eaﬁzij ) {Qo'zia Qﬁ]} = ECVBZZ] ) (31)

with indices 4, j ranging from 1 to some number N. For N > 1 one speaks of N-extended
supersymmtry. The 4N supercharges Q! = (Qq4;)" are Weyl spinors,

[MWM Qfx] = iaul'aﬁ@% ) [lev Qdi] = _iQBi 5#“'6d ) (3'2>
cf. (2.6), and translation-invariant:
[Py, QL] =1[Pu, Qai] = 0. (3.3)

The so-called central charges Z¥ = —Z7" = (Z;;) can occur only for N > 1 and commute
among themselves and with all other generators:

[Z%, everything ] = [ Z;;, everything] =0 . (3.4)

The supersymmetry algebra (3.1) has an outer automorphism group U(N), under which
the supercharges and central charges transform according to their index structure:

QL= U Q. , Qu— Qu(U N, ZV-UWU,ZM. (3.5)

«

This automorphism group is being referred to as R-symmetry.
Exercise: The graded commutator [A, B} = AB — (—)AIBIBA, where |A| = 0 if A is
bosonic and |A| =1 if A is fermionic, satisfies the Bianchi identities

(=) AL [B,CY + ()P [ B[O, A} + (=) [C.[A,B}} = 0.

Use this to determine from the supersymmetry algebra the commutator [ M, , F,].

4 Supersymmetry multiplets

In this section we construct irreducible representations of the super-Poincaré algebra
using Wigner’s method of induced representations. This consists of first constructing
representations of the little group leaving a given momentum vector invariant and then
applying Lorentz boosts to obtain representations of the full super-Poincaré group. Note

4In the massless case it can be further extended to the superconformal algebra.
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that as a consequence of [@, P?] = 0 states in multiplets of unbroken supersymmetry
are degenerate in mass. We shall treat only massless states in some detail; we briefly
comment on massive states and central charges at the end of this section.

Let us consider one-particle states with fixed light-like momentum p* = (F,0,0, E). The
little group of p* is generated by the operators

Ny = Myo + M3, Ny = Myy + Mas J3 = M, . (4.1)

They span the algebra FE,. N; and N, being non-compact generators, they must be
trivially realized in any finite-dimensional unitary representation. Thus, we can classify
states by their J;3 eigenvalues A, the helicities, which are half-integers:

J3A) = AN, AeLZ. (4.2)
From the commutator
[J3, Qai] = —ngi o1 = —%Qm 70, (4.3)

we infer that Qj, lowers the helicity by %, while Qs, raises it by the same amount.
On states with momentum p#, we have

(@ Qajt = 26 (0% — o) = 4E 5 (é 8) , (4.4)

implying that Q% and its hermitean conjugate Q;; must be trivially realized. From (3.1)
it then follows that the central charges Z% vanish:

{QL, Q5 =0, {Qai, Qs}=0. (4.5)

Thus, Qi; and Q! satisfy the same anticommutation relations as N copies of fermionic

creation and annihilation operators, respectively, familiar from quantum mechanics. We

can build multiplets by successive application of creation operators on a highest weight
state |\) with

Q1A) = Q3]A) = Q3,[A) =0 . (4.6)

For simplicity, we take |A) to be a singlet of the R-symmetry group. We can then apply

up to N different creation operators Qi, to |\); monomials of more than N such operators
vanish identically due to their nilpotency. In this way, we obtain the following states:

states helicity # components
|A) A 1
Qi) A—1/2 N
Qiil e Qukp‘) A= k/2 (]IX)
Qil"'QiN|)‘> )\—N/Z 1
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The total number of states is chvzo (]Z) = 2%, However, if we want to realize such
a multiplet in a relativistic quantum field theory, we in general have to add the CPT
conjugated states with opposite chiralities in order to achieve CPT invariance. Only when
A = N/4, which requires N to be a multiple of 2, can the multiplet be CPT self-conjugate.
It appears to be impossible to have interacting massless particles with helicities || > 2,
so we must impose the constraint

4> Anax — dmin = N/2 & N<8. (4.7)

In four dimensions one can have at most eight supersymmetries, corresponding to 32 real
supercharges. This restriction actually applies in any number of spacetime dimensions.
Let us give some examples. The most important N = 1 multiplets are

which correspond to the chiral, vector and supergravity multiplet, respectively. The
construction of interacting quantum field theories for the first two will be the main subject
of these lectures.

N =1 chiral and vector multiplets can be combined into N = 2 vector multiplets:

1), 13)*,10) @ 10}, 1-3)*, 1-1),

where superscripts denote the multiplicities of the states. However, at the field theory
level this is possible only for very specific interactions between the N = 1 multiplets; in
particular, all fields must transform in the adjoint representation of the gauge group.
The largest physically sensible, massless, irreducible representation is the N = 8 super-
gravity multiplet,

|2>7 |%>87 |1>287 |%>567 |0>707 |_%>567 |_1>287 |_%>87 |_2> )

which is CPT self-conjugate.

Exercise: List the states contained in the massless N = 3 and N = 4 vector multiplets
(with helicities |A\| < 1) and compare them.

To close this section, let us briefly comment on massive multiplets. We can always choose
a frame in which p* = (m,0,0,0), whence

{Qh, Qaj} = 2m 8}004 - (4.8)

We now have 2N sets of fermionic creation and annihilation operators amd the multiplets
are generically larger than in the massless case: for vanishing central charges they contain
22N states. In general the eigenvalues Z, of the central charges are bounded by | Z,| < 2m.

The multiplets are shorter if for some r this so-called BPS bound is saturated.



5 Superspace and superfields

We now come to the construction of field theories that realize some of the above multiplets.
We shall restrict ourselves to N = 1 supersymmetry for the remainder of these lectures;
the R-symmetry index ¢ can then be dropped. In particular, this means that there are no
central charges.

Superfields ¢(z) live in superspace R4, which extends ordinary Minkowski space R* (with

signature 790 = —1) by Grassmann-odd variables:
2= (at, 0%, 0,) . (5.1)
The latter are related by complex conjugation via (#*)* = #%. Note the position of

the index of z; = 6, as compared to z* = 6%; this convention was chosen such that
contractions like z{' 254 are real, cf. (2.12).

One can regard superspace as a coset space of the super-Poincaré group divided by the
outer automorphism group SL(2, C) x U(1). The variables 2 parametrize coset elements
as

g(z) = o 1M Puti0®Qa+i0aQ* (5.2)

A supersymmetry transformation with Grassmann-odd parameters £%, &, corresponds to
a motion in superspace induced by the left-multiplication

9(0,£,8) g(z) = g(¢) , (5.3)
which can be easily worked out using the Baker—-Campbell-Hausdorff formula
oA B — eA+B+%[A,B]+... . (5.4)

Recall that the additional terms in the exponent on the right-hand side vanish if [ A, B]
commutes with both A and B, which is the case here. Infinitesimally, we find for §¢z* =
24 — 24 that

Sewt = i(00"E — o), 507 = &%, Oela = & . (5.5)

Superfields ¢(z) = g(2)$(0)g~!(z) transform as scalars under such motions:
¢'(2') = ¢(z) . (5.6)
Infinitesimally, we then have
0ed(2) = ¢'(2) = ¢(2) = ¢'(2' — d¢2) — 6(2) = —0¢z" Da0r(2) . (5.7)

Plugging in the transformations of the coordinates and collecting terms proportional to &
and &, respectively, it follows that

0ed(2) = 1(£°Qu + £aQ”) $(2) (5.8)

9



with the supersymmetry charges being represented by differential operators

Qo = 16% + (0"0)4 Oy Qs = —16% — (00")40, . (5.9)

They satisfy the anticommutation relations®

{Qom Qd} = —2i 8&0’4 s {Qaa Qﬁ} =0= {Qd7 Qﬁ} ) (51())

where the momentum operator is represented on superfields as P, = —id,. The commu-
tator of two supersymmetry transformations yields a translation in z-direction:

[0¢, 6] = a0, with a" = 2i(Eo”( — (otE) . (5.11)

We will find that superfields in general describe reducible multiplets. In order to obtain
irreducible representations, we have to impose suitable constraints on the superfields.
These must neither restrict their spacetime dependence nor break supersymmetry. The
latter is preserved if we formulate the constraints in terms of supercovariant derivatives

_ 0 in =0 gon
D, = 509 +1(0"0)0 0, D, 505 i(0c")s0, (5.12)

of the superfields. These are constructed such that they anticommute with Q. and Q4
and therefore map superfields into superfields:

0¢ Dag(2) = Daded(2) = 1Da(§Q + £Q) d(2) = 1(§Q + £Q) Dad(2) -
They satisfy the same algebra as the supercharges:
{Dy, Dy} = —=2104s , {Da, D} =0={Ds, Dﬁ-} . (5.13)

Since the #’s anticommute and spinor indices take only two different values, third and
higher powers vanish,

0°0°0" =0, 6,650, =0. (5.14)
Thus, superfields are polynomials in these variables. Using the identities
040" = =300, = 120> | 0405 = —3e,50,07 = —1c 507 (5.15)

we find that the most general superfield is of the form

o(2) = @(x) + 0(z) + OX(x) + 05"0A,(x) + 0> F (2) + 0°G(z)
+ 62 0\(x) + 62 On(z) + 620°D(x) . (5.16)
Note that ¢ may carry unwritten spacetime, spinor, and gauge indices. The x-dependent

coefficient functions in the #-expansion of a superfield constitute a supersymmetry multi-
plet. They can be regarded as the lowest components of superfields obtained by applying

5We are using the notation Vo4 = Jng# for arbitrary vectors V,, here.
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appropriate polynomials in supercovariant derivatives to ¢(z). For ¢(z) as above we have
for instance

p(r) = ¢(2)]g=g=0 »  Ya(r) = Dad(2)lp=g=o » Aaa(r) =

[ Do, Da]6(2) lp==0 -
(5.17)
Their supersymmetry transformations are obtained from the #-expansion of the trans-

N[

formed superfield:®
5ed(2) = Sep(w) + 0 0¢p(z) + 05 X () + 000 5 A(x) + ... . (5.18)

The fact that the supercovariant derivatives differ from the supersymmetry generators
—iQ, and —iQ, only by #-dependent terms allows us to replace the latter by D, and
Dy, respectively, under the projection to # = # = 0. We can therefore determine the
transformations of the components (5.17) by applying the operator —(¢D + £D) under
the projection and then using the commutation relations to express the result in terms of
the other components. For example, we find in this way that

dep(r) = 1(6Q + £Q) 3(2)lg=p—o = —(§D + ED) ¢(2) lg—g—0 = —E¥(2) — EX(x)

and

O¢tha () = —(ED + D) Dat(2)[—g—q
= 3 (2ap’D* + €% Ds, Do) + % {Da, Da}) ¢(2)l9—i—o
= =26 F(x) — (Uﬂé)a(Aﬂ +i0u,¢)() -

From the lowest component ¢(x) = ¢(x,0,0) of a superfield the latter can be recovered
by exponentiating component supersymmetry transformations with 6’s as parameters:

6(2) = exp(— = % (x) . (5.19)

More generally, from every supersymmetry multiplet superfields may be constructed by
applying the operator exp(—dy) to any component field.

6 Superspace integration

Just like translation-invariant actions can be constructed from spacetime integrals over
scalar Lagrangians, we obtain supersymmetric actions from integrals of superfield La-
grangians over superspace. These will automatically be invariant if the superspace inte-
gral is invariant under supertranslations. This is the case for the Berezin integral: any

®Note the abuse of notation here: the operator ¢ on the left-hand side acts on superspace variables,
whereas J¢ on the right-hand side does not. We refrain from using two different symbols in the hope that
no confusion arises.
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function of a single Grassmann variable 6 can be expanded as f(0) = fo + 6 f1, where the
components may depend on additional bosonic and fermionic variables. We then define

/d@ £6) = fr = % ) . (6.1)

This integral has the curious property that it acts just like differentiation. It is indeed
invariant under translations in 6:

/d@f(0+€)=/d9(fo+9f1+§f1)=f1-

If we define measures d?6 and d26 such that

/d2002:1, /d2002:1, (6.2)

then the integration over #* and 6, projects to the highest component of a superfield. For
¢(z) as in (5.16), we have

/ 206(2) = 6(2) |2 = F(a) + OA(x) + 0°D(x) .
/ d?0 d*0 ¢(2) = ¢(2)|g2g2 = D(z) . (6.3)

The integral of an arbitrary superfield over the full superspace

/ 05 () = / dbz d20 420 (2) (6.4)

is manifestly supersymmetric thanks to its translation invariance:

d¢ /dgz (z) = —/dgz 62400 0(2) = —/d8 (553:“8 + & 890‘ + &~ %) ¢(z) =0.

Since the highest component of a real superfield integrand is usually denoted by D, this
invariant is often called a D-term.

According to (5.12), integration over 8% may be expressed in terms of the supercovariant
derivatives:

2 Lgg2 = Las 0 0 _ 1pa
/d9_2/d9d9 tew 80— Ipep,+..., (6.5)

and analogously for ,, where the ellipsis denotes terms that involve derivatives d,. Upon
integration over spacetime, these can be neglected,

/ d'z 420 &%6 = % / 'z D2D? (6.6)

Note that the order of D? and D? does not matter here, for their commutator is a total
derivative:

[D?, D*| = —4i9,6"**| Dy, Ds] . (6.7)
The above equations also imply that partial integration of a supercovariant derivative is
always possible, since there is no “boundary term”:

/d4x d?’0 Dod(z) =0 = /d4x d?0 Da(2) . (6.8)

12



7 Chiral superfields

An important example for an N = 1 supersymmetry multiplet is the so-called chiral
superfield. It is a complex field ¢(z) that satisfies the constraint

Dsp(2) =0 . (7.1)

¢(z) need not be Lorentz-scalar, it may carry unwritten indices. Indeed, in the next
section we shall encounter a chiral spinor superfield. In supersymmetric extensions of the
standard model matter such as quarks and leptons is described by chiral scalar superfields,
however.

If we introduce a complex composite bosonic coordinate

y" = 2" 4 100" (7.2)

and express the supercovariant derivatives in terms of the new coordinates (y, 6, 6),

O o ouz " )
D, = -2 192(6"0),0 , Dgy=—-2 .
o = a5 + 20" 0)ady e (7.3)

we see that the general solution to (7.1) is given by superfields which depend on 6% only
via the combination y*:

¢(z) = ¢(y,0) . (7.4)
The space C*? parametrized by (y,#) is being referred to as the “chiral superspace”.
Functions on this space have a shorter #-expansion than full superfields:

o(y,0) = o(y) + 0p(y) + 6°F(y) . (7.5)

Thus, a chiral scalar multiplet comprises a complex scalar ¢(x), a left-handed Weyl spinor
o), and what will turn out to be an auxiliary complex scalar F'(z). From (7.5) we
obtain the expansion of ¢(z); using the identity”

f(y) = exp(i06#00,,) f(x) = (1 +i00"0 0, + 10°6° 1) f(x) , (7.6)
we find
9(2) = p(x) + () + 0°F(2) + 0050 0,0(x) + 167 05" 0,0 (x) + 16°6° Op(z) . (7.7)
Expressed in terms of supercovariant derivatives of ¢(z), the components are given by
p(2) = ¢(2)lp=g=0 »  Ya(r) = Dad(2)lpogo , F(z) = —1D°¢(2)|ggo - (7.8)
Their supersymmetry transformations can be determined as explained above:

O¢ip(r) = —(€D + ED)(2) lg=g=0 = —E¥ (@)

"The o-matrix identities imply that 6o#6 00”0 = —3626%n"".
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O¢ta(z) = =(§D + ED)Dad(2) lp=p=0 = —28a F(z) — 2i(0"€)aOup (@)
0¢F(x) = (€D + ED)D?*¢(2) |g—g=o = —1£0" Outb(x) . (7.9)

The first two we had already computed; the one of F' follows simply by noting that third
powers of D, vanish and that on chiral superfields it is

Dc’vD2¢ - [D(j” D2]¢ - —QDQ{DO'[7 Da}(b = 4i8adD°‘<b .

Exercise: Compute the commutator [0¢ , d¢ | of two supersymmetry transformations on
the components of the chiral scalar multiplet.

We note that since D, is a derivation, sums and products of chiral superfields are again
chiral. Moreover, since the Dy anticommute, D?Y(z) is chiral for arbitrary superfields
Y(z). Complex conjugation of a chiral superfield ¢(z) gives an antichiral superfield ¢(z)
satisfying the constraint D,¢(z) = 0.

To determine an invariant action for the chiral scalar multiplet, let us consider the highest
component of the real composite superfield ¢¢ build from ¢ and its complex conjugate:

020 (— 20,000 + ¢ 0p + ¢ 0p — oD, + 4FF) + ... . (7.10)

Thus, we obtain the free field Lagrangian by projection to the §26? component of this
expression, the D-term, and the manifestly supersymmetric action is simply

Sy = / B2 §¢ = / d'e (= 8,00 — 100, + FF) . (7.11)

We find that there is no kinetic term for the complex scalar F' — it is an auxiliary field,
whose purpose it is to equalize the numbers of bosonic and fermionic components and
allow for a linear representation of the supersymmetry algebra that closes off-shell, see
below. That no derivatives of F' can occur in a renormalizable action also follows from the
fact that F has mass dimension 2 if we assign mass dimension 1 to ¢.® F has an algebraic
equation of motion and can therefore be eliminated by inserting its solution back into the
action. In the free case, this simply sets F' = 0.

There are two kinds of self-interactions for chiral scalar multiplets. First, we may replace
the integrand ¢¢ of Sy by a more general real function K(¢,¢) of several® chiral and
antichiral superfields ¢* and ¢° without spoiling supersymmetry. This then gives rise to
supersymmetric non-linear sigma models (NLSM):

/dgzK(gb,gz_S) :/d4x (—%@Wﬁ“gpj+...) .

8From (5.12) and (5.13) it immediately follows that supercovariant derivatives and 6’s carry mass
dimension 1/2 and —1/2, respectively.

9The index i that counts chiral scalar fields is not to be confused with the R-symmetry index in
N-extended supersymmetry.
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K(¢,¢) is called a Kihler potential, because the target space geometry of the NLSM is
that of a complex Kahler manifold. We shall not consider target spaces other than C”,
as these would correspond to non-renormalizable theories.

The second way of introducing interactions is via a so-called superpotential. This method
relies on the fact that we can build supersymmetry invariants by integrating a (composite)
chiral superfield over chiral superspace C*?: For any chiral superfield ¢(z) we have

5§/d4xd20¢:—/d4xd20 (§D+§D)¢:—/d4xd20 gaa%aqs:o.

Here we have used that ) and 1D differ only by a spacetime derivative and that ¢ satisfies
the constraint (7.1). This provides a means of introducing supersymmetric mass terms
and interactions by integrating over chiral superspace a polynomial W(¢) of the chiral
scalar superfields in the theory:

Sw = /d6z W(p) + c.c. . (7.12)

d%2 = d*z d*) denotes the measure on C*2. Note that W(¢) can only depend on the
@', not on their antichiral complex conjugates — in this sense the superpotential is a
holomorphic function. By the chain rule satisfied by the supercovariant derivatives, it is

itself chiral:
ow

g

As the f-integration picks out the F-component of the chiral integrand, this action is

DyW(¢) = Dad’ 0. (7.13)

often being referred to as an F-term.

To determine the component Lagrangian of Sy, we epress the chiral superfields as func-
tions of (y, #), expand W(¢) about the lowest component ¢(y) of ¢(y, #), and pick out the
part proportional to 62. A translation in spacetime, under which the integral is invariant,
then takes us back from y to z:

/dGZ W(¢p) = /d6z W(p + 0 + 6°F)

_ / A% [W () + (00 + 02 F')Wilip) + 10000 Wy ()]

- / di [FIWi(p) — Lo Wiy )] - (7.14)
Here we use the notation 9 W( )
"W
W.. = -7 7.15
nl0) = g o (7.15)
If we add Sy to the free action Sy,
L=—0,0" 0" — $9'c"0,0" — 2 W Wii() — 29" Wis()
+FUF 4 F'Wilp) + F'Wi(g) (7.16)
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which we can do since both are independently supersymmetric, the equations of motion
for the auxiliary fields are no longer trivial:

08 Fi
SE 0 & Wi(p) (7.17)
Plugging the solutions back into the action, we obtain a salar potential (L =...—V)
Vie.g)=F'F =3 |Wio) . (7.18)

Being a sum of squares, the potential is non-negative, which will turn out to play an
important role in the discussion of spontaneous supersymmetry breaking.
If we require the theory to be power-counting renormalizable, then the superpotential
W (¢) can be an at most cubic polynomial in ¢. This follows from a dimensional analysis:
The mass dimension of d®: is —3, therefore the one of W(¢) is 3. As a chiral scalar
superfield has mass dimension 1, coupling constants of negative dimension would occur
for quartic and higher powers of ¢. Thus, the most general renormalizable superpotential
reads

W(¢) = \¢' + imi;j¢'d? + Lgind'e! o" (7.19)
with in general complex totally symmetric parameters \;, m;;, and g, of mass dimension
2, 1, and 0, respectively. The action then takes the form

L=—0,0" 0" — 300" " — fmy b — gty
— 59" VU — §G P =Y N+ my e+ g o (7.20)

This is the Wess—Zumino model. As long as the scalars ¢ have vanishing vacuum expec-
tation values, the parameters m;; set the masses of the fields while the g;;;, correspond to
Yukawa couplings.

Exercise: Show that the supersymmetry Noether current of the Lagrangian (7.16) is given
by the spinorial vector

Jh = =0,@" (0" 0"} )a +1(0"V")aWi(@) | (7.21)
and compute the action of the corresponding supercharge Q, on ' using the canonical
commutation relations. Hint: the current can be read off from the result d¢ L = 0, K" +
0,8 J" + ij“ of a local supersymmetry transformation of the Lagrangian.

If we replace the F" in the supersymmetry transformations (7.9) of 1* by their on-shell
expressions,

Se)' = 26W;(p) — 2i0"E D" (7.22)
the commutator of two such transformations closes into a translation only for spinor fields
that satisfy their equations of motion:

[56,5<wi,=a“awg+6z;@% with &7, = 469 (Cas — £aCa) . (7.23)

o
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The right-hand side, being the commutator of two symmetry transformations, must be a
linear combination of symmetry transformations even off-shell. Indeed, the extra term is
a special case of a so-called trivial symmetry

Suid! = E (9, ) 5575 with £ = —(=)l1le ! (7.24)
for an arbitrary set of fields ¢! that can be bosonic (|¢!| = 0) or fermionic (|¢!| = 1).
These obviously leave the action S invariant thanks to the graded antisymmetry of £77:

bueS1e) = [ b 25 = [ £10) 588 0

Such trivial symmetries typically appear only for fermions, since supersymmetry transfor-
mations are at most linear in derivatives whereas field equations of bosons are of second
order.

As can be seen from (7.22), after elimination of the auxiliary fields the free action and the
superpotential terms are no longer separately invariant, only the sum is supersymmetric.
It is one of the great advantages of an off-shell formulation with auxiliary fields that one
can add invariants to obtain new ones as the symmetry transformations do not depend
on the choice of the action.

8 Supersymmetric gauge theories

We shall now couple the matter fields contained in chiral multiplets to gauge fields. In
order to preserve supersymmetry, the latter have to be embedded into supersymmetry
multiplets as well. Recall that under gauge transformations with spacetime-dependent
parameters €*(x) matter fields ¢ transform as

ie?(z)Ty

p(r) (8.1)

where the T, are hermitean representation matrices of the compact Lie algebra of internal

p(r) — ¢'(v) =e

symmetries with real structure constants:
[Tav Tb] = ifabcTc . (82)

As long as the T, commute with the supercharges, all components of a chiral superfield
must carry the same gauge charge. It is therefore tempting to simply implement gauge
transformations of chiral superfields by extending the above to ¢/(z) = e @7 ¢ (z). But
for arbitrary parameters £%(x), ¢'(z) is no longer chiral, Ds¢'(2) # 0. To preserve this
constraint, we have to promote the gauge parameters to full chiral multiplets themselves:

P(z) — e@p(2) | Az) =A%2)T,, DsA%(z)=0. (8.3)

We will later have to fix the gauge transformations involving the additional bosonic and
fermionic parameters contained in A(z).
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The antichiral matter fields obtained by complex conjugation transform as
81(2) = 1(z) e NG (8.4)

where AT(z) = A%2)T, is antichiral as well. As expected, the integrand ¢'¢ of the free
superfield action then is not gauge-invariant:

oo — ol e elhg £ ¢l . (8.5)

We need to couple to a gauge connection whose transformation compensates for those of
the matter fields. The action

/ d®2¢'e®¢p with V(z)=V*2)T, =Vi(2) (8.6)

is supersymmetric and gauge-invariant if the real superfields V(z) transform such that

Q2V(2) _, GiAT(2) g2V (2) o—iA(z) (8.7)

This includes the inhomogeneous term characteristic of a connection:
VoV—IA-A)=—J[V,A+AT+... . (8.8)

Hermiticity of V' (z) implies that its expansion in terms of Grassmann coordinates is given
by
V(z) = C+ifx —i0x" + 50°M — 30°M" + 05"0 A,
+ 020\ — 1670, x) + 070N+ 10"0,XT) + 10?0 (D + 100C) ,  (8.9)
where we have shifted A and D by derivative terms for convenience. Comparison with
TA=AN(z) =d(p— o) + 100 — L0yt + 10°F — S0°FT — 1000 0,,(¢ + )
—160%05"0,1) + 107000, 9" + 10°0° D — o) | (8.10)

where for simplicity we denote the components of the chiral superfields A with the same
symbols as for chiral matter, shows that in the abelian case

Ca_)0a+1m(pa’ Xa_)Xa_%,l?Z)a’ Ma_>Ma_Fa’
Al — AL+ 0, Rep” AT — A D* — D* . (8.11)
In the non-abelian case these transformations are augmented by nonlinear (indeed non-
polynomial) terms. It is now apparent that we can gauge away the fields C*, x*, and M*®
using the degrees of freedom contained in Im ® % and F®, which leaves us with the

usual gauge transformation of Aj involving the parameters Re ¢® that we identify with
the above €. This choice of gauge is called Wess—Zumino (WZ) gauge.
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Apart from a minimal field content, consisting of gauge fields A}, so-called gauginos \°,
and auxiliary scalar fields D®, this gauge has the major advantage that the action (8.6)
is polynomial in the fields. This follows immediately from the fact that in WZ gauge the
lowest component of V(z) already contains two 6’s,

Vivz(z) = 000 A, + 076X + 070X + 16°6°D (8.12)
and therfore third and higher powers of Viyz vanish identically:
Vivz(z) = —10°62A, A" | Vivz(2) =0 for n>3. (8.13)
Using gauge invariance of the action (8.6), we can evaluate it in WZ gauge and find
/d% Pl Wz g = /d% o (1 +2Vayz + 2Vid,) &
= / d*z [—D,p' Do — 116" Do + FIF + D ' T,
— T — XY Tp] . (8.14)

Here, D, = 8, — 1A} T, denotes the gauge-covariant derivative, giving rise to couplings
of the gauge fields to matter currents in the usual way. Moreover, we have obtained
Yukawa interactions involving the gauginos. We will find below that the term linear in
the auxiliary fields D® contributes to the scalar potential.

This action is not invariant under the linear supersymmetry transformations generated
by the @)’s, as these are broken by adopting the WZ gauge. This may be seen for instance
by inspecting the susy transformation of y,,

SeXa = —EaM — (0"€)a(0,C —iA,) | (8.15)

which does not vanish in WZ gauge where y,, itself vanishes. We must augment the susy
transformation by a compensating gauge transformation that restores the WZ gauge:

0V =6 + 0y with  A(2) = 2100"EA,(y) + 210%EN(y) - (8.16)

Exercise: Show that the WZ gauge-preserving susy transformations of a chiral multiplet
are given by

0o =—E, 67 =—2F —20"{D,p , 6P F =—ia" Dy — 28X, (8.17)

and that the commutator of two such transformations yields in addition to a translation
a gauge transformation with field-dependent parameter:

(6%, 607 ] = a!0, — (aA%)6, (8.18)
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In order to make the gauge multiplets dynamical, we need to construct a supersymmetric
extension of the Yang-Mills action. Recall that the gauge fields enter the latter through
gauge-covariant field strengths

Fo, = 0,A5 —0,A% + AD AS fi.” . (8.19)

v

A superfield constructed out of V'(z) that transforms covariantly under the gauge trans-
formations (8.7) is given by

Wi (z) = —%DQ(e_QvDaew) . (8.20)

Note that it is a chiral spinor: DsW,, = 0.

Exercise: Show that the gauge transformation of W, (z) is given by
W =W, e | (8.21)

implying that tr(W*W,,) is gauge-invariant.
Using the identity!”
1
e X Teg X' = gx© / ds (XN LT, with (X-f)’ = X°fo | (8.22)
0
which holds for arbitrary fields X* and derivations 0 and shows that the expression on
the left-hand side is Lie algebra-valued, we find that
e[ Dy, e ] =2D V(8 +iVefu +.. )Ty . (8.23)

Thus, in WZ gauge the field strength superfield (8.20) reads

a 1 = a : c a

We = —ZDQ(DQV + 1D VPV f1e) vy - (8.24)
The effect of the second, non-linear term is to turn the derivatives of Aj; and A" appearing
in the 6 expansion of W into gauge-covariant field strengths. The calculation is most
easily performed in chiral superspace (y,#), where the operator —D?/4 = il d?0 simply

picks out the #? component. We obtain

«

Wa(2) = Aa(y) + 0aD"(y) +i(0"0)a F, (y) — 10(a" DuA)a(y) (8.25)

where

Dy = 0, A" + AL X fi® (8.26)

We observe that the gauginos transform in the adjoint representation.

10T his follows from the identities f(X) = fol ds Os f(sX) for differentiable functions satisfying f(0) = 0
and e X TT, eXT = (eiX1) b Ty,
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Let us list the supersymmetry transformations of the physical component fields in WZ
gauge:

52’VZAH = (o, A+ Ao,
5 N = =€ D —i(0"E) 0 Fu
8"*D =iD,\o"E — il Dy (8.27)

The transformations of the covariant components of W, can be inferred from those given
in (8.17) by noting that only the chirality of ¢ was used in deriving the latter, a property
shared by W,,. Comparing the expansions of W, and ¢ suggests to make the identifications
Vo = Aa, Yap = €apD —i0"3F,,, and F, = —i(cr“D,}\)a, which gives rise to the above
equations and the transformation of the Yang—Mills field strength:

0" Fuy = 2Dy Aay€ + 2607, Dy X (8.28)

As shown in the previous section, integrating a chiral superfield over chiral superspace
yields a supersymmetric action. In particular, this applies to the composite chiral scalar

WW, = 00" 00 F,, Fpy — 210° \a" D, A + 6°D? + ...
=20%(— 1 Fu F" — LM F Fpo —iAd" DA+ 3D%) + ... . (8.29)

We recognize the Yang—Mills term in this expression. We still need to divide by g¢2,
the coupling constant (the canonical normalization of the fields is restored by rescaling
the vector multiplet by a factor g, which then also appears in the matter action). We
would also like to keep the second term in the above expression, despite its being a total
derivative and therefore of no consequence in perturbation theory:

1eme B Fo = Fl, F™ = 9, K" . (8.30)

It does contribute non-perturbatively through instanton configurations, though, for which

the boundary term
1

322

is non-zero. We can introduce separate parameters for the two field strength bilinears

/d% Fo, P =n e (8.31)

through the complex coupling

Y 4ri
= — 4+ — . 8.32
U e (8.32)

The correctly normalized super Yang—Mills action is then given by
Sevvi = - Im / d% r Wer e
8

- / d'o |- 4ng Fo e — % Fo, e éva—mﬂxﬁ + QLQQD“D“ . (8.33)
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There is another renormalizable supersymmetric action that can be constructed from
vector multiplets, provided the gauge group contains abelian factors. In this case we
infer from (8.27) that the corresponding D“ transform into total derivatives. Thus, the
so-called Fayet—Iliopoulos term

Sy = 2 /dSZ KoV = 1 /d4x Ko D® (8.34)
g g

is supersymmetric and gauge invariant for arbitrary real parameters x, that may be non-
zero for U(1) generators T,.
Finally, we can add a superpotential if W (¢) is gauge-invariant,

0 W (@) = =i(Tp)i Wi(¢) =0 . (8.35)

The most general renormalizable, supersymmetric, and gauge-invariant action for chiral
and vector multiplets is then given by

S = 8i Im/d6ZTWaaW£+2/dSZ KGV%/dSwTeW“TwwRe/dﬁz W(o) . (8.36)
7 g

The corresponding Lagrangian for the component fields reads

1 ¥

__ 4 Fa Fuvae _
£ 4g 32m?
. ? )\aa.ﬂD“)\a _ %Q/JT&“DM/} _ @TTai/f)\a _ j\aq/}TTagp

+ 97 D (a+ 99 Ta) + (FWile) = L0 Wiglg) +ec) . (8:37)

1
L D*D*+ 'R
29> +

Fg, F"™* — D, D' +

The F' and D® are auxiliary fields with algebraic equations of motion:

08 =
e FZ = —VV; .
SE 0 & Wi(p) (8.38)
05 _ 0 < g D= -k, — g Thp . (8.39)
oD
Plugging the solutions back into the action, we obtain the salar potential (L = ... —V)
V(p, ) = F'F +55 D“D“ Z |Wi(p Z (Ko + g0 Tu)? . (8.40)

a

Being a sum of squares, the potential is non-negative. We shall study some properties of
this theory in the next section.

9 Supersymmetry breaking

Unless supersymmetry is broken somehow, the masses of the fermions and bosons con-
tained in each multiplet are degenerate. This is not what we observe in experiments,
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so we have to study the mechanisms that can lead to supersymmetry breaking. Due to
time constraints we shall confine ourselves to spontaneous symmetry breakdown here,
even though an explicit breaking that occurs softly, i.e., without introducing quadratic
divergencies, is more attractive from a phenomenological point of view.

Let us first consider some general properties of spontaneously broken N-extended super-
symmetry before specializing to the N = 1 theory we have constructed in the previous
sections. The Hamiltonian in N-extended supersymmetry is given by

H =P = —i 506‘“{@3 ) Qaz} = i (Qﬁ@u + Q;Qm + QuQﬁ + QmQ;) (9'1)

for each i, that is, we do not sum over 7. It follows that its expectation value in any
(normalized) state is a sum of squares and therefore non-negative:

Vi: By = (V[H|V) = i > (IQLI)P + (@) w)I?) > 0. (9.2)

Hence, normalizable states with vanishing energy are always ground states. Such states
are supersymmetric, since they are annihilated by all supercharges:

Ey=0 < Vi: Q. |V)=0QulV)=0. (9.3)

On the other hand, if a ground state has non-vanishing positive energy, then supersym-
metry is spontaneously broken, as at least one supercharge for each ¢ does not annihilate
the state. This appears to imply that global supersymmetry cannot be partially broken
— either all supersymmetries are broken, or none of them is. But there is a loop-hole
to this argument: the supersymmetry algebra may contain additional bosonic terms that
do not correspond to symmetries of the S-matrix (and therefore are not excluded by the
Coleman—Mandula theorem) and which can indeed induce partial supersymmetry break-
ing.

Let us define a fermion-number operator:

(_)Np = eQT(iJg ’ (94)

where J3 = M, generates rotations about the 3-axis (any axis would do). As boson states
| B) are mapped into themselves upon rotations about 27, while fermion states |F') change
sign, we have that

()M By=1B),  ()™|F)=~|F). (9.5)
Hence
{(=)",Q}=0, (9.6)
where () denotes any of the supercharges. Consider now the following trace over one-
particle states with fixed momentum p* (which form a complete set):

trp [(=) " {Q4 , Qait] = 211, [(—)"F Pag] = 2pag tr, (=) . (9.7)
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The left-hand side of this equation vanishes thanks to (9.6) and the cyclicity of the trace.
For non-zero momentum p* we therefore conclude that the trace of the fermion-number op-
erator over the corresponding subspace vanishes, i.e., the number of bosonic and fermionic
positive-energy states is equal:

tr,20 (—)VFr =nkE>0 B0 =0, (9.8)

Positive-energy states always come in boson-fermion pairs. If we now take the trace over
the entire Hilbert space!!, only the zero-energy states contribute:

try (—)NF = n§:° — n?zo . (9.9)

This quantity is called the Witten index. If it is non-zero, then there are some states with
vanishing energy, which, as we have just seen, implies that supersymmetry is unbroken.
No statement can be made if the Witten index equals zero. What makes this index
useful is that it is a non-perturbative quantity, independent of the values of coupling
constants (as long as the variation of the parameters in the theory does not change the
asymptotics in field space). It may be evaluated classically and the result will still be valid
when quantum corrections are taken into account. Thus, if a classical calculation gives a
non-vanishing Witten index, supersymmetry will not be broken by quantum effects. For
example, pure super Yang—Mills theories without chiral multiplets all have non-vanishing
Witten indices.

Let us now study spontaneous supersymmetry breaking in N = 1 super Yang—Mills the-
ories. A global continuous symmetry with hermitean Noether charge () is spontaneously
broken if there is at least one field ¢(z) whose symmetry variation has a non-vanishing
vacuum expectation value, (0|[ @, ¢(z)]|0) # 0, which is incompatible with Q]0) = 0. We
would like to preserve Poincaré symmetry, which is guaranteed if for all fields

<[1Puv o)) = au<¢> =0,
<[iMlW7 (b]) = _<x,u81/ - xva,u)<¢> - Z/Jl/<¢> =0 5 (910)

where ¥, denotes the spin representation matrix for the field ¢. Thus, only constant vevs
of Lorentz scalar fields leave Poincaré symmetry unbroken. Inspection of the supersym-
metry variations of chiral and vector multiplets shows that it is the vevs of the auxiliary
scalars F'* and D® that may break supersymmetry spontaneously, as only those can lead
to a non-vanishing vev of a fermion variation:

(FY)=F3#0 = (6") = —26F5#0,
(DY = D2 A0 = (6A\°) = —ED2 A0 . (9.11)

HStrictly speaking, this trace is usually ill-defined and needs to be regularized. One may for instance
include in the trace the operator e ## | where 3 is a positive real number, and consider the limit 8 — 0.
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From (8.40), which expresses the potential in terms of a sum of squares of the auxiliary
scalars, we infer that supersymmetry is spontaneously broken if and only if Vi;;, > 0. The
potential is minimized for constant field values ¢} satisfying the equations

ov
&pi %o

= —Wi;(o) F§ — (00 T0)i D =0 (9.12)

Note that in general non-zero @) break gauge symmetry. Vanishing o will leave gauge
symmetry unbroken but break supersymmetry if V(yq) > 0.
Let us expand the action about the vevs ¢ and consider the fermion bilinears:

£ = =2 VW Wis(o0) — A TaA + ...
. | 0 V2 (phT.); ( AP )
— L ying |
2 ( v /\/_) <\/§(90$Tb)i Wij (o) ) VN2 "
E_%XtMFX+... . (9.13)

The squared masses of the combined spinors x are given by the eigenvalues of the her-
mitean matrix M}, M. The conditions (8.35) and (9.12) now imply that this mass matrix
has an eigenvector with eigenvalue zero:

My (Dg/ﬁ> =0. (9.14)
£y

Thus, if this vector doesn’t vanish, which is just the condition for supersymmetry to be
spontaneously broken, there exists a massless fermionic particle — the Goldstino:

xa ~ (Fi' 4+ D§ ") . (9.15)

We have seen that the necessary and sufficient condition for supersymmetry to be broken
is that the equations

Fy=—Wi(po) =0,  g7'D§ = —ka— g9} Tupy = 0 (9.16)

admit no solution. In fact it can be shown that, as long as all Fayet—Iliopoulos constants
kq vanish, if there is a solution to the F-equations, then there exits another solution that
also solves the D-equations. It therefore suffices to study only the former.

We can always choose our field basis such that only F! has a non-vanishing vev:

(FY = -M*, (F'Y=0, I=2,...,n. (9.17)

It can then be shown that the most general renormalizable superpotential that leads to
spontaneous supersymmetry breakdown is given by

W(p) = M*¢" + Lmp 0" 0" + inpy0'o' 0" + Lgrx o' ¢’ o™ | (9.18)
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where the matrix (m~=1)!/n ;x must be nilpotent. This condition requires that the number
of chiral multiplets n > 3. For vanishing D® the scalar potential then reads

Ve, @) = IM* + 3npso" 0" P+ ) Imuse” + s’ + grice’ o1 . (9.19)
=2
The minimum Vi, = M* > 0 is attained for ¢! = 0. We observe that the vev of ¢!
is arbitrary — the classical potential has a flat direction. In general the vevs of scalars
whose F-partners break supersymmetry cannot be fixed by the tree-level potential.
The simplest example is obtained for three chiral multiplets with

01 0 0
mry = [ (1 0) ; nry = A <0 1) , grirk =0, (9.20)

which gives the superpotential of the O’Raifeartaigh model:
W(p) = M?¢" + u¢®d’ + 370" (¢%)? . (9.21)

Exercise: For real parameters M, p, X\ with p?> > M?*X, determine the tree-level masses
of the siz real bosonic scalars contained in ¢' = (A* +iB%)/v/2 and of their superpartners
(you can choose o} =0 for simplicity).

10 Perturbative non-renormalization theorems

In the introduction we had observed the remarkable absence of one-loop corrections to
the masses in the Wess—Zumino model. Here we want to outline, without going into
all the details, a proof'? that there is in fact no renormalization of the parameters in
the superpotential of N = 1 super Yang—Mills theory to any order in perturbation the-
ory. Moreover, gauge coupling constants receive no perturbative corrections beyond one
loop. The arguments used in the proof do not exclude wave function renormalization or
non-perturbative quantum corrections due to instantons, however, and these do occur in
general.

A central ingredient in the non-renormalization theorems is the chiral U(1) R-symmetry
of the N = 1 supersymmetry algebra, which acts on the supercharges as

Qo =€ Qn, Qa—e"Qa . (10.1)

The representation (5.9) then implies that the Grassmann variables transform as 6 — e'*0,
0 — e7*. We say a superfield carries R-charge ¢ if its transform is given by

¢'(2) = e ¢(x,e7'0,e'0) . (10.2)

12We follow Weinberg in [9], where more details can be found.
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We will be concerned with the R-invariance of the chiral superspace integrals in (a modi-
fication of) the action (8.36). Recalling that Grassmann integration is the same as differ-
entiation, we find that they are invariant if the superpotential W(¢) and the Yang—Mills
super field strength W carry R-charges 2 and 1, respectively.

Let us now investigate the Wilsonian action S(u), the local effective action describing the
physics below an energy scale p that is obtained by integrating out fluctuations of the fields
with momenta above p. The perturbative corrections to S(u) are severly constrained by
the following properties/conditions: First of all, as long as supersymmetry is preserved,
the effective action can again be written as the sum of two integrals over the chiral and
the full superspace, respectively. The integrand of the former must be holomorphic in the
chiral superfields ¢* and W Moreover, there are selection rules due to global bosonic
symmetries like the R-symmetry above that are preserved in perturbation theory. These
two properties will exclude most quantum corrections in the chiral sector of the effective
action. Last but not least, one can assume that the theory behaves smoothly when going
to weak coupling limits, which enables one to reduce certain calculations to tree-level,
where they can be easily carried out.

Instead of the action (8.36) (without FI terms for simplicity) we consider a more general
microscopic action that depends on two additional gauge-invariant chiral scalar superfields
Y (z) and T'(z):

L= / d*9 ¢t e® e + 2Re / d*0 [YW(gb) + L
1671
This gives a new holomorphic superpotential W(Y, ¢) = YW(¢) and a field-dependent

gauge coupling. The original action is recovered if we replace the new fields by the

W““W;] . (10.3)

constants ¥ = 1 and T = 7, which are trivially chiral. Apart from super-Poincaré
symmetry, £ has two global continuous symmetries that are preserved in perturbation
theory: An R-symmetry with charge assignments

R(@)=R(V*)=R(T)=0, RY)=2 (10.4)
(eq. (8.20) implies that R(W,*) = 1), and the Peccei-Quinn shift symmetry
T—-T+e, e€R, (10.5)

which only changes the prefactor of the total derivative term (8.31). That the non-
renormalization theorems hold only at the perturbative level is due to the fact that these
two symmetries are broken by instantons: The chiral R-symmetry is anomalous, with the
violation of R-charge conservation being proportional to the instanton number n defined
in (8.31). Likewise, for n # 0 a shift of T produces a non-trivial phase factor e*™"¢ in the
path integral.

For the effective action of the theory with extended field content the most general super-
symmetric Ansatz is of the form

L(p) = /d49K(gz5, o V,Y, Y, T,T) + 2Re/d20 o, W,Y,T) .
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The functions K and f, which depend on the scale p, are constrained by the above
symmetries. In particular, since f is holomorphic in the chiral superfields, it cannot
depend on any fields carrying negative R-charge. The perturbative R-symmetry and
SL(2, C) invariance then imply that

1 aa
f=Y (@ T)+ 7= W W) ka(6,T) .

Furthermore, the shift symmetry (10.5) forbids any 7' dependence except for a linear
term in the function k., while holomorphy excludes a ¢ dependence of the latter since
for Y = 0 each ¢ must be accompanied by a ¢. Gauge invariance requires that ke be
proportional to d,5, SO we arrive at

1

F=YMo)+ 65

We can now employ the aforementioned weak coupling limit by first sending Y to zero. The

We W (kT + 47iC) .

usual counting of vertices, internal lines and loops in Feynman graphs then leads to the
number of powers of the inverse gauge coupling t = T'|y_g_, being given by Ny = 1— Nigops.
Hence, the constants k and C' correspond to tree-level and one-loop contributions to the
effective action respectively; in particular £ = 1. Letting in addition ¢ approach infinity,
only the tree-level superpotential contributes to the term in f proportional to Y, thus
h¢) = W (o).

Returning to the original field content by setting ¥ = 1 and T" = 7, we arrive at the
effective action

L(p) = /d40K(¢, 6, Vi) +2Re/d20 W(g) + 8%7 Im/dQHT(u) weewe . (10.6)

The superpotential is given by the tree-level expression, while the gauge coupling constant
g7 2() = g2 + C(u) has received only a one-loop correction. Its cut-off dependence is
given by
1 b

—— = ———log (A/p) , (10.7)

g*(p)  8m? (A/¢)
with intrinsic energy scale A that arises through dimensional transmutation. Here, b is
the renormalization scheme-independent coefficient in the one-loop beta function:

dg _ b 3
Fan = 16m2? -

One important conclusion that we can derive from this result is that if there exists a

(10.8)

solution to the equations W;(¢) = 0 (and all Fayet-Iliopoulos constants x, vanish), then
supersymmetry is not broken in any finite order of perturbation theory.

Note that the non-renormalization theorems make no statement about the D-term of the
effective action. In general it is corrected at any order in perturbation theory. Moreover,
both the D- and F-terms receive non-perturbative corrections through instantons. In
particular, the complex gauge coupling has the general form

T(p) = % log (/~\/u) + Z Cn (A/u)”b with A = Ae'/? . (10.9)

n>1
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A Sigma matrices

Minkowski metric: n = diag(—1,1,1,1).

(£%0) = —(eag) = (99) = —(ey) = ( 0 1)

-1 0
£¥eg, = o, 50‘56m =05, e = (2P
of = (-1,7), ' =(-1,-7), =Vl
(a(i‘ﬁ.)* = aga , (6“0‘6)* = ghfe
o — %0[;151/] G — %5@0”} ’ (Juvaﬁ)* _ _5;WB'd
o =—-5"=17", 0 =5 = —%»3’7‘]“7"’c , tro" =tro" =0
O-lujaﬁ = Eﬁ’Y O-MVOé’y = O-MV (o) 6HVQ’¢[3 = 50’4’? 5.MV"YB = 6HV[30’4 :
Identities containing two o-matrices (%1% = 1):
agdawﬁ = —2€46845 » o c’rfﬁ = -2 55 55
(0“6”)0/3 = —77“”55 + 2018 (c’r“cr”)o"ﬁ = —n“”ég + 25’“’%
O’&%O';]B = €ap 5“1/@5 —Eap O'“I/ag
Leweng,, = —igh | Lemeog, —igh
1 Yo . —
30 0060005 = i(eap st Eap a"s)
Identities containing three o-matrices:
o 50 — T]Q[“O'V} + %8“”900'0 : FooM — —779[“51/] _ %gwgoﬁa
H5e = gl — %gwgoﬁo : oot = —plhg”l 4 %8“”9000
Nz L 1Y YL — M .
Identities containing four o-matrices:
oM 597 — _% ('r]“"a”" _ 7)“90”” + 'r]""a‘” _ 7)”‘70“9)
+ i(n,uanug o n,u,gnua o ig;u/ga)]l
G 500 — _% (77#051’9 _ nw(,w + 771/95#0 _ n”"c’r“")
+ i(n,uanug o n,u,gnua + ig,uz/go> 1
v é 8 S v — 4
ot B Oy = 55 57 — 20, 55 , o P Ow'5=0
0707 5,75 = —L(§am,0 5 B) 1 (o 5 1 85 6) |
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A word on the literature: We chose not to cite original papers as all the material

presented in these notes is covered in textbooks by now, many of which include extensive

lists of references. Below we only list a collection of published review articles and books,

many more lecture notes on supersymmetry can be found at [13].
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