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Abstract

These lecture notes give an introduction to the algebraic renormalization of
the Standard Model. We start with the construction of the tree approximation
and give the classical action and its defining symmetries in functional form.
These are the Slavnov-Taylor identity, Ward identities of rigid symmetry and
the abelian local Ward identity. The abelian Ward identity ensures coupling
of the electromagnetic current in higher orders of perturbation theory, and is
the functional form of the Gell-Mann—Nishijima relation. In the second part of
the lectures we present in simple examples the basic properties of renormalized
perturbation theory: scheme dependence of counterterms and the quantum
action principle. Together with an algebraic characterization of the defining
symmetry transformations they are the ingredients for a scheme independent

unique construction of Green’s functions to all orders of perturbation theory.
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1. Introduction

In these lectures we give an introduction to the algebraic renormalization of the
Standard Model of electroweak interaction. The Standard Model of elementary parti-
cle physics is a renormalizable quantum field theory and allows consistent predictions
of physical processes in terms of a few parameters, as masses and couplings, order by
order in perturbation theory. The Standard Model includes electromagnetic, weak and
strong interactions and the classical model is a non-abelian gauge theory with gauge group
U(l) x SU(2) x SU(3). The U(1) x SU(2) gauge group is spontaneously broken to the
electromagnetic subgroup providing masses for the charged leptons and quarks and for the
vector bosons of weak interactions via the Higgs mechanism, but leaving the photon as a
massless particle [1, 2, 3]. Since the electromagnetic subgroup does not correspond to the
abelian factor subgroup it turns out that weak interactions cannot be described consis-
tently without the electromagnetic interactions, but we are able to split off the unbroken
SU(3)-colour gauge group responsible for the strong interactions without destroying the
physical structure of the theory. In these lectures we only consider the SU(2) x U(1)-

structure of electroweak interactions.

The Standard Model of electroweak interactions has been tested to high accuracy with
the precision experiments at the Z-resonance at LEP [4]. The degree of precision enforces
to take into account also contributions beyond the tree approximation in the perturbative
formulation. For this reason an extensive calculation of 1-loop processes and also 2-loop
processes has been carried out in the past years and compared to the experimental results.
(For reviews see [5, 6] and references therein; for a recent review see [7].) A careful analysis
shows that the theoretical predictions and the experiments are in excellent agreement with

each other [8].

A necessary prerequisite for carrying out precision tests of the Standard Model is the
consistent mathematical and physical formulation of the Standard Model in the framework
of its perturbative construction. Explicitly one has to prove the following properties in

order to bring it into the predictive power, which the Standard Model is expected to have:

o The Green’s functions of the theory are uniquely determined as functions of a finite
(small) number of free parameters to all orders of perturbation theory. This property

is called renormalizability.

o The physical scattering matrix constructed from the Green’s functions is unitary and
gauge parameter independent. In particular these properties ensure a probability

interpretation of S-matrix elements and guarantee at the same time that unphysical



particles are cancelled in physical scattering processes. Only then the theory has

indeed a physical interpretation.

o [t has to be shown, that the theory is in agreement with the experiments by calcu-

lating different processes as accurately as possible.

In the present lectures we only treat the first point, the unique construction of the
Green’s functions to all orders of perturbation theory. We want to point out, that unitarity
and gauge parameter independence of the S-matrix are not rigorously derived in the
Standard Model by now, but are commonly assumed to hold. However, its analysis
includes the important problem of unstable particles, whose solution will have far reaching

consequences in phenomenological applications (see for example [9]).

Renormalizability of gauge theories has been first shown in the framework of dimen-
sional regularization [10, 11]. One has used that dimensional regularization is an invariant
scheme for gauge and BRS invariance, respectively, as long as parity is conserved. In this
scheme it has been proven that all the divergencies can be absorbed into invariant counter
terms to the coupling, the field redefinitions and the masses of the classical action. This
method implies the unique construction of the Green’s functions. These proofs are not
applicable to the Standard Model, since there parity is broken. It is also well-known, that
the group structure of the Standard Model allows the presence of anomalies. For this
reason an invariant scheme is very likely not to exist. The algebraic method of renormal-
ization provides a proof of renormalizability also in such cases where an invariant scheme
does not exist. It gives in a scheme-independent way the symmetry relations of finite

Green’s functions to all orders.

The algebraic method has been applied to gauge theories with semi-simple gauge
groups [12, 13]. Necessary prerequisite for the algebraic method to work was the discovery
of the BRS symmetry [12, 14] named after Becchi, Rouet and Stora. In its functional
form BRS symmetry is called the Slavnov-Taylor identity. This identity is the defining
symmetry of gauge theories in renormalizable and Lorentz invariant gauges and includes

the gauge-fixing action and the action of the Faddeev-Popov ghosts.

To gauge theories with non-semisimle groups the algebraic method has been applied
in [15]. In particular this paper includes an investigation of the anomaly structure and an
investigation of the instability of abelian factor groups, but the authors do not consider
massless particles and do not care about physical normalization conditions. The Green’s
functions of the electroweak Standard Model and its defining symmetry transformations
are constructed in [16] by algebraic renormalization to all orders. In this paper we have

given also special attention to on-shell normalization conditions and to a careful analysis



of free parameters. In the present lecture we will give an introduction to this construction:
In the first lectures, section 2, we construct the classical action as an SU(2) x U(1) gauge
theory. Special attention is paid to the uniqueness of the action and transformations
and their algebraic characterization. In section 3 we introduce the renormalizable gauges,
BRS symmetry and Faddeev-Popov ghosts. Finally we summarize the defining symmetry
transformations of the tree approximation in functional form, the Slavnov Taylor identity,
the Ward identities of rigid symmetry and the local abelian Ward identity. In the last
lecture, section 4, the construction to all orders by the algebraic method is outlined.
In particular we present the basic ingredients of the algebraic method, namely scheme
dependence of counterterms and the action principle. In Appendix A we collect the
important formulae of the tree approximation: the classical action and the symmetry
transformations of the Standard Model. The exercises that were given during the lectures

can be found in Appendix B.

Since we assume in these lectures, that the reader has a basic knowledge about quan-
tum field theory and renormalization, we give a few books and reviews separated from
the usual references, which introduce the foundations of perturbative quantization and
renormalization. The books and reviews that we have selected are mostly close to our
presentation and these lectures continue the methods presented therein to the Standard

Model of electroweak interactions.



2. The classical limit of the Standard Model

2.1. Particle content of the Standard Model

The particles of the Standard Model are divided into groups according to their particle
1

properties, as spin and electric charge. The first group consists of particles with spin 3,
the fermions. The group of fermions has two subgroups, the leptons and quarks. Whereas
leptons only participate in weak interactions, the quarks interact by weak and strong
interactions. Accordingly all quarks are colour vectors. Strong interaction is described by
SU(3) colour gauge theory, weak and electromagnetic by a SU(2) x U(1) gauge theory,
so that the complete Standard Model is a SU(3) x SU(2) x U(1) gauge theory. In these
lectures strong interaction will not be taken into account, so we restrict ourselves in
treating the SU(2) x U(1) gauge theory of electroweak interactions and consider colour
SU(3) as a global symmetry. (We come back to this point at the end of this subsection.)
Quarks and leptons are also distinguished by their electric charge: There exist two types
leptons, charged leptons e, i, 7 with electric charge (). = —1 and the neutral neutrinos
Ve,V,,V;. Up-type quarks, the up, charm, and top, have charge @}, = %, down type
quarks, the down, strange and bottom have electric charge (); = —%. fermions in the
Standard Model are furthermore arranged into three families according to the following

scheme:
Ve v, v,
‘ K ’ (2.1)
u c
d S b

In the following we only consider the first generation of fermions (e, ve, u,d). In partic-
ular we disregard any mixing effects between different generations. In generality mixing
between three families leads to CP violation via the Cabibbo-Kobayashi-Maskawa matrix

[17], which makes proving the renormalizability more difficult.

The second group of particles consists of the vector bosons, which are particles with
spin 1. The gauge bosons of electroweak interactions are the photon (A,), the Z-boson
(Z,) and the W#*-bosons (W:E) The photon and Z-boson are neutral, W*-bosons have
electric charge 41 and —1, respectively. The full Standard Model in addition contains
eight gluons of strong interactions, which are not considered in the course of these lectures.

The photon is massless and couples to all the electric charged particles, in particular it



couples also to the charged bosons of electroweak interactions. The other three bosons
are massive, which makes the weak interactions important only at small distance scales.

The weak force is responsible for the decay of the muon and the 3-decay of the neutron:

/,L—>€—|-I/e—|-l/u, n—p+e+r..

P

i

In the Standard Model there is one scalar particle, which has spin 0 and is neutral
with respect to electric charge. It is called the Higgs boson. In the theoretical prescription
of electroweak interactions it is needed to give masses to the vector bosons and to the
fermions in agreement with SU(2) x U(1) gauge symmetry [18, 19]. However, the Higgs
particle has not been observed until now. All the particles of the Standard Model with

their properties are listed in table 1.

The following remarks should be made about the exclusion of the strong interactions
in these notes. The QCD coupling constant is by far the largest coupling in the full
Standard Model for energy scales that are reached in experiments now and in the near
future. This means that the QCD corrections are more important in phenomenological
applications than the electroweak corrections: for the precision tests of the physics at the 7
resonance at LEP1 the following calculations were needed: 3 loop QCD corrections, 1 loop
electroweak corrections with 1 loop QCD corrections on top of that; 2 loop electroweak
was of minor importance. In the lectures we disregard QCD corrections, but this does not
mean that QCD corrections factor out of the calculations of scattering matrix elements.

Indeed this is not at all the case, as can been seen from the following two diagrams:

The diagram on the left can be understood as first an electroweak correction is applied
and then a QCD correction, so this diagram is factorable. But this analysis can’t clearly

be done to the diagram on the right.



Disregarding QCD corrections in the proof of renormalizability is justified, since the
colour group SU(3) is unbroken in the Standard Model and its generators of global symme-
try do not mix with the one of SU(2) x U(1) symmetry. In contrast to this renormalizing
only SU(2) instead of the SU(2) x U(1) symmetry means to treat a different theory, since
the symmetry of the electroweak model is spontaneously broken in such a way that the
abelian subgroup cannot be factorized out anymore. (The electromagnetic charge oper-
ator is a linear combination of a genuine abelian operator Y and the third component
of weak isospin.) So if we understand the renormalization there, then the inclusion of
QCD requires just the addition of an unbroken local symmetry, whose global symmetry

is conserved by construction.

2.2. The construction of gauge theories

2.2.1. THE FREE DIRAC EQUATION

We start our discussion with the Dirac equation of free fermions:
(19" —my)f =0, (2.2)
_ —
T, +mg) = 0. 23)

Here f is a four component Dirac spinor and f = fT4° the adjoint spinor. ~* are the

Dirac matrices which form a Clifford algebra,

{v", 7"} =2¢""1, (2.4)

with the metric ¢* = (1, -1, —1

can be derived from the action

oo =3 [ dastio=mp); 25)

,—1,—1). For a set of fermions {f} the equations of motion

by the classical principle of least action, i.e.

bil
5FDirac

= 0. (2.6)

Here we have defined ¢ = "0, and The summation is understood over all fermions in

question, as for example f = v, e, u,d, if we include the first fermion generation of the

Standard Model.



Type  Spin | Particle | Charge | Mass(MeV)
g 0
~y 0
Vector 1 VA 91.1884GeV | £0.022GeV
W+ +1 80.26G eV +0.16
Ve < 7.3eV CL=90%
vy 0 < 0.17 CL=90%
vy < 24 CL=9%
Leptons %
e 0.51099907 | £0.0000015
[ —1 105.658389 | +0.000034
T 1777.0 +3.0,—2.7
U 5.6 +1.1
c 2 1350 +50
t 180G eV +12GeV
Quarks %
d 9.9 +1.1
s -1 199 +33
b 5GeV +1GeV
Higgs 0 H 0 > 58.4GeV | CL=95%

Table 1: Properties of the particles which make up the electroweak Standard Model [20].




To evaluate the variation of a functional we introduce — for later use — the functional
derivative. A functional F' assigns to functions u' of some function space B a complex
number: F':u' € B — F[u] € C. In generalization of ordinary variations of functions

the variation 0 F' of the functional is given by:

§F = zj:/d4x5;fx)5uf(x). (2.7)

The 5J—() denotes the functional derivative with respect to w’ at x, which is defined by

the usual properties of a derivative together with:
Su'(x)
du(y)

If we apply functional variation for determining the variation of the Dirac action I'
(2.5) we get:

= di;6M(x — y). (2.8)

bil

Dirac

bzl 5Fbil'
szl d4 5 Dzrac Dzrac(s T )
Dirac — Z/ { f f( ) f(l') f( )} (2 9)

=57 [ dte LS T(e) i — mp) f(2) + F@) (i + mp)6f ()
> [ / osto)|

Since § f and 4 f are independent variations, the Dirac equation of the fermions and adjoint
fermions follow from the principle of least action (2.6). Note that in (2.9) spinor variation
is applied from the right and variation with respect to the adjoint spinor from the left for

consistency.

2.2.2. THE ELECTROMAGNETIC INTERACTION

Noether’s theorem tells that current conservation and charge conservation is connected
with the symmetries of the action. For this reason we now want to look for symmetries

of the Dirac action.

Of course the Dirac action is invariant,

bDlerac(f f) = FbDlerac(.]E/7 f/)7 (210)

if we redefine all fermions by a single phase factor:

[ — [f=e U fand f — [ =€ U], (2.11)



Here € denotes a real parameter, g5 are numbers associated to the different fermions. These
transformations form an abelian group for arbitrary ¢; as long as no further symmetries
are considered. Assigning to ¢; the electric charge ); of the respective fermion the
transformation (2.11) is related to electric current and finally charge conservation. We

could also assign

1, if f=uve 0, if f=uve
= or =
=0 it fowd Y1 f=ud

Then the transformation corresponds to lepton or baryon family number conservation. In

(2.12)

the following we restrict ourselves to electromagnetic transformations (¢; = Qy), since —
in contrast to lepton and baryon number symmetry — electromagnetic symmetry is gauged
in the electroweak Standard Model.

From now on we do not consider the group transformations, but expand the exponen-
tial function for small ¢ and only consider the corresponding infinitesimal transformations.
(So we restrict ourselves to the Lie algebra of the Lie group.). The infinitesimal transfor-

mations of (2.11) have the form:

0M(e)f=ed"f = —1eQ,f and 5 (e)f = a8 f =ieQf. (2.13)

If we apply these transformations to the bilinear action (2.5), we find the infinitesimal
version of (2.10)

56m (g)r%lirac = €W5mr%lirac =& / d4xW€m( )FbDZlM’ac - 0 (214)

In this equation we have introduced the functional operators which correspond to elec-
tromagnetic transformations: w,,, is the functional operator of the infinitesimal local

electromagnetic transformations,

em [ 5 5 em
EW e () :Z (5 fle)s 57 + 5f(x)5 f(x)) (2.15)

) ) )
Z( Qs f(x 5f(:z;) %Qfmf(l')),

and W is the one of global or rigid electromagnetic transformations:

Wem = /d4:1; W (2). (2.16)

Now we are able to derive immediately Noether’s first theorem: Since the Dirac action is
invariant under global transformations, the local transformations can be only broken by

a total derivative:

W, (T ( )szl

Dirac

— —9"jT (@), (2.17)

10



The electromagnetic current,
J (@) = Qpf (@) f (), (2.18)
!

is seen to be conserved by applying the equations of motions

5T 5T
— = d — = = 2.1
5f 0 an 5f 0 (2.19)

on the left-hand-side of eq. (2.17). According to Noether’s second theorem we are able to

gauge the symmetry by coupling the electromagnetic current to a vector field A,,:
bl ‘em
Fmatter FDzrac - /d4$ e-]M AM- (220)

Here e is the electromagnetic coupling constant and we may interpret A, as the elec-
tromagnetic vector potential. The action (2.20) is indeed invariant under local gauge

transformation as it stands if we assign the transformation
1
0" (e(x))A, = —0,e(x) (2.21)
e

as abelian gauge transformation to A,. The local gauge invariance of the new action

I atter can be expressed in functional form:

1 )
— —O* =
(Wem ea 5[4#) Fmatter 0 (222)

To interpret A, as a dynamical physical field, namely the photon, it needs to have a

kinetic action as well: The free field action
| —i / d*z "™, (2.23)
with the antisymmetric field strength tensor
F.,=0,A,—0A, (2.24)

is invariant under the local transformation (2.22).

If we put the invariant actions (2.20) and (2.23) together, we arrive at the action of

classical electrodynamics:

M= 1 v
Lem / (Z JOEP—myp)f —ejgm A" — ZF“ FW> . (2.25)
!

11



The field equations that follow from the classical action (2.25) are:

D F,, = ejom, (2.26)
(i —myg)f =eQpy" ALf

Gauge invariance of the electromagnetic action can be expressed by the functional identity:

1 )
— —g* =
(Wem 68 514“) ., =0. (2.27)

In perturbation theory this equation will be continued to the electromagnetic Ward iden-
tity, which plays an important role for the definition of Green’s functions in higher orders
(see [Q4,R5]). For this reason one has to note that the most general solution of the Ward
identity for local actions with dimension less than or equal four is given by (2.25) up to

the field and coupling redefinitions:

f—zf f—zf (2.28)
A— 24 A e — 2216

Note that these redefinitions leave the operator in (2.27) invariant.

One final remark about the dimensions of the fields [Q3]: If one scales the coordinates
by: ## — e *z#, then a field B may scale as B —+ e**B. The number « is called

the (naive scale or mass) dimension of a field B. This leads to the following table.

Field | 2* | 0,
Dim | -1 | 1

A,
1

W | S~
B0 |

2.2.3. BEYOND THE FERMI MODEL

In the previous subsection the electromagnetic interaction was discussed, we now turn
to the weak interactions. In this discussion we take all fermions to be massless to start
with. Low energy experiments, like the decay of neutrons or muons, suggested the exis-

tence of charged currents:

Jt = 1<dﬂ—%W+ﬂﬂ—%W» (2.29)

DO
}—\S
DO

Jr=(JHt = <ﬂﬂ—%k+MH—%M>

=
[N
S

12



Their interaction could be described by the effective Lagrangian:
Lepr = —IN2G, I, (2.30)

where the coupling constant G, is called the Fermi constant. This is the Fermi model
of weak interactions, which worked phenomenologically quite well for describing the low
energy processes of weak interactions. In the charged currents (2.29) we have introduced

the 45 matrix, which is defined by
¥ =10 (2.31)
and has the following properties:
{5} =0, and  (3)’=1. (2.32)

Out of the vs-matrix two projection operators can be constructed,

1— 1
prot— o pr_ L1 (2.33)
2 2
with the properties:
Pl PR =1, pEpl = plpi =9 (2.34)
pPtpl = pt, PRpPE = PR,

Next we introduce the notation of left- and right-handed fermions:

1+ s
2

]1—’)/5

L _ pLyg __
fh=Phf = =5

foo ff=pPif= f, (2.35)

— 1 — T
with the Dirac conjugates fF = <fL> Yo and fL = <fR> 0. To the charged currents
only the left-handed fermions contribute. The left-handed fermions can be combined into

doublets, one doublet for the leptons and one doublet for the quarks:

L L
L v L u
FF = <€L> and k= (dL> ) (2.36)

The charged currents (2.29) can then be cast in the explicit SU(2) form:

— T— e T—
J = FZLW7FZL—|— FqLW7FqL, (2.37)
- 7. T+ Th. T+
J, = FlL7M7FlL+F(][/7M7Ff7

where

0 V2 0 0 1 0
T_|_:<O 0), 7'_:<\/§ 0) and 7'3:<0 _1>. (2.38)

13



These matrices form a representation of the SU(2) algebra with the commutation relation:
[Tom Tﬁ] = QiéaﬁwTWT (239)

The structure constants €,4, are completely antisymmetric in all three indices and ¢;_3 =
—1.

So we see a SU(2) representation structure emerging for the charged currents of weak
interactions. From current algebra one also expects the existence of a neutral current .J7
which corresponds to the generator 7s:

S T3 oL o1 T3 L
Ji’ = FlL’yM?Fl + FqL’yMEFq . (2.40)
(Since in J4§ only left-handed fermions occur, it is not possible to identify this current
with the electromagnetic current.) As in the case of electromagnetic interactions, also
the weak currents can be identified as conserved currents when acting with the following

functional SU(2)-generators

wale) =i ) (F_f@)% 5F_§(x) - 5F§(x)%Ff<x>) (2.41)

d=l,q
on the massless Dirac action T'%’  (2.5) with f = ¢, v, u,d:
Wa(l') F%lirac mp=0 = —auji(l’) (242)

Indeed we see that the bilinear action (2.5) is invariant under rigid SU(2) transformations

as long as all fermion masses vanish:

W Fbil

Dirac

=0, W, = /d4xwa(:1;). (2.43)

T)’Lf:O -
The functional generators satisfy the local and global SU(2) algebra:

[Wa(x)vwﬁ(y)} =&z — y)gaﬁwiw’ww’(x) (2.44)

[Wav Wﬁ] = 5aﬁwiw’ww’ (2.45)

The charge conjugation matrix I,

2
Il

0
0

2.46
) (2.46)
0

o o O

1
0
0
0

o O = O

removes various transpositions from the formulae.

14



2.2.4. SU(2) x U(1) GAUGE THEORY

Now we note the following remarkable fact: If one subtracts the electromagnetic charge
operator W, (2.15) from the third component of the weak isospin ws, one finds a gen-
erator, denoted by Wf, which commutes with all SU(2) operators and consequently with

the charge operator:
[Wo,w?] =0 with w9 =w., —ws (2.47)

Therefore the symmetry operators w,, and Wf build a closed SU(2) x U(1) algebra and
imply current conservation of weak and electromagnetic currents, when applied to the

massless Dirac action:

<Wem _ W3> bl

= =03 = ). (2.48)

(The electromagnetic current jo™ is defined in (2.18).) For the procedure of quantization
it is important to note that Wf is not uniquely determined by the characterization that
it commutes with the SU(2) operators: any generator wy is abelian with respect to w,

when it has the form:

Y (g8 N Y (S 6 g

wy(z) = 17<Fl (x)éF—lL(:z;) 5FlL(:z;)Fl ( )) i) (Fq ( )5F—qL(:z;) 5FqL(:z;)Fq ( ))
PRy 5oa

—I-zf:@Qf (f (x)éf_R(:z;) - 5fR(:z;)f (:1;)) (2.49)

with arbitrary values of Vi, Y}, and Q. (This means there are 5 linearly indepen-
dent abelian operators in w4.) Applying ws(z) to the massless Dirac equation all these
symmetry operators are connected with classically conserved currents. Since only the
electromagnetic symmetry is gauged, the parameters Y}, Y;}, and Q; are determined by
the relation (2.47), which is the functional form equivalent to the well-known Gell-Mann—

Nishijima relation:

Q = Y7W + T5. (2.50)
From (2.47) one derives the following values for the weak hypercharge of leptons and
quarks
Yi=-1 Y= % (2.51)
and identifies )y with the electric charge of the respective fermions:
Qe=-1 Qu= : Qa = L (2.52)

15



Having constructed the relevant symmetry transformations we are able to proceed
as in the case of abelian gauge theories, when we want to construct the gauge theory
belonging to the conserved currents. We couple the currents Jff, Ji’ and Jj =J." = Ji’
to the vector fields W5, W3 and W} and enlarge the free field action by these terms:

bil
Fmatter =T

Dirac

— /d4:1; (G Wy — go (W4 + JEWE + T W) . (2.53)

T)’Lf:O

Since the gauge group of the Standard Model is a direct product of two groups, the
couplings (g2 and ¢1) of SU(2) and U(1) are independent from each other. From the

SU(2) algebra of the functional operators (2.45) as well as from global invariance
Wozrmatter ; 0 (254)

it is derived that the w,’s have to be extended to include the vector bosons. If we now

indicate the w we had on the fermions explicitly by w/ ™" we have now:

W, = W, = Wiermion T Wgector (255)

with
vector _ Wﬂ« [N J d vector -0 256
a (l‘) = Laa! ﬁ(x)gﬁﬁa' WW'(SWWMI(J;) aln Wy (l‘) — Y% ( : )

where o = +,—,3,4. The structure constants ¢,3, are defined as in (2.39) but with
€434 = 0. The matrix [ is defined in (2.46).

Since the SU(2) x U(1) algebra uniquely determines the abelian transformation of
vectors to vanish, it is possible to determine the charge of the vector bosons by looking

at

5 )
W:Tenctor — erctor _I_ erctor — —Z /d4$ (Wﬂ« — Wi“ ) R (257)
3 4 oW SWt

thus W4 has got charge +1.

With the functional operators w, (2.55) gauge invariance of I';,4ser (2.53) is expressed

in functional form by the identities:

1, )
o _aulozoz’—> Fma o = 0 = T, 3 2.98
(wa + 7 W) mat o=t (2.58)

1 )

Q
<W4 - 9_18M 5Wf>rmatter = 0.
By introducing the covariant derivatives
L . Ta . YV([g/ L

D, Fy =10, - Zg??Wozu + 1917W4M Fy, 0=1q, (2.59)

DufR = (au + ingfW4u) va

16



the matter action of fermions can also be rewritten into the form:
Fmatter’ = /d4$ (Z F—(gLZVMDMF(gL —I_ Zf_RZVMDMfR> ) (260)
s=l,q f

Finally we have to add kinetic terms for the gauge fields to the action in such a way

that the gauge invariance remains. The Yang-Mills action
1 N
Tym=—7 / &'z (Ggyfw,am, + F“”FW> (2.61)
with the abelian and non-abelian field strength tensors

F = o*Wy — o'Wy (2.62)
Gh = "W, — W+ galowreargy WEWY, 0,8,y =+,—,3
is the properly normalized solution of the functional identities (2.58) with dimension 4.

The complete action containing massless vector bosons and massless fermions is the

sum of the matter and Yang-Mills action:
Fsym — FYM + Fmatter- (263)

In the same way as the electromagnetic action (2.25) is characterized by electromagnetic
gauge invariance (2.27), L'y, is characterized up to field and coupling redefinitions by the

functional identities of SU(2) x U(1) gauge symmetry

1. )
J— JOF—— = .
<Wa + = 10O 5W§,>Fsym 0 (2.64)
1 )
?— 0" )Tym = 0. 2.
<W4 gla 5 f> sym 0 ( 65)

Here the operators w, are the sum of fermion and boson functional operators (2.55)
defined in (2.41) and (2.56). The abelian operator w? is defined by the relation (2.47)

and the electromagnetic charge operator includes fermions (2.15) and vector bosons (2.57):

Q _ _ ' t
W = Wepm — W3 W, = Wé;enrmzon T wrector (266)

em
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2.2.5. HIGGS MECHANISM AND MASSES

For deriving the SU(2) x U(1) gauge invariant action in the previous section we have
assumed that all fermions are massless. In reality the charged leptons as well as the up-
type and down-type quarks are massive, i.e. m.,m,,mg # 0. The Dirac action (2.5) in

terms of left- and right-handed fields (2.35) has the following form:
M = [ (Z(fLi(?fL + A+ Y mA foR>) (2.67)
f f=eu,d

Applying the SU(2) transformations (2.41) on the free field action for massive fermions
it is seen that the mass terms break the global SU(2) symmetry:

WL Il =iA, = i/d4an(:1;) (2.68)
where
1 _ _ _
AL = /d4:1;— mydPu — mgdfu® — m_efu” (2.69)
o
1 , , ,
A_ = /d4:1;— mduLdR — muuRdL + ml R
-

1 - - _ _ _ -
A; = /d4:1;§ (mu(uLuR — uRuL) — md(deR — deL) — me(eLeR — eReL)>
Electric charge invariance, of course, is not broken by the mass terms:

W I =0 = Werhl = —iA, (2.70)

Dirac Dirac

For including fermion masses and vector boson masses in agreement with SU(2) x U(1)
gauge symmetry into the Standard Model, the symmetry is spontaneously broken to the

electromagnetic subgroup.

In these lectures we present a construction of spontaneous symmetry breaking which
is purely algebraic and can be compared to the Noether construction of gauge theories,
which we have carried out in the last sections. In contrast to the usual construction, which
is presented in the books on quantum field theory (see for example [Q3]), it does not start
from the symmetric theory, but from the bilinear massive Dirac action of free fermions.
Eventually, if one carries out the algebraic characterization of the classical action in the
course of algebraic renormalization (see section 4.3), the computation is equivalent to the

analysis and construction presented here.
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First we couple the breaking of SU(2) transformations (2.69) to scalars ¢* and y in
such a way that the breaking terms can be expressed as field differentiations with respect

to these scalars:

A 2 B ]
U o D = g - 2 [de(orQo - 07 Qu @), (27
and

<W g i) frmass —0 2.72

+ F 12 x(SQb:F Dirac ¢:l:_:0 - ( . )

v O\~
2 d4 _> quss —
<W 2 / Z 5X Dirac ¢:l:_:0 0

Here I'522%  denotes the mass term of the Dirac action:
M= 30 [dtemg(nst it (2.73)
f=eu,d

We assign quantum numbers to the scalar fields in such a way that the enlarged action

a
[mass
Dirac

fields ¢T carry charge +1 and transform under CP according to ¢* Y —¢~ and ¢~ o
—¢™, and the field y is a neutral field which is CP-odd. (Global signs and normalization

in eq. (2.71) are chosen according to usual conventions.) It is seen that the transformation

(2.71) is CP invariant, neutral with respect to electric charge and hermitian, i.e. the

operators appearing in (2.72) are not yet algebraically closed, the commutation relations
yield e.g.
{Wi + ZB /d4$i,W3 — B/délxi} =+, (2.74)
2 Yo 2 dy

and on the right-hand-side the inhomogeneous contributions of the shift are missing. It is

A
Fmass

mass s not invariant under these transformations at ¢*,x # 0. For this

also seen that
reason we have to enlarge the action as well as the transformation operators in such a
way that the action is invariant under the enlarged transformations and that the algebra

closes in presence of the inhomogeneous shifts.

For proceeding we note that the breaking terms Q1(x) and Qs(x) together with the

mass term Q. ()

Q=g 2 mldn T+ ) (275)

can be arranged into a SU(2) doublet and its complex conjugate:
—Q+ ) Ta ( —Q+ >
W, < = -1 2.76
Qut+0) T 2\ B0n +0u) 270

e (ﬁ(@g_— @3>> =+5 (%(Qg_— @3>>
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ran) = (el o)
= (2.77)
(ﬁ@m+%> Q) — Qo)
From (2.76) one reads off that one has to introduce a further CP even scalar field H, when

mass

one wants to complete the enlarged mass action fDimc

in such a way, that it is invariant

under SU(2) transformations. The Yukawa action

Uy =508 — %/d“x(qﬁ@_ — ¢ Q1+ HQ,p — ixQ3> (2.78)

— 'mass _g 4$ Q— T‘ ( ¢+ )
T Ll (PRSP I Y

*<§a§iwm>é<§aéfiQ@>>

[rmass (2.71) in a minimal way to a SU(2) invariant action:

continues 1'57°

Wolyue =0 {Waa Wﬁ} = ﬁaﬁwiw’ww" (2'79)

The transformation operators W, consist of the fermion, the vector and the scalar trans-
formation operators. The latter ones are defined to include the shift which we have
introduced for absorbing the breaking terms of the masses (2.72) and in this way they are

uniquely determined by the construction:

Wa _ Wgermion T W;ector T W;calar (280)
with
scalar __ 4 T E 5 . 5 E Bi
Wit = /d o(@h) 5oT(a) 300 2 T T 5@:)’ (2:81)
scalar __ 4 t @ g _ g @ _ Bi
W = /d ACIOE 501(z) o) 2 o) 25><>'

Here we have arranged the scalars into SU(2) doublets and have introduced the notation:

) 6 (2) - v (@)
®_<%w@+w@0 ®_<%W@‘MW>'

With ® = im,®* it is straightforward to calculate that the Yukawa action (2.78) can be

written in the conventional form

Ty = — /d4:1; S omp (R R (2.82)
f=eu,d

5 ~ ~ .
— £ d*z <meFZL<I)eR + mquLCI)dR + mquLCI)uR + h.c.>
v

2 _ _ .
—— £ d*x <meFlL(<I) + V)eR + mquL(CI) + V)dR + mquL(CI) + iTQV)uR + h.c.> )
v
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Here v denotes the shift in vector notation:

0
v = ( v/ﬂ) (2.83)

The Yukawa interaction is invariant not only under spontaneously broken global

SU(2) x U(1) transformations, but even under the local ones:

1, 1)
<Wa+g_26 [““'5—W;,>FW =0 a=+45 (2:84)
1 1)
Q v
w9 — Iy = 0. 2.
< gla 5W4”> Yk 0 (2.85)

The operators w, are the non-integrated version of (2.80):

W, = [ diewa(z) = / A (W () W (1) 4w (o) (2.86)
with
scalar _ Tﬂ 5 . 5 ﬁ
W (:1;)—<<I)(:1;)—|—V> S 55T(s] ~ 70(] 3 <<I)(:1;)—|—V>. (2.87)

The abelian operator Wi? is defined by eq. (2.47 Wi? = W,,, — W3 and the electromagnetic

)
operator includes also the charged scalars (see (A.49)). Explicitly we find
5

Wf scalar(x) _ <<I)(:1;) n V>TYV2?/i ) _ 5(1)(2:1;) Ygli <<I>(:1;) + V> (2.88)
with
Yy = 1. (2.89)

Since the symmetric action (2.63) does not depend on scalars it is trivially invariant also
with respect to the spontaneously broken SU(2) x U(1) gauge transformations (2.64) with
the enlarged local operators (2.86).

Looking for the most general, local action invariant under the local spontaneously bro-
ken gauge transformations (2.84) with mass dimension less or equal 4 we find in addition

the kinetic and potential terms of the scalars:

Fscalar = szn scalar + Fpot scalar: (290)

They read in the conventional normalization:
Fpot scalar — — /d4$}\(q)T(I) + VT(I) + (I)TV)27 (291)

1
Fkin scalar — — /d4$ <DM((I) + V)) DM((I) + V) (292)
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with the covariant derivative

Ty 1
?Wua —91§WM4)>(I) (293)

(We have already omitted the invariant, which is linear in the Higgs field, ®T® +vI®+ o'y,

from the action.)

Duq) = <au - i(gz

The bilinear term of the potential gives the mass term for the scalars, i.e.
A 1
—AMOTv +vTd)? = —§v2(H —ix+ H+iy)’ = -5 4A H?, (2.94)

So only the real, CP-even scalar H gets a mass m% = 4\v?, the scalars y and ¢* are

massless.

We have seen that the fermion masses are generated by Yukawa couplings to the Higgs
doublets and the Higgs mass arises from the scalar potential. Eventually also gauge bosons
get mass via the covariant derivative of the scalars. Evaluating (2.92) one gets for the
gauge boson masses:

2 2

t gav? 1o
(D7) Dulv) = ZoWEW, + S (9 W + W2 (2.95)

Since the mass terms are non-diagonal in the vector fields, the fields W# are not the
physical fields. Physical on-shell fields are constructed, if one rotates the fields W', Wy’

by an orthogonal matrix O.,(fw) over an angle tan fy = z—;:

10 0 0
0 1 0 0
W = O,a(0)V) with  Ou.(0w) = ) (2.96)
0 0 cosby —sinfw
0 0 sinfw cosfw
Then the mass term is diagonalized,
9%”2 " 1v? I 12 2 Tk Lo "
W 4 W W = MWW+ MEZM, (2.97)
and the masses are determined to
g2v ga2v
My ==, My;= d M4 =0. 2.98
W 27 727 9cos 0w a A ( )

It is important to note that the kinetic terms of the vector bosons remain diagonal after
an orthogonal rotation. From now on we denote with V, = (W, W_, Z, A) the physical
on-shell vector fields of the Standard Model.

At this stage a few remarks on notation should be made. With the indices a, 3, ...
we denote the SU(2) x U(1)-indices: +,—,3,4. On the other hand the indices a,b,...
refer to the indices of the physical fields in the theory: +, —, Z, A.

22



Having given masses to the vectors the massless Goldstone bosons ¢*, y become un-
physical fields. This can be understood qualitatively as follows: A massless vector boson
has only 2 transverse polarizations. A massive vector boson has one more, the longitudi-
nal polarization. Before the symmetry breaking there were 4 vector bosons, each with 2
degrees of freedom and one Higgs doublet with 4 degrees of freedom. After the symmetry
breaking there is left one scalar, the Higgs boson. The other three degrees of freedom of
the scalar doublet make the longitudinal polarization of the vector bosons physical. So the
total number of physical degrees of freedom has not changed. Figuratively one says that
the Goldstone bosons (¢F,x) are eaten up by the vector bosons for giving them masses.
These results are obvious in the unitary gauge, whose lowest component we construct in

exercise .

The full classical action is combined from the single invariant 4-dimensional actions

(2.60)(2.61) (2.82) and (2.90) and is called the Glashow-Salam-Weinberg model:

FGSW — FYM + Fmatter + Fscalar + FYuk- (299)

This action is uniquely determined up to field and parameter redefinitions by sponta-

neously broken SU(2) x U(1) gauge transformations:

1 .
T _
<wa o0 5W§/>FGSW 0 (2.100)
<WQ—ia“ d >FGSW =0 (2.101)
T . .

The local operators are defined in (2.86) as the sum of fermion, vector and (shifted) scalar

operators.

By now a lot of parameters are introduced. But not all of these are independent for
there were a couple of relations between them. So one question which one should ask, is
which of these are taken to be fundamental. This fundamental set should be applicable
in any order of perturbation theory and should also characterize the particle properties

of the model. It is therefore natural to take physical on-shell parameters as fundamental.

The free parameters we choose are
Mw,Mz,m; mpg and gy (2.102)
and the vectors are expressed in physical on-shell fields V*. The weak mixing angle Oy
is not taken to be fundamental, but is defined by the relation [21]:

Mw

cos Oy = W (2.103)
z
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As an illustration let us calculate the interaction of the photon to the electromagnetic
current: If we apply the orthogonal rotation O,,(fw ) to the interaction of the gauge fields
with the currents ['44er (2.60), we get:

— g (JIWE + JTWLE+ WS — g W = (2.104)

— g (J;Wﬁ +JTWE (J}) 4 sin’ ijf;m)Z“> — g2 sin Oy gl A"

cos Oy
It is seen in an explicit form that the electromagnetic current couples to the massless vector
boson A" which is identified by this property as the photon field. The same conclusion
is derived by transforming the unphysical fields W3 and W}' into the physical on-shell
fields Z# and A* in the functional operators of gauge transformations. There one reads
off as well, that the photon couples to the electromagnetic current and is the massless
field corresponding to the unbroken subgroup:
w0
d A+

For this reason we introduce the electromagnetic coupling constant e = ¢ sin fy as fun-

<92 sin wwe,, — 0 >FGSW = 0. (2.105)

damental coupling of the electroweak Standard Model. The QED-like on-shell parameters

are then given by
My, Mz,m;myg and e (2.106)

(For fixing the coupling e to its experimental value a physical process has to be chosen,
as it is for example Compton scattering at low energies or Bhabha scattering at LEP

energies.)

The on-shell parameters have been used by several groups as fundamental parameters
for calculating higher order processes in perturbation theory [22, 23, 21, 24, 25, 26, 27,
28, 29]. We want to mention already here, that in higher orders it is crucial for infrared
existence of Green’s functions to choose a parameterization, which ensures that the photon
propagator has a pole at p* = 0. Unfortunately it turns out that the QED-Ward identity
corresponding to the functional identity (2.105) cannot be proven in perturbation theory.
So the photon will be characterized by the property of being the massless vector boson,

and not by its property of coupling to the electromagnetic current.

2.2.6. OTHER (GLOBAL) SYMMETRIES

In the previous section we have looked at the consequence of the local SU(2) x U(1)
gauge invariance. We have built a phenomenologically acceptable model around this

symmetry. It turns out that this model also has some extra global symmetries.
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The un-quantized Standard Model action (2.99) is invariant under the combined trans-
formation CP and under T. Parity is broken in the fermion sector, since only left-handed
fermions contribute to the charged currents. (C denotes charge conjugation, P the parity
reflection and T time reversal.) We should stress here that this not true in the Glashow-
Salam-Weinberg model with three generations of fermions. In its most general form
mixing between three families leads to CP violation via the Cabibbo-Kobayashi-Maskawa

matrix. In that case the model is only invariant under the combined transformation CPT.

Two other symmetries of I'gsw are conservation of lepton and baryon numbers. For

one generation the corresponding symmetry operators are

5§ & 6 5
. 4 S L~ -  _~ L
W, = @/d x(e(sé Sl ol ) (2.107)
5§ 5 4 5
— 4 v _ -
We = Z/d "”<“5u TR 5dd>' (2.108)

These operators are abelian operators and are included in the abelian operators we have
found in generality in (2.49). These symmetries are not gauged in the Standard Model,

but are global symmetries in the classical theory,
WIFGSW = 0 and WqFGSW = 0, (2109)

and in higher orders of perturbation theory. (Of course in principle these symmetries can
also be made local in the classical theory, but then one needs extra U(1) gauge fields as we
demonstrate in exercise 7. In nature they are not observed, thus in the Standard Model

the lepton and baryon numbers are globally conserved quantum numbers.)
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3. Gauge fixing and BRS transformations

3.1. Free field propagators and gauge fixing

In the previous section we presented the SU(2) x U(1) gauge structure of the Glashow-
Salam-Weinberg model. This section is devoted to the quantization of the theory in per-
turbation theory and in particular to the definition of the action in the tree approximation.

First we want to review how the perturbative expansion of time ordered Green’s functions

is constructed (see e.g. [Q1] — [ Q5]).

The basic formula for the perturbative construction is the Gell-Mann—Low formula,
which relates time ordered expectation values of interacting fields ¢ to time ordered

(0).

expectation values of free field ¢, '
(Ton (@) i, () = R(TG (1) - () el), (3.1

I';,: includes all the interaction polynomials appearing in the model, and is obtained by

splitting off from the classical action the bilinear part:
Uy = Doi + Lie (3.2)

After having expanded the exponential function in its Taylor series, the vacuum expecta-
tion values of free fields are decomposed into a sum of products of free field propagators
and certain vertex factors according to Wick’s theorem. The combinatoric and vertex
factors are summarized in the Feynman rules. However, due to the well-known ultravio-
let divergencies of the formal perturbative expansion the Gell-Mann—Low formula is not
meaningful in higher loop orders of perturbation theory and has to be rendered meaning-
ful in the course of renormalization. (This is the sense of R in eq. (3.1).) Let us now have

a closer look to the free field propagators of the various particles.

The free scalar field obeys the Klein-Gordon equation:
(O 4+ mz)c,o = 0. (3.3)

The time ordered expectation value of the free scalar field is given by the solution of the

inhomogeneous equation:

(D + m2)Aww($ - y) = i54($ - y)- (3-4)
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The solutions of such equations are the causal Green’s functions, which are called the free
field propagators

Aucle) = ——— = @) 0 = [ G

i

k2 —m? 4 ie

(3.5)

(Here we have also given the Feynman diagram corresponding to the propagator.) For
fermions the free field propagators are calculated similarly by solving the inhomogeneous

Dirac equation:
(i 0, —m)Ayp(x —y) = id%(x — y). (3.6)

From (3.6) the fermion propagator is determined:

d'k o—ike (v ky + m)

(2m)* k2 —m?2 4 ¢ (3.7)

Busle) = e = (16500 =

In general, also in the case of several particles with non-diagonal bilinear parts, one can

calculate the free field propagators in the following way:

Z/d42 Ft(poo?tpy(x7z)A@7@,6(Z7y) = i5a554($ —y). (3.8)
5

Here Ay, o.(7,y) = <T<,o£y0)(:1;)<p(ﬁo)(y)> and F(@Oczwb(x, y) is derived from the bilinear part of

the classical action (3.2):
B 6y
dpa(r)dps(y)

If we try to apply the formula (3.8) for determining the photon propagator of the

Ft(poo?tpb(x7y) (39)

electromagnetic action (2.25), we get into trouble. The equations of motion for a free

photon are given by
0"F,, = ("0 —-0"9")A, =0 (3.10)
and the respective inhomogeneous equations by
("8 — 9"0")A,, = i6*(x — y)d. (3.11)

Since the operator which acts on A, is not invertible, the naive way of calculating the
propagator does not work. The reason can be found in gauge invariance of the theory,
which brings about, that the vector field A* is determined up to a gauge freedom by
the classical equations of motion. In perturbation theory one usually adds a gauge-fixing

action to the gauge invariant action:

1
reFP —r,, — % /d“x(a“AM)?, (3.12)
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with &, the gauge parameter. In this way it is possible to fix the gauge and to maintain
at the same time Lorentz invariance and locality of the action. The propagator of the

vector field is determined from (3.12) as solution of the inhomogeneous equations

(nwaZ — 0"+ %aﬂa”>Ayp(x —y) =8z — y)o. (3.13)

It is given by

d4k —tkx —1 T L
A%W(x - y) = / (27‘[‘)46 k2 + 7€ <Pm/ + §P;W>7 (314)

PE and PT are the projectors for longitudinal and transverse polarization:

i _ bk

v L2 a =

(3.15)

The complete action of QED (3.12) is not invariant under gauge transformations, but

gauge invariance is broken by the gauge-fixing action linearly

<ewm - a“(sfw)FgED - —%DaA. (3.16)
In fact one has introduced an unphysical scalar A with spin 0 and negative norm into the
theory. For making QED meaningful one has to prove that the S-matrix constructed from
the action (3.12) indeed describes a physical theory with a spin 1 particle and that the
resulting theory has a probability interpretation in the sense of quantum theory. In QED
one is finally able to show that dA does not contribute to physical scattering processes
and that the physical S-matrix indeed has positivity properties (see [Q4,R5]). The proof
is based on the QED Ward identity

5 |
<ewm . aMM)r = — (0 &m},)0A. (3.17)

This identity has to be proven for the Green’s function of QED to all orders of perturbation
in the course of renormalization. In our notations I' denotes the generating functional
of one-particle-irreducible (1PI) Green’s functions. Its lowest order coincides with the

classical action
[ = %P, (3.18)

(For infrared definiteness we have introduced a photon mass term m,;, in addition, which
breaks abelian gauge invariance not worse than the gauge fixing.) The final proof is then

carried out by Legendre transforming the 1PI Green’s functions to connected Green’s

28



functions and finally by applying the LSZ reduction formula (see [Q2,Q3]) on the Ward
identity. Then the operator identity

%( +Em2,)0A" =0 (3.19)

is deduced, i.e. JA satisfies the Klein-Gordon equation and does not interact. For the
purpose of these lectures we only want to indicate how this result appears for the classical
theory: Therefore we consider the Ward identity of QED (3.17) for the classical action
I'.;. When we use the equations of motion for fermions and the vector bosons, the left-
hand-side vanishes and we are left with the free field equation for the scalar part of the
vector field

gD+§mﬁWA:0. (3.20)

This equation proves that dA does not interact in the classical theory.

In non-abelian gauge theories one fixes the gauge for the vectors as we have done it
in QED and one gets the same expression for the free field propagators. But in contrast
to QED a Ward identity as (3.17) does not exist, which would allow to draw conclusions
for the physical interpretation. This role is taken over by BRS symmetry and by the
Slavnov-Taylor identity. For this reason these symmetries are the basis for the definition

of the non-abelian gauge theories in renormalized perturbation theory.

3.2. Gauge fixing in the Standard Model

For the massive vector bosons it is possible to determine the propagators without the

difficulty described above. So in the unitary gauge the W propagator is given by:

(TW ()W (0)) = / g’;k __MW (v - ’jw’:v ). (3:21)

(That (3.21) is a gauge choice will become clear below, as well as why it is called unitary.)
However this propagator does not allow for naive power counting arguments of renormaliz-
ability to go through, since it behaves as a constant for asymptotically large momenta, i.e.
when k? — —oo. If we want to apply the arguments of power counting renormalizability,
the boson propagators have to behave as 1/k* for asymptotic k*. One-loop calculations
within the Standard Model in the unitary gauge [26] have been carried out, but it is hard
to see how these calculations are extended to higher orders. In order to have renormal-

izability by power counting one has to fix the gauge similarly as in QED by adding the
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gauge fixing part. For the purpose of algebraic renormalization we choose a (linearized)
generalization of the usual Rg-gauges [30] and couple the gauge-fixing functions to the

auxiliary field B,,a = +,—, Z, A
B = gt BiB_ + “6,B2+ L€, B% 4 BulowF 3.22
g.f. € §W + 40— + §§Z 7 + §§A A + Dodgar by ) ( . )

The gauge-fixing functions of the R¢-gauges fix the scalar part of vectors and introduce
mass terms for the would-be Goldstone fields ¢ and y

Fy = 0,WEFiMw(wos,
FZ = 6MZ“ — MZ§ZX7 (323)
FA = 8MA“.

Various choices of the parameters ,, (, have special names: the Landau gauge has &y =
7 =¢&4 =0 and (w = (z = 0, the 't Hooft gauges have £z = (7, &w = (w and the 't
Hooft-Feynman gauge has in addition &y = £z = €4 = 1. (The unitary gauge is retrieved
in the limit (w = £ — oo and (z = £ — oo.) The B,-fields can be eliminated from the
action fields by their equations of motion and in this way one comes back to the usual

Re-gauges:

5532 =0=1¢, = /d% (-iWﬂF_ - %Fg - %Fj) : (3.24)
On a first sight the gauge-fixing with B,-fields seems to be less practical than the R-
gauges, since one introduces extra non-diagonal propagators, like (T'By(x)Wx(y)), into
the theory. But, as we discuss in section 3.3, in this formulation BRS transformations
are nilpotent on all fields and the algebraic method is applied much easier as it is in the
naive approach. One has already to note at this stage, that in the linear (B, &) gauges
the gauge fixing part of the action does not get loop corrections and remains a local field
polynomial as in the tree approximation. This observation is simply deduced from the

observation that there are no interaction vertices of the B,-fields with other propagating

fields.

All the propagators now behave such that naive power counting is possible. In the
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't Hooft gauges (éw = (w) one finds for example:

dp
(T By ()W (0)) = / (2W7;4€—2pxp2_§v TFR

d* . — M,
(T'By(2)$™(0)) = / (27546”” P gWV?wgV’
d* . —1 —1
(e on = [ e (7 s+ 1 )
d* : ?
(T'¢™(x)6™(0)) :/(2W§46_2pxp2_§WM§V'

(A complete list of the free field propagators of the Standard Model in a general linear
gauge can be found in [31].)

In section 2 we have constructed the SU(2) x U(1) gauge invariant part of the action
of the electroweak Standard Model. We have to look how the gauge symmetries (2.100)
act on the gauge-fixing part of the action (3.22). In the B,-gauges we have to extend
the symmetry transformations by the contributions of the auxiliary fields in a way that

fd4:1;Ba[Na1,8Vb is invariant under rigid transformations:
W, / d*¢B,10Vi =0  We, | d*2B,1,,0V; = 0. (3.25)

By this requirement the transformation behaviour of B,-fields is uniquely determined:

. )
Wf = lga! /d4$BbOgﬁ(0W)Gﬁwa’Owc(GW)[cc’Wa o = —|—7 —,3; (326)
WB——i/d4x B _p o (3.27)
em Y§B, T 6B_)° ‘
The matrix O,,(0w) is defined in (2.96) and €,3, as in (2.39). The abelian (hypercharge)

operator is defined according to (2.47) by Wf = W,,, —Ws. [t is seen that the rigid as well

as the gauge symmetries are broken by the gauge fixing. To be precise, the rigid SU(2)

symmetries are broken,

W, IES = At (3.28)

O

but electric charge is conserved,
B¢
W I = 0., (3.29)
However, electromagnetic gauge symmetry is broken by a non-linear expression,

4
<€Wem — aﬁ) F;B}’g) = DBA - z@M(B+Wf - B—W-t)v (330)
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which reads in the Re-gauges (3.24)

Sve 1 i | .
(ewen =015, = 00+ 0, (W — iMywGuat) W2 —he). (3.31)

From the last expression it is immediately clear that the situation is dramatically changed
compared to pure QED (cf. (3.16)). In the case of QED we have derived from the QED
Ward identity that A is a free field in the classical theory (cf. the derivation of eq. (3.20)).
The same arguments applied to eq. (3.31) show, that JA interacts with W, and W_
and will therefore indeed contribute to physical scattering processes. To cancel these
contributions in the physical scattering matrix additional fields, the Faddeev-Popov ghost
fields [32], have to be introduced into the theory and gauge symmetry has to be replaced
by BRS symmetry [12, 14]. This is the topic of the following subsection 3.3.

Another complication of the gauge fixing in spontaneously broken theories and in
particular in the Standard Model is that it does not even maintain rigid SU(2) x U(1)
symmetry. Instead the gauge-fixing action and the gauge parameters (3.22) have been
chosen as though they have been built around several U(1) factors. In order not to
spoil the group structure of global SU(2) x U(1) symmetry, the following choices for the

gauge-fixing parameters are made:

fa=éw=¢=( and (w=(z=0C. (3.32)

Then the 4-dimensional terms of the gauge fixing are invariants
W, /d4:1: (%BafabBb + Baiabavb> =0, (3.33)

whereas the 3-dimensional ones are seen to transform in the same covariant way as the
fermion mass terms under SU(2) x U(1) transformations. The mass breakings of the
gauge fixing cannot be coupled to the scalar doublet, since the corresponding expression
vanishes identically, but we are able to couple it to an external scalar doublet ® and its

hermitian conjugate:

(i):<1 {b—l— .A>, (i)T:<1 {b_ .A>_ (334)
7 (H +1X) 7(H —1{)
It is transformed in the same way as the scalar doublet ® under rigid SU(2) x U(1) (see

(2.87)), only the shift can be chosen differently in including the gauge parameter ¢ of

3-dimensional breakings:

T T
o (6 4oyt 00 0T g
Wa—/d:z;<(<1>—|—§v) T (6 +¢v)). (3.35)
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algebraically this construction is similar to the one that was applied when we did introduce
the scalar doublet and spontaneous breaking of the symmetric gauge theory in section
2.2.5. However, since the construction here is done for a non-propagating scalar doublet,

® does not have a physical interpretation.

The gauge-fixing functions including the external fields read now:

TE(G) TTE;G) ((i) + §V)> ‘

2

Fy— Fo= 0V, —i— <(<i>+§v)T

sin Oy

(P+v)—(P+v)
Here we have introduced the following notations:

7(G) = cosOwrs + Gsin by,
T4(G) = —sinfyrs + Gcos by l. (3.36)

When we choose the parameter G

sin Oy

G=—

(3.37)

cos Oy’

we recover the gauge-fixing functions (3.23) with (w = (z = (. Explicitly, with this choice
the gauge-fixing action at $ = 0 reads:

s (3.38)
G=—tan Oy

1 . .
4 —
/d x<2§Ba[abBb —I' Ba[abfb>
1 " ~ )
~ / A2 (5EBu LBy + BuludVi +iCMyw(Byo- — B-gy) = CMzBay).

The gauge fixing (3.38) is indeed a special gauge choice and has to be replaced by the most

general one, compatible with rigid symmetry, in higher orders of perturbation theory:

1 ~ ~ A 1.
Fg.f. = /d4x <§§Ba[abBb + Ba[abfb(G, C) + §§(sin 0w By -+ cos QwBA)2> . (339)

Here the four parameters &, é, (G and ( are independent parameters of the gauge fixing.
[yt (3.39) is characterized by being linear in the propagating fields, by CP invariance

and by rigid invariance,
W,L, ;. =0. (3.40)

The operator of rigid SU(2) transformations is now given by the sum of all field transfor-

mations introduced by now (cf. (2.56), (2.41), (2.87), (3.26) and (3.35))

Wa — Wgermion T W;calar T W;ector T Wf T WS (341)
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3.3. BRS symmetry and Faddeev-Popov ghosts

In the previous subsection we have shown that the gauge fixing breaks local gauge
symmetry non-linearly and we have argued that as a consequence of the broken gauge
Ward identity the unphysical part of the vector bosons interacts and contributes to the
physical scattering matrix in the tree approximation (cf. (3.31)). In order to cancel these
interactions in the scattering matrix further fields, the Faddeev-Popov ghosts, are needed.
The conventional way for introducing Faddeev-Popov fields into gauge theories does not
start from unitarity arguments but from the path integral formulation of quantum field
theory: To implement the gauge fixing program in path integrals one needs a compensating
determinant. This determinant can be rewritten in the form a path integral over a set
of anti-commuting scalar fields. Since these scalar fields have the wrong statistics (they
should have been bosons instead of fermions) they are not physical and therefore called

ghosts [32].

A third way of introducing Faddeev-Popov ghosts in the theory is provided by the
algebraic method of BRS quantization. Since this method is close to the algebraic charac-
terization of renormalized perturbation theory, we want to discuss it in the following: In
a first step one considers BRS transformations as an alternative way to characterize the
Lie algebra of the gauge group and replaces the infinitesimal parameters of gauge trans-
formation e, () by anti-commuting scalars ¢, (2). With this substitution the infinitesimal
transformations on the fermion, scalars and vectors are become BRS transformations

denoted by se:

SVMa = auca + miaa’fa’bcvubcca
e T(Gy)
® = ——=(P s 42
S Zsinﬁw 5 (®+v)e (3.42)
(G .
sFE = i ¢ Tl S)F(;L.ca with 6 =1,¢q
sinfyw 2 :
R ) sin Oy

sf;7 = —ieQy

Here we have transformed the fields ¢, = 4, —, 3,4 into physical fields by the orthogonal

transformation matrix O, (6w ) (2.96),
¢o = Ouu(Ow)cy, (3.43)

and have given the transformations in the physical on-shell fields and in the QED-like

parameterization (2.106). The structure constants are defined by

Jave = €apyOaa(Ow ) O (0w ) Ore(Ow ). (3.44)
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The matrices 7,(G) are given in (3.36) and satisfy the algebra:
[TG(G)v Tb(G)] = fabcicc’Tc’(G)- (345)

The parameters Gy, are related to the weak hypercharge of the respective SU(2)-doublets.

1 for the scalar doublet (k= s),
Vi with Vi =< —1 for the lepton doublet (k=1), (3.46)
for the quark doublet (k= ¢).

sin Oy

Gp = —

cos Oy

W=

Since the action ['ggw is gauge invariant, it is is invariant under BRS transformations

by construction
SFGSW =0. (347)

The Lie algebra of functional generators is translated into the nilpotency of the BRS

operator s
s? = 0. (3.48)

It includes the commutation relations as well as the Jacobi identities. For illustration we
calculate the BRS transformations of ghosts by requiring nilpotency of the BRS operator

when acting on the fermion doublets:
0=sF" = s(c,6,F") (3.49)
= 8¢, 0, F + cye 6,0, FF
1 ~
= (Sca + §fbda’cbcd[aa’)5aFL

From the last line one derives:

1~
SCq = _§[aa’fa’bccbcc- (350)

In (3.49) 4, denote the infinitesimal SU(2) x U(1) transformations transformed to physical
field indices by applying the orthogonal rotation matrix O, (0w ). The obey the algebra

[5(17 5?)] - fabcicc’(sc’ (351)

The second and crucial step of the construction is the observation that one is able to
complete the gauge-fixing action in such a way that it is BRS invariant. We have shown

in the previous subsection that on the gauge-fixing action gauge invariance is broken by
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non-linear field polynomials (3.31). But introducing the anti-ghosts ¢, and their BRS

transformations
s, = B, and sB, =0 with s*=0, (3.52)

it is possible to enlarge the gauge fixing action by a ghost action in such a way that the

sum is invariant under BRS transformations:
s<rg.f, n rghost> ~ 0. (3.53)

If one writes for the ghost action I'jes = fd4:1;EaXa one finds according to (3.53):
0= / 'z <Bafaa/sj’-"a/ + B.X, — EasXa>. (3.54)

By identifying X, = —I,.sF, and noting that then sX, = 0 because of nilpotency, the

ghost action is uniquely determined to:
[ ghost = — / A ey LyarsFor. (3.55)
One has to note that in the B,-gauges the gauge-fixing and ghost action is a BRS variation,
Fop+ Dot = s / d4:z;ca(§Ba +F). (3.56)

and BRS invariant because of nilpotency of the BRS operator s. Finally we have to assign
a BRS transformation to the external scalar doublet ®. Since it couples to a BRS variation
it is possible to transform the external scalar doublet into a scalar external ghost doublet
q with Faddeev-Popov charge 1:

A

sb=q sq=0. (3.57)

The ghost action contains kinetic and mass terms for the fields. With the gauge choice

(3.37) they read

L =— /d4:1; <Eanabcb + (M (epee 4+ e cy) + §M§EZcZ> . (3.58)
For this reason they have to be considered as dynamical fields with the following free field
propagators:
= d4k —ikxz J
(Teswe-(0) = [ e ™ g
d*k _, i
T = _ —ikx )
Testateao) = [ ™ (3.59)

(Tea(2)24(0)) / (;i’;e—mk%



We want to note, that for the general gauge fixing there appear non-diagonal ghost prop-
agators in the bilinear action. To diagonalize the ghost mass matrix one has to introduce
in the BRS transformation of ghosts an additional ghost matrix which allows the diago-

nalization of the ghost mass matrix (for details see [16, 31] and Appendix A):
SEa = Bbgba- (360)

For higher order loop calculations this observation is crucial for obtaining infrared finite

results for off-shell Green’s functions.

3.4. The defining symmetry transformations

The classical action of the electroweak Standard Model is given by:
Ui =Tasw + Ty + Dgnost- (3.61)

It is the starting point for the perturbative calculation of Green’s functions and deter-
mines via the Gell-Mann—-Low formula and the free field propagators the tree approxi-
mation completely. Higher orders are, however, subject of renormalization and have to
be properly defined. For this reason we want to summarize the symmetry properties of
the classical action. In the course of renormalization we have to show that these sym-
metry transformations determine the classical action uniquely, if one poses appropriate

normalization conditions.

Due to the fact that gauge invariance is non-linearly broken by the gauge fixing we
have to replace gauge invariance by invariance with respect to the nilpotent BRS trans-

formations:
sl'y =0, s =0. (3.62)

If we want to write BRS transformations in functional form we face the problem of non-

1

linear symmetry transformations. These symmetry transformation become insertions',

the classical action as the lowest order of the generating functional of 1PI Green’s func-
tions. To make them well-defined for ordinary as well as connected Green’s functions, non-

linear symmetry transformations have to be coupled to external fields p,,o,, Y, UF, \Ilf

IFor an introduction to insertions and normal products see the reviews and books on renormalization
[R2] - [R7]; see also section 4.2 of these lectures.
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and ;/)J]% (see Appendix A for notations):

| /d4:1; <p303a(9W)sWa + 0303, (0w )scy + prsW_ + p_sWy (3.63)
+oisc. + o_scq + Yisd 4+ (S(I))TY
+ (lll_ﬁsFlL + \I/—stqL + Z;/)_J’%sff + h.c.)).
f

Adding the external field action to the classical action
Fcl — Fcl —I' Fext.f.y (364)

BRS invariance is rewritten into the Slavnov-Taylor identity:

ol ol
S(Ty) = /d4:1; ((sin Ow0,cz + cos 0W6M0A> <sin Ow 5Zl + cos Oy 5Al> (3.65)
u u
5Fcl 5Fcl . 5Fcl 5Fcl 5Fcl . 5Fcl
+ 5o <COS GWE — sin Oy 5Au> + 5os <COS 0w 5oy — sin Oy 5CA>

STy 6T 6Tu 6  6T.oTy 6Twoly 6TaoTy 6Ty sly
W, TS oWy | d0s de. | do_dey | oYT 50 T 50T oY
L 6Ty Tud 6Ty Tyd
+;<5¢—ﬁ5f23 T SwrarE he)
ST 0Ta ol w) iy
dea V5o Tt t) T

+ B,

The unitarity of the physical S-matrix, i.e. cancellation of unphysical particles in physical
scattering processes, can be derived from the Slavnov-Taylor identity. To ensure that
the physical interpretation also holds to higher orders the Slavnov-Taylor identity has to
be established to higher orders of perturbation theory as defining symmetry identity of
non-abelian and spontaneously broken gauge theories [12, 13, 33]. (For an introduction

to unitarity proofs in gauge theories see [R1] and [Q4].)

In the Standard Model, due to the abelian factor group the Slavnov-Taylor identity
does not completely characterize the theory. As we have already mentioned we have
to require an abelian Ward identity for fixing electromagnetic current coupling and also
SU(2) x U(1) rigid symmetry for being able to single out the abelian operator. Assigning
to the external fields and to the Faddeev-Popov fields definite transformation properties
with respect to rigid SU(2) x U(1) transformations, we have for the complete classical

action

W, I, =0 and WeI'a =0, (3.66)
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The W,,, o = +, —, 3 satisfy SU(2) algebra:
[Woas W) = €apy oy Wi (3.67)
The operators W, are the sum of all field operators (cf. (3.41))
W, = Wermion  yysealar y pypvector 4 ypB Wf + fWhosts L yyertf (3.68)

The complete operators are given in Appendix A (A.46). Furthermore we find that the
local abelian symmetry defined by the operator

We =W — w3 [WEWL] =0 (3.69)

is broken linearly and can be interpreted as an abelian Ward identity for the generating
functional of 1PI Green’s functions:

¢ 6 § ‘
<cos QWW‘? — cos awaﬁ — sin Qwaﬁ> [y = O(sin 8w Bz + cos 0w B,) (3.70)

It allows to distinguish electromagnetic current coupling from coupling of lepton and

baryon number conserving currents in the construction of the electroweak Standard Model.

As long as we do not consider family mixing in the fermion sector, CP invariance is a
discrete symmetry of the Standard Model and conservation of lepton and baryon family

are global abelian symmetries (2.109):

Wi, =0 and W, la=0 (3.71)

In the proof of renormalizability to all orders, it has to be shown that the Slavnov-
Taylor identity (3.65), Ward identities of rigid symmetry (3.66) and the local abelian Ward
identity (3.70) can be established to all orders of perturbation theory. Furthermore — and
as important as the first part — it has to be shown that these symmetry transformations
together with CP invariance and the global symmetries (3.71) uniquely determine all free
parameters order to order in perturbation theory, if appropriate normalization conditions

are imposed.
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4. Proof of renormalizability to all orders

4.1. Scheme dependence of counterterms

For the purpose of illustrating general properties of renormalized perturbation theory
we consider a simple quantum field theoretic model, the @*theory, with the classical
action

1 A

1
L= [da(G0,00" = s = ). (41)

As discussed in section 3.1 the perturbative expansion is formally governed by the Gell-
Mann—Low (GML) formula (3.1) and can be diagrammatically expressed in the Feynman
diagrams. There one assigns to propagators and vertices certain diagrammatic expressions
and writes all topological distinct diagrams. If one assigns furthermore to the diagrams
symmetry factors, diagrams are immediately translated into the mathematical expressions
of Green’s functions. The correspondence between diagrams and Green’s functions is
summarized in the Feynman rules. For example the connected 2- and 4- point Green’s

functions of the ¢*theory are expanded diagrammatically as follows

When writing down the corresponding expressions to the loop diagrams, one sees that
these integrals are not finite and therefore not well defined as they are given by the GML
formula: the integral over the internal loop momenta is unbounded. To analyze these
divergences it is useful to consider the one-particle-irreducible (1PI) Green’s functions. In
the above example they are obtained from the connected ones by amputating the external
legs. For 1PI Green’s functions the superficial degree of the ultraviolet divergence dr of a

specific loop diagram I' is given to all orders by the following formula:

3
dr =4— Np — §NF—|—2V:(dV —4). (4.2)

40



Here N and N denote the number of external (amputated) boson (B) and fermion (F')
legs. The sum is taken over all vertices V appearing in the respective 1PI diagram and
dy denotes the dimension of the vertex V. For the 2 and 4 point Green’s functions in the
@p*theory, we find dr, = 2 and dr, = 0 respectively, whereas all the 1PI Green’s functions
with more than four external (amputated) legs are finite. Since all the propagators behave
not worse than ]% when p? — oo (cf. section 3.1 and 3.2) the formula (4.2) is also valid
in the electroweak Standard Model. Furthermore, since all the interaction vertices of
the classical action have dimension less than or equal 4 (dy < 4 ), the divergencies of
the Standard Model are restricted to 2-; 3-, and 4-point 1PI Green’s functions and are
quadratic, linear and logarithmic depending on the number of external fermion and boson
lines. This property is called naive renormalizability by power counting (see e.g. [R2] for

an introduction to renormalization).

Next we consider the explicit expressions of the divergent 1-loop 1PI diagrams in the

wtmodel?:

FQ(p2) = Z)\R/ 27_[_ 4k2 m27 (43)

1
4(p1, p2, p3, pa) Z 9 / (27r)4 k? — m2 (k4 p1 +p2)? —m?

(2 po) + (2 € 1)),

Here R denotes that the integral has to be made meaningful in the course of renormal-
ization. There are several schemes which allow to define Green’s functions to all orders
consistently. Here we want to mention two of them: For practical calculations the most
commonly used scheme is the scheme of dimensional regularization together with a sub-
traction prescription for removing the poles in the limit of 4 dimensions [10, 34]. In the
abstract approach one refers to the momentum subtraction scheme in the version of BPHZ
and, if one includes massless particles, to its generalization, the BPHZL scheme. (The
scheme is called according to Bogoliubov, Parasiuk [35], Hepp [36] and Zimmermann [37]

and in its massless version in addition to Lowenstein [38].)

2The definitions of 1PI Green’s functions differs by a factor ¢ from other conventions (cf. (4.22)), since
we want to identify the lowest order contributions to 1PI Green’s functions with the classical action

(cf. 4.23).
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1. Dimensional regularization
In this scheme the dimension of space-time is analytically continued to D-dimensions

in the complex plane. The integrals (4.3) become in D-dimensions:

dPk 1
(2m)P k2 — m2’

IO — 2 o — i)\/f_D/ (4.4)

20 2 2 2y L 2 ("
= p°—m 4+ mA <——7E—|—1n47r—|—1—|—1n—>
(4m)? \e m?2

A b

dPk 1 1
oM — N / 2 Perm.) (4.5
4 ZZM (27T)Dk2—m2<(k—|—p1 —|—p2)2—m2+ erm> (4.5)

. 1 3X%,2
Font gy (C o nan)

1 )\2 1 2 _ 1 — 2 _
— a )27</ dzlnm al 22)p ‘e + 2 Perm.),
™ 0 H

where € = D — 4. The auxiliary mass p is introduced for having dimensionless cou-
plings also in D dimensions. I'P™ denotes the dimensionally regularized integral.
From there the finite renormalized Green’s functions in 4 dimensions are defined
by an additional subtraction prescription for removing the poles in the limit of 4
dimensions, i.e. € — 0. This procedure is well-defined only up to constants: In the
minimal subtraction scheme (MS) [39] only the poles 2 are subtracted, whereas in
the modified minimal subtraction scheme (MS) [40] the poles 2 and the constants
—~g + In 47 are removed from the D-dimensional expression. In the MS scheme we

find for the renormalized integrals:

S = + %)\—2</1 dzIn m? = 2(1 = Z)(Qpl ) e +2 Perm.). (4.6)
0 H

2. Momentum subtraction scheme of BPHZ
The renormalized Green’s functions in the BPHZ scheme are defined without a
regularization procedure. The finite Green’s functions in 1-loop order are readily
obtained by subtracting the first powers of the Taylor expansion in the external
momenta p; from the integrand at p; = 0. The subtraction operator is denoted
by t¢ (Divergent subdiagrams of higher orders are subtracted according to the

P1.--Pn’
forest formula.) The order d of Taylor subtractions is called the subtraction degree
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and coincides in the case considered here with the degree of divergency:

, e 1
PPPHZ = 2 —m? +iA(1 - t?)/ T o
22 d*k 1 1
FBPHZ:—)\—'—l—tO/ 2 Perm.
4 9 ( ) (27T)4<k2—m2 (k4 p1 + p2)? —m? + erm>

N )\2/d4k< 1 1 1 >—|—2P
N ! 2 ) 2m)A\k2 —m2(k+p 4+ py)2 —m? (k2 —m?)? .

1 )\2 1 2 _ 1 — 2
S / dz(lnm 2(1=2)(p1 + p2)
0

- 2 Perm.). 1.8
(4m)? 2 m? = Ferm (48)
Comparing the finite Green’s functions of the MS and MS scheme with the ones of
the BPHZL scheme it is seen, that the renormalized expressions differ by constants, but
that the non-local (logarithmic) contributions coincide as they stand and illustrate the

equivalence of different schemes. In particular we have

| FIQVI_S— m*A\(1 + In M—)

_ 3)\2 MZ
BPHZ _ pMS
F4 = F4 —|— 327‘[‘2 lﬂ W (49)

These constants can be related to counterterms, which are added order by order to the
classical action and appear in the GML formula in higher orders of perturbation theory.
Of course these counterterms are restricted to have dimension less than or equal to 4 in
order not to violate the properties of naive renormalizability. In the p*-theory the most

general counterterms are given by
Iy = /d4:1; Z(a(”))\”apDcp + 6™AN 2% 4 Lt \/X)\nf(”)cp?’). (4.10)
n=1

In fact the above calculation has demonstrated, that these counterterms are fixed arbi-
trarily in different schemes and have to be defined uniquely by normalization conditions
and symmetries. Let us consider first the p®-interaction, which can be added from pure
power counting arguments. Since the classical action is invariant under the discrete trans-

formation

¢ = —p  Tale) = Ta(—¢) = Lalp) (4.11)

and since the discrete symmetries are not violated in the course of renormalization, this
term can be omitted from the counterterm action. All the other terms have to be fixed

by normalization conditions and are interpreted as the wave function renormalization,
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coupling and mass renormalization. The classical action and the counterterms are sum-

marized in a I'csp:

Iy = /d‘*x(%z;awaw — %(m +dm)?2le? — %23994) (4.12)
= /d%(%@wp@“@ — %m2992> + Lint
with
2, =140(h), z,=1+0(h), ém=O0(h). (4.13)

These coefficients are uniquely related to the coefficients a,b and ¢ (4.10) order by order
in perturbation theory. The arbitrary coefficients of counterterms have to be fixed by

three normalization conditions, namely z, on the interaction vertex

e = A, (4.14)

pl.:ﬁ
S
Py Pj=—3"x

F4(p17p27p37p4)

2

and z, and dm on the 2-point function:

FQ =0 and 8p2 FQ

pZ=m?2

= 1. (4.15)
p2=k2

The condition on the 4-point function fixes the coupling at the symmetric Fuclidean
momentum p? = x? to its tree value. The first condition on the 2-point function means
that the mass parameter appearing in the Green’s functions is the physical mass since it
is the pole of the propagator, the second condition fixes the residue of the pole to unity
at the normalization momentum p? = 2. Applying the normalization conditions to the
renormalized Green’s functions, scheme dependence of counterterms is removed and the
result is unique and does not depend on the scheme, which one has used for making the

Green’s functions finite:

Do(p?) = p*—m? (4.16)

1 )\2 1 2 _ 1 — + 2 _
F4(p2) = —)\ —|— W?/O dZ <1H m Z( Z)(pl 52) ‘° —|— 2 Perm.>

m? — z(1 — 2)5/432

The I'crs (4.12), however, which governs the evaluation of Green’s functions in the GML
formula, depends on the scheme which one has used for making finite the infinite integrals.
Therefore, in a scheme independent proof of renormalizability one never refers to the

properties of a I'.y, but only to properties of the finite renormalized Green’s functions.

In the Standard Model there are a lot of counterterms, which can be added from pure

power counting arguments to the action. As it was in the ¢*model (cf. (4.11)), discrete
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and global symmetries as electric charge conservation and lepton and baryon number
conservation are conserved in the procedure of renormalization and we are able to restrict
the counterterms according to these symmetries. For example the general renormalizable
action with bilinear terms in the vector-scalar fields is given by

. 1 1~ 1
il — / d%(—iza%(a%” = OVINONbw = 0, Vi) = 520 (0"Va)" + S MUV Vi

gen

1 o= 1 .
+ §Zf[abau¢aau¢b - §mas¢a[ab¢b + Da,b‘/auausob> . (417)

Applying CP invariance and charge neutrality it is seen that Z° as well as m® are

diagonal in the neutral sector and off-diagonal and real in the charged sector, whereas
ZV and MV are real but non-diagonal in the neutral sector. Of course some of these
constants are fixed by normalization conditions, as it is for the mass matrix of vectors
and the mass of the Higgs. Other counterterms in (4.17) as D,; are determined by the

symmetries as it is seen from the classical action.

In the (complete) on-shell scheme the mass matrix of vectors is fixed by the following

normalization conditions [24, 25, 41]:

Re FW"‘W— = 0, Re FZZ = 0, FAA = 0,
p2=Miy, p?=Mj p?=0
Re FZA == 0, FZA =0. (418)
p?=M2 p?=0

With these conditions the mass matrix of vectors is diagonalized on-shell. Since Z and
W# are unstable particles, their self energies are not real. The on-shell conditions do not
seem to be the appropriate conditions for describing unstable particle in higher orders,
but we want to indicate here that there are free counterterms available for fixing the
masses of particles and for diagonalizing the mass matrix. Then on-shell conditions can
be replaced immediately by the appropriate normalization conditions as for example pole

conditions in higher orders.

In the course of algebraic renormalization counterterms have to be characterized alge-
braically by the symmetries of the model. In particular one has to distinguish the invariant
counterterms that are fixed by normalization conditions from non-invariant counterterms
which are fixed by the symmetries. This classification is carried out when one solves
the defining symmetries, the Ward identities and the ST identity, for the most general
local field polynomial compatible with power counting renormalizability. The proof of
renormalizability is finished by proving that the defining symmetries of the model can be
established in higher orders by adjusting non-invariant counterterms appropriately. (For

an introduction to algebraic renormalization see [R5,R6].) The basis for this proof is the
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quantum action principle for off-shell Green’s functions, whose content and consequences

for renormalization we outline in the following subsection.

4.2. The quantum action principle

The classical action of the Standard Model satisfies the ST identity (3.65)
S(T'y) =0, (4.19)

Ward identities of rigid SU(2) symmetry and global electromagnetic charge conservation

(3.66)
Woly =0,  WeLy =0. (4.20)

Starting from the classical action one can immediately calculate the Green’s functions of
1-loop order, by using the Gell-Mann—Low formula and Wick’s theorem, or equivalently
using Feynman diagrams and Feynman rules as described in the last subsection. The
divergent Green’s functions are renormalized by a well-defined subtraction scheme as we
have presented in the example of the p*-theory. (Feynman rules of the Standard Model
and standard 1-loop diagrams evaluated in dimensional regularization are given in several
publications. See e.g. [25, 28, 41]).

The finite 1PI Green’s functions are summarized in the generating functional of 1PI

Green’s functions.
=1
[lier] = Za/d“wl---d“xn Y wilen)pn (@2) - i (@), g, (21, 0) (421)
n=0 Zl,Zn

Here ¢ denotes the different fields of the Standard Model and Iy, .,

functions with external amputated legs ¢;,, ... ¢,

. the 1PI Green’s

B

1

Loipin (@1 00) = = < T (@) . 03 (Ta) > ‘ (4.22)

1PI diagrams
amputated legs

In perturbation theory the generating functional of 1PI Green’s functions is expanded in
orders of h, which agrees with the loop order and the expansion in the coupling constant.

The lowest order is the classical action:

r=>r1r® r1@=r, (4.23)

0
k=0

46



The proof of renormalizability is an induction proof; therefore we have in a first step
to prove that the symmetries of the tree approximation can be established also in 1-loop

order
(<1)
ST)=0 — <8(F)> —0 (4.24)
(<1)
Wl =0 — (WJ) — 0

Finally we have also to establish the local Ward identity (3.70) in 1-loop order. The global
symmetries as electric charge conservation, lepton and baryon number conservation as well
as discrete CP symmetry are trivially established. Having carried out the step from the
classical approximation to 1-loop order the step from order n to n + 1 can be done in
analogy if none of the initial conditions as power counting renormalizability and infrared

existence have changed.

In the following we denote the finite scheme-dependent renormalized 1-loop Green’s
functions by Y. As in the example of the o*-theory we are able to add arbitrary
counterterms in 1-loop order. The Green’s functions of the Standard Model are finally
determined as a sum of the renormalized scheme-dependent contributions and local coun-
terterms (see (4.17)):

1) 4 ) (4.25)

ren

PEY =Ty + (T

Applying the ST operator and the Ward operators of the tree approximation (3.65) and

(3.66) to this expression we obtain:

SIE) = STt (0, +19) (4.20)

= M$+wdd+0@%

cl

W, I = Wxnmwﬂ +r ),

ren

= w,rd —I—WF

ren

The operator sr is the linearized version of the ST operator:

sp = /d4$ ((sin Ow0,cz + cos 0W8M0A> <s1n GW% + cos Oy 52 > (4.27)
1

55 ST 5 6T 6
9 e o
MG TRR Fr et B g;k “’“(Mk Sor S 5Tk>>

We have generically written ¢y, for the fields and Ty for the corresponding external sources

in the theory.

If we want to prove that symmetries can be established in 1-loop order, we have to

show that all scheme dependent breakings in 1-loop order can be cancelled by adding

47



appropriate counterterms, i.e.:

!

WL £y ) s, T, = —sp, I (4.28)

ren T ren ™ ct

(Here = denotes that the equality of both sides of these equations has to be proven.)
For proving these equalities the most important input comes from the quantum action
principle [42, 43]. It relates differentiations with respect to parameters and with respect
to fields to insertions (see [R3] — [R6] and below, in particular (4.38)). In its most
general form it has been formulated even independent of a specific renormalization scheme
[43]. Applying the quantum action principle to the symmetry operators involved here we
find that the symmetries of the tree approximation can be at most broken by local field

polynomials with UV-dimension less or equal than 4 in 1-loop order:

Sa+Tl) = ALl +00?), (4.29)

W.(Ta+TM) = A L o) (4.30)
with
dm" AN <4 and  dim"V AD < 4. (4.31)

In particular the proof of renormalizability is completely traced back to an (algebraic)

analysis of local field polynomials and (4.28) is simplified to the expressions

AR s, T =0 (4.32)
AW 4w, = o,

A characterization of all possible breakings is obtained by the algebraic method, which
will be presented in the following section. Before we turn to the algebraic method we

want to make a few remarks on the quantum action principle.

In its general form the action principle relates field and parameter differentiations
acting on the generating functional of Green’s functions to insertions into the respective
Green’s functions. According to the dimension of fields appearing in the differential
operators the field polynomials of the insertions have a definite upper UV dimension in
all power counting renormalizable theories. In the BPHZL scheme the quantum action
principle takes a simple form and relates the differential operators to Zimmermann’s
normal products [42, 44]. Furthermore the insertions can be expressed in terms of the
(scheme-dependent) I'. ;. Here we will restrict ourselves to the most important properties
of insertions. First we want to give the definition of an insertion. Green’s functions

with insertions are quite analogously determined as ordinary Green’s functions: Factors
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and Feynman rules are given by the formal expansion of the generalized Gell-Mann—Low

formula, which defines Green’s functions with insertions in a formal way:
(L0} (21) - i)y = R(T: O0a) s ol an) - ol e T (4.33)

With O(x) we denote an arbitrary field polynomial composed of propagating fields of
the model. Examples for such polynomials are ¢*(z) and ¢*(z) in the p*-theory. Inte-
grated insertions usually denoted by A are defined by carrying out the x integration in
the above formula A = fd4:1;0(:1;). The Green’s functions with a certain insertion are
again summarized in the generating functional of Green’s functions with insertion. From
here one is able to define connected and finally 1PI Green’s functions with insertion by
Legendre transformation. The generating functional of 1PI Green’s functions with the

non-integrated insertion O(x) and the integrated insertion A are denoted by
[O(x)]- T and [A]-T (4.34)

and

o [O@@)] - T=R<T:0(x):¢i(x1)...00(xn) > ‘

dpir(a1) - @i (20) amputaied Tegs
1PI Green’s functions have the same obvious diagrammatic interpretation as ordinary
Green’s functions. It is important to note that the lowest order in the perturbative

expansion is a local expression and given by the field polynomial O(x):
[O(x)]- ' = O(x) + O(h). (4.35)

(This is analogous to the observation, that I'; is the lowest order of the generating func-
tional of 1PI Green’s functions (see (4.23).)

Of course insertions of field polynomials into loop diagrams are in general divergent
and have also to be made meaningful by renormalization. Similarly as for ordinary 1PI
Green’s functions we find the following degree of divergency dr, of a 1PI Green’s functions

with one insertion O(z):
3
de:4—NB—§NF—|— gv (dy —4) + (do — 4). (4.36)

Here the notation is the same as in (4.2), and dp denotes the dimension of the field
polynomial O(xz). (For example in the ¢*-theory we have d+ = 4 and d = 2.) In the
BPHYZ scheme the renormalized Green’s functions with insertions are defined by Taylor
subtraction. The number of Taylor subtractions are given by the subtraction degree,

which is in a renormalizable theory given by

3
6o = 4= Np — 5 Ne + (50 — 4), (4.37)
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and 6o > do defines the subtraction degree. (For example in the p*-theory one often has
to consider p*-insertions with d,2 = 4.) In the BPHZ scheme the Green’s functions with

insertions are therefore given together with their subtraction degree : With the notation
[O()]s - T

the Green’s functions with insertion are completely defined.

The quantum action principle relates field differentiations to insertions with a well
defined UV-degree §. For the purpose of the present lectures we need the following
forms of the action principle: variations of propagating fields as they appear in the Ward
operators of rigid symmetry (3.66) and products of field variations with respect to a

propagating and an external fields as they appear in the ST operator (3.65):

6T ) ) )
c,ok(:zj)(sw(x) = [O(x)]s, - I' with dp =4 — dim”" w1+ dim”" ok (4.38)
K K
d* = [Als, - with s =4 —dim"" 4 —dim"V Y
/ x(STk(:I;) 5oor(7) [Als, wi A im”" ¢ + im k

The lowest order of A and O(x) is given in expressions of the classical action:

O(z) = c,ok?;j—l—O(h) (4.39)

5Fcl 5Fcl
A = d* + O(h).
[ e o O

Field polynomials appearing in higher orders are scheme dependent but restricted by the
UV-degree 6o and da:

dim”Y O(z) < do dim"" A < §a. (4.40)

Applying the quantum action principle as given in the above formula to the Standard

Model we find

S(T) = [Aps)s- T with Ay, =8(Ty) +O(h) = O(h), (4.41)
Wol = [Ada T with A, = W.Iy + O(h) = O(h). (4.42)

Using that the lowest order of the insertion is a local field polynomial we arrive immedi-
ately at (4.29) and (4.30), where the upper UV dimension of field polynomials is given by
the subtraction degree of the insertion (4.31).

In the Standard Model and quite generally in gauge theories with unbroken gauge
groups there are massless particles. For this reason, one has to assign to every field also

an infrared (IR) dimension [38]. Insertions are defined by giving an subtraction degree
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not only with respect to their UV but also with respect to their IR dimension [44]. Then
the local field polynomials A,,.s and A, are in addition restricted with respect to their
infrared degree [38, 44]. In the Standard Model we obtain from the pure power counting

analysis
dim™® Ay, > 3, dim™ A, > 2. (4.43)

A complete list of the UV- and IR-dimension of the fields appearing the Standard Model

is given in ref. [16].

4.3. The algebraic method

With the algebraic method one has to characterize the counterterms and the breakings
by the defining symmetries of the model. In the algebraic characterization of countert-
erms the free parameters of the model are determined and the normalization conditions
and symmetries are identified. Then the Green’s functions can be uniquely defined in-
dependently of a specific (invariant) scheme. In the second step the possible breakings
of the symmetry operators are restricted by algebraic consistency, and in this way it is

possible to find out, if eq. (4.32) can be solved by adjusting appropriate counterterms.

The first step is called in the literature the general classical solution, since one solves
the defining symmetry identities for all integrated field polynomials allowed by the power
counting renormalizability. Neglecting in a first step the local Ward identity (3.70), the
defining symmetries are the ST identity (3.65) and the Ward identities of rigid symmetry
(3.66):

S(I') =0, W, I'=0 and W.,,I' = 0. (4.44)

In usual gauge theories with simple gauge groups these symmetry operators are defined by
their tree approximation. Since the gauge group of the Standard Model is non-semisimple
and since the unbroken gauge group does not correspond to the U(1)-group, such a pro-
cedure is not satisfactory for renormalizing the Standard Model. In particular, when we
try to proceed as usually, it is seen that there are not available enough free parameters
to establish the normalization conditions of the on-shell scheme for the vector and ghost
fields (cf. (4.18)). Due to the presence of the massless photon such normalization condi-
tions are crucial for obtaining off-shell finite Green’s functions in higher orders. Therefore
the symmetry operators have to be themselves subject of renormalization, especially the

weak mixing angle expressed in the on-shell scheme by the mass ratio of vector bosons,
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does get higher order corrections and cannot be fixed to its tree value in the symmetry

operators.

For this reason we have to generalized the notion of invariant counterterms: Instead
of taking the ST identity and Ward identities of the tree approximation, we take the
most general operators compatible with the algebra (4.45) — (4.47) and call counterterms
invariant if they satisfy these generalized identities (4.48). For the ST operator we require

the following properties of nilpotency:

s S(I') = 0 for any functional I, (4.45)
Srsr = 0 if S(F):O

The Ward operators W,, are required to fulfil the SU(2) algebra

[Was W5l = €apn Ly W, (4.46)
Finally ST operator and the Ward operators have to fulfil the consistency equation:

st W' = W,S(T) = 0. (4.47)
These properties are valid for the operators of the tree approximation (3.65) and (4.27)

and (3.66).

For determining the general classical solution of general symmetry operators, i.e. the
invariant counterterms, one has to solve the algebra as well as the defining symmetry
identities for the most general power counting renormalizable action:

SIIE) =0 WIS = 0 (1.48)

O

and W9 and §9 fulfil equations (4.45), (4.46) and (4.47) and
dim"V 19" < 4 (4.49)

['Y7" as well as the symmetry operators are restricted according to the global and discrete
symmetries (CP invariance !) of the model (cf. the discussion after eq. (4.17)). An outline
of the main steps of the solution can be found in [16]. Here we give the most important

results:

The most general solution is gained from the special solution of the classical approx-
imation I';; by redefining all fields with the most general matrix allowed by discrete and
global symmetries. Of course these field redefinitions have to be carried out in the ST
operator and in the Ward operators of rigid symmetry. It is seen that such field redef-

initions renormalize the operators in accordance with the algebra. For the vectors one
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is able to introduce a non-diagonal wave function redefinition matrix 2}, in the neutral

sector, whereas the redefinition matrix of scalars is diagonal due to CP invariance.

Zw 0 0 zr 0 0 O
0 0 0 0 0 0
Zap = o . 5 = ot (4.50)
0 0 zzcosbly —zasinfy 0 0 zg O
0 0 zzsinfy; z4cosfy 0 0 0 =

Similar general field redefinitions can be carried out for the Faddeev-Popov ghosts and
the fermions. Further free parameters are the parameters listed in (2.102) and the gauge
parameters f,é,( and G of the general gauge fixing (3.39). In this way one is able to
carry out mass diagonalization on-shell and to give normalization conditions for all the
residua in accordance with the symmetry operators. Due to the fact, that the general
field redefinitions enter the Ward operators, invariant counterterms in 1-loop order are
characterized by the equations

SFCZFE:L’)U + 58(1)Fcl =0, WQF(»I)

k3%

+owir, =0. (4.51)

Consequently non-invariant counterterms are called such counterterms which cannot be
arranged to fulfil equations (4.51) by an adjustment of parameters in the 1-loop operators.
By solving the general classical approximation we have now splitted uniquely the coun-
terterms into invariant and non-invariant counterterms and have specified at the same
time all the possible normalization conditions. In the fermion sector of course not all
the abelian couplings are specified by the solution the ST identity and Ward identities of
rigid symmetry, but we find the couplings of the abelian field combination to lepton and
baryon number conserving currents order to order as free parameters of the model. For
this reason one has finally to establish the Ward identity of local abelian gauge symmetry
(3.70) also in higher orders.

According to eq. (4.32) we have finally to prove that all breakings can be written
as variations of the counterterm action. Again scheme invariance of global and discrete
symmetries immediately restricts breakings according to their electric and Faddeev-Popov
charge and according to their behaviour under CP transformations. Then we apply the
classical ST operator sp,, and Ward operators W, on eqgs. (4.29) and (4.30). Using the
algebraic properties of the operators (4.45) — (4.47) we get:

SFCZA[():’.)S = 07
SFcZA(Ozl) - WO&AI():’Z =0, (4'52)
WA —wAD = o.
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These equations restrict strongly the possible breakings. It is seen immediately that all

breakings, which are variations
s = S, Pet AV =W, Py (4.53)
and
dim"V P, <4 (4.54)

satisfy the above consistency equations. Further solutions of the equations, which cannot
be written in the form of a variation are the Adler-Bardeen anomalies [45, 46, 47]. For
their explicit form in the Standard Model we refer to [16]. They are seen to cancel in 1-
loop order according to the appearance of lepton and quark pairs and vanish to all orders
according to the non-renormalization theorems proven in [48]. Therefore all breakings

can be written as variations of 4-dimensional field polynomials.

Finally we have to show, that we are able to add the field polynomials P.; to the
counterterm action without being in conflict with infrared existence and on-shell normal-
ization conditions conditions. Indeed it turns out that on-shell schemes and a complete
normalization of residua fix uniquely all field polynomials appearing in I';,,. Establishing

the normalization conditions by adding such counterterms we find

STa+TW +10) = s, PY 50,10 +0(h%) (4.55)
Wala +TO 4Ty = W, PP 1w, Il 4 0(n?) (4.56)

From the definition of invariant counterterms (4.51) it is obvious that some invariants are
naive invariants of the tree operators and other invariants break the symmetry of the tree

operators:

Finu = qunv + FZreak with

sp 9 =—68WTy and sp, 19, =0 (4.57)

cd v

(The superscript o indicates that we have splitted the generalized invariants (4.51) into
invariants and breakings of tree operators.) In the same way P. can be splitted into
non-invariant counterterms and such counterterms which are invariant in the generalized
sense of (4.51) but break the symmetry of the tree operators. Having already disposed
of invariant counterterms for establishing the normalization conditions we are not able
to dispose of the invariant counterterms for establishing the symmetry. But according
to their definitions these breakings can just be absorbed into a redefinition of the ST

operator and Ward operators. These redefinitions become unique if we take into account
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the algebraic properties of the symmetry operators. Finally we obtain the following

equations:

LAT0) = AL 4 se (D) + 001 (4.58)
= sty (Piear + FZreak)(l) + 51, P?Ei?zinv + O(hz)
= =58, — s TW 4 OR?)
Wolla + T8 +T00) = AL+ WL (15,.,,)" +0(h?) (4.59)
= Wal P + Do)+ WL P+ O(12)

r noniny

= —swir, —w,r 4 0nr?)

noniny

S(Ty+T1l

r

Therefore we are able to establish all normalization conditions and to remove all the

breakings by adjusting non-invariant counterterms and symmetry operators:

S =8y + T 41U 410y L 68WD, + O = O(h?)

(1

WD = W, (T + T+ T8 410y £ sWIr, + O(R?) = O(h?). (4.60)

The proof to all orders can be immediately finished by induction, i.e. one has to go
through all the steps above from order n to order n 4+ 1 and one has to realize that none
of the initial conditions as power counting renormalizability, infrared existence and global
symmetries have changed by the adjustment of 1-loop counterterms. Then the quantum
action principle can be applied in the same way as in 1-loop order. The point where one
has to be careful in proving renormalizability of the Standard Model is infrared existence
of Green’s functions. Due to the fact, that the mass matrix of vector bosons (and the one
of Faddeev Popov ghosts) can be diagonalized in accordance with the symmetries on-shell,
we are indeed able to proceed to higher orders as it was from the classical approximation
to the 1-loop order and the renormalizability as well as infrared existence is proven to all

orders.
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5. Summary

In these lecture notes we have discussed the renormalization of the electroweak Standard
Model by using the method of algebraic renormalization. According to the fact, that
the renormalization of the electroweak Standard Model cannot be based on an invariant
scheme, we have to characterize the model completely by its symmetries. Due to the non-
semisimple gauge group and the specific form of the spontaneous symmetry breaking the
characterization by symmetries requires quite a few generalizations compared to theories

with simple groups. For clarity we review the main steps of our lectures here briefly again.

We started from the free massless Dirac action of fermions and constructed the sym-
metry operators which produce the currents of weak and electromagnetic interactions. In
this way we found quite naturally to the SU(2) x U(1) gauge structure of electroweak
interactions. When we coupled the currents to vector fields, we required a local gauge
symmetry to hold for the enlarged theory. Then the interactions as well as the transfor-

mation of vectors are fixed.

So far we have worked with the massless gauge theory. Mass terms for fermions
were not allowed since they break SU(2) x U(1) symmetry of the theory. We noted
however that the mass terms transform covariantly under SU(2) x U(1). Therefore we
are able to couple them to scalars and require again that the transformations satisfy
the SU(2) x U(1) algebra. Then the transformation of scalars is fixed. The action of
the Glashow-Salam-Weinberg model is then constructed by giving the most general 4-
dimensional action invariant under the spontaneously broken symmetry transformations.
Apart from the SU(2) x U(1) gauge symmetry with the unbroken electromagnetic gauge
symmetry, we identified two further global symmetries: the conservation of lepton and
baryon family number. In these lectures we did not consider mixing of different fermion
families, especially we have been able to require CP invariance in the construction of

higher orders.

In order to have renormalizability by power counting we added to the Glashow-Salam-
Weinberg action the gauge-fixing functions in the so called R¢-gauges. For having nilpo-
tency of the BRS transformations the gauge fixing functions have been coupled to the aux-
iliary fields B,. Furthermore it was noticed that the R¢-gauges break not only local but
also rigid symmetry. For maintaining rigid SU(2) x U(1) invariance external scalars have
been introduced. In this way one is able to construct even a local abelian Ward identity in
the tree approximation. This Ward identity proven to all orders ensures electromagnetic
current coupling in the model and is the functional form of the Gell-Mann—Nishijima re-
lation. The gauge fixing breaks the gauge symmetry non-linearly. Therefore one had to

replace gauge invariance by BRS invariance, introducing the Faddeev-Popov ghost fields.
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BRS transformations act on the matter fields and vectors as gauge transformations, but
allow to complete the gauge fixing to a BRS symmetric action by adding the ghost action.
The algebra of SU(2) x U(1) transformations is then translated to nilpotency of the BRS
transformations. Having determined the gauge fixing and ghost part, the construction of
the classical action has been finished by giving all the symmetry transformations in their
functional form. BRS invariance is replaced by the Slavnov-Taylor identity and invariance
under rigid and local gauge transformations by the Ward identities. In the proof of renor-
malizability it has to be proven, that these symmetries can be established to all orders of
perturbation theory and define the Green’s functions of the Standard Model uniquely to

all orders.

In the last section we first illustrated in the ¢*-theory some special properties of
renormalized perturbation theory. By comparing two renormalization prescriptions, di-
mensional regularization with (modified) minimal subtraction and the BPHZ momentum
subtraction scheme, we have shown, that in the procedure of renormalization Green’s
functions are only defined up to local counterterms. To remove this scheme dependence
one has to introduce normalization conditions for the free parameters of the model. For
the Standard Model we have chosen a normalization scheme, which allows to fix all mass
parameters of the theory and all the residua independently. In particular we required the
photon and Z boson mass matrix to be diagonal at the Z-mass and at p? = 0. The lat-
ter normalization condition is crucial for ensuring infrared existence for off-shell Green’s

functions.

Finally the most important ingredient for the algebraic proof of renormalizability, the
quantum action principle, has been given. In particular we have discussed consequences
of the quantum action principle for the symmetries of the Standard Model to higher
orders. The notes ended with an outline of the algebraic method. We have shown, that
by the algebraic characterization of all possible counterterms and all possible breakings
renormalizability can be proven in a scheme independent way. Indeed the symmetries,
the Slavnov-Taylor identity, the rigid SU(2) and the local abelian Ward identity, which
we have derived in the classical approximation, completely characterize the model and
can be established to all orders of perturbation theory since the anomalies are cancelled

by the lepton and quark loops.
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Appendix A: List of important formulae

In this appendix we summarize the important formulae of the electroweak Standard
Model, the action and the defining symmetry operators, in the tree approximation. All

expressions are given in the QED-like on-shell parameterization (2.106), in particular we

use the on-shell definition of the weak mixing angle throughout (2.103): cos 6y = ]\]\44—‘/2"

Fields of the Standard Model

Left-handed fermion doublets:

rr = ( L ) , Fl= ( p ) , i=1..Np, (A1)

right-handed-fermion singlets:

fz.R = et yft df 1 =1...Np. (A.Q)

PR S Rt S

With three generations of fermions (Np = 3) one has explicitly:

Ve, = Ve, Vy, Uz
€ = & W, 7T (A3)
u, = u, ¢ 1
d, = d, s, b

quarks are colour vectors, ¢ = (q,, @s, qy), ¢ = Ui, d;.

Vector fields:
Vi = (WL WE Z8 A", (A4)
auxiliary B-fields:
B, = (B4, B_, Bz, Ba), (A.5)
Faddeev-Popov ghosts with Faddeev-Popov charge 1(¢,) and —1(¢,):
¢o = (¢ ,co,cz,¢4) Cq = (€4,C_,Cz,Ch). (A.6)

The scalar doublet and its hermitian conjugate:

" ( )+ e ) b= ( At e ) oA
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the external scalar doublet and its hermitian conjugate:

A

(W () i)
“(%(mx)mu))) b= ( () ) A5

External fields with Faddeev-Popov charge —1(p#) and —2(0,):

Pa = (p1+,p—sp3)  0u=(04,0_,03), (A.9)

scalar fields with Faddeev-Popov charge —1:

y = v Yy = . A10
“\ K0+ T\ KO-y ) (4.10)

right-handed fermion doublets with Faddeev-Popov charge —1:

R " R "
vt = n vt = O I (A.11)
L 7#}5; qi ¢£
left-handed fermion singlets with Faddeev-Popov charge —1

i =l vl Wl (A.12)

The BRS variation of the external scalar doublet ® with Faddeev-Popov charge 1:

_ qt . q-
4= ( T5lan + i) ) 47 ( 5l —iqy) ) ' A1)

The classical action

The classical action of the Standard Model can be decomposed in the gauge invariant

Glashow-Salam-Weinberg action and the gauge-fixing and ghost action:
U =Tasw +Lys + Dgnost (A.14)
The Glashow-Salam-Weinberg action is given by

FGSW — FYM + Fscalar + Fmatter + FYuk7 (A15)
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1 ~
FYM == _Z/d4$G5y[aa’Guua’ (A16)
1 my e
8 M2, sin® Oy

Tsoatar = /d4:1; <(D“(<I> +v)DL(® +v) (®10 + vl + q)*v)2> (A.17)

Np
Fmatter = Z /d4$ <FI€ZDFI,L —I_ F—qL,ZDFqL, —I_ fZRZDfZR> (A18)
=1

Np
'y = d4x_—e<me.F_L<I)—|—V eR—I—mu.F—L,CI)—I—V ult
=3 [t (@ + 0l T 4+ 0

+mg, FL(® 4 ¥)df + h.c.> : (A.19)

The gauge-fixing in the most general linear gauge compatible with rigid symmetry is given

by

1, - L, [
Py = / & <§§Ba1abBb + SE(sin O By + cos O Ba)? + BalwdVi (4.20)
B 1€ <((i)+CV)TTa(A)B((I)_|_V)_((I)—|-V)TLA)B ((i)‘|‘CV)>
sin Ay 2 ’ 2 a |

The Faddeev-Popov ghost action for arbitrary (i is derived from the BRS transformations
(A.40) by postulating sI'jpest+sl'y 5. = 0. (The matrix ¢ depends on G and Ow; it is defined
in (A.36)) :

thost = /d4$ <_CaD[~abcb - c Eag;al’fa’bc’a(%gc’ccc) (AZl)
sin Oy

€

+1

: b (AT (G)(® +v) — (@ + )7 (G)4)
2sin Oy
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(g + o) (C)mn( Gy ) (@ + V)

 4sin? 0w
+ (D 4+ V)7 (G (G (D + @))gb,bcb)

We want to note that the bilinear part of the ghost action is diagonal with arbitrary ghost
masses Cw M7, and (z M2

ngffost = /d4$ <_EaD[~abcb - écWMI%V(E-I-C— + E_C_|_) - CZM%EZCZ> + Fzﬁfost (AQQ)
with (w = ¢ and (z = ( cos Oy (cos Oy — Gsin Ow).

In the above formulae we have used the following conventions and abbreviations:
v denotes the shift of the scalar field doublet:

! e

0 2
v = ( ) with v = —My cosOy sin by . (A.23)
WU
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The field strength tensor and the covariant derivatives have the form

GE = PV = OV A L fan VIV (A.24)
sin Oy
B e T(Gy)
D,® = a“q)_lsinﬁqu)vw (A.25)
D FL _ a FL . € TG(G5) L _
ptig, = Oplls, — 17 53 Via o=1lgq (A.26)
: : sinfy 2 '
in#
Duff = Ouff +ieQu——"F7, +ieQsfF A, . (A.27)
cos Oy

The structure constants are defined by the antisymmetric tensor
_z = —icost
I (4.25)
fica = isinfy
The matrices 7, (¢ = +,—, 7, A) form a representation of SU(2) x U(1):

{Ta Ty
272

~ TC/

— Z abc[cc’7 . (A29)

They are explicitly given by

o %(7—1 +imy)  77(G) = T35 co8 b + Glsin Oy
o= (n—in)  7a(G) = —73sinfw+ Glcos by . (4.30)

Ti, 1 = 1,2, 3, are the Pauli matrices and

0 V2 0 0 1 0
T_|_:<O 0) T_:<\/§O> 7'3:<0 _1>. (A.31)

The matrices 77 and 74 depend on the abelian coupling ¢/, which is related to the weak
hypercharge Yy of the different SU(2)-doublets:

" 1 for the scalar (k = s)
Gr=-Yp i;r; (91::, YiE = -1 for the lepton doublets (k =1) (A.32)
+  for the quark doublets (k = ¢) .

The matrix I,, guarantees the charge neutrality of the classical action

Iio = [ =1Izp=1Iu=1 (A.33)
[Nab = 0 else.

The parameter G appearing in the gauge-fixing and ghost action is arbitrary and not

restricted by the symmetries of the Standard Model. Defining

sin O

oo

(A.34)

cos 0
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the matrix g, depends on ( in the following way:

gy- =1 g-+ =1
gZZ = COS(@W — (9(;) gAZ = — Sin(ew — (9(;)
gza =0 gaa = L.
In matrix notation it reads:
1 0 0 0
. 0 1 0 0
Gab =
0 0 cos(fw —0g) 0
0 0 — Sin(ew — (9(;) 1
A natural choice in the tree approximation is given by
G=_ sin Oy ;
cos Oy

then one has

gab — 5ab and CW — CZ-

It turns out, that this choice is not stable under renormalization.

BRS transformations

(A.35)

(A.36)

(A.37)

(A.38)

The classical action I'y, explicitly I'gew and I'y ;. + I'jnese, are invariant under BRS

transformations:

SFCZ = 0 and SFGSW = 0, S(Fg.f. —|— thost) = 0

BRS transformations are given by:

€ ~
Sva =0 Cq .7[(1(1’ a’ cv Acc’cc’
a uCa + sin Oy JaveVing
e 1.(Gy) .
s = D + V)GgarCyr
sinfyw 2 (®+v)g
e TG .
sl =i ( 5)F5L,gaa/ca/ d=1,q
: sinfyw 2 :
) sin O )
sfiR = —eQ)y fiRcZ - zlefiRcA
cos Oy
€ ~
SCqy = _.7[(1(1’ al cA 1€ ’Acc’cc’
2 sin Oy JarveGuyr ey g

SEa = Ba’ga’a (le SEZ = COS(@W — eg)BZ — Sin(ew — eg)BA, SEA == BA)

sB, =0
sé):q
sq=0
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The BRS transformations are nilpotent on all fields:
st =0 (A.41)

We have given the BRS transformations for arbitrary ¢ (cf (A.34)).
Slavnov-Taylor identity

For renormalization the BRS transformations are encoded in the Slavnov-Taylor iden-

tity. For this reason one adds to the classical action the external field part:
Fcl — Fcl — FGSVV + Fgf + thost + Fext.f. (A42)
with

| - /d4:1; <pisWu7_ + ptsW, 1+ + ph(cos OwsZ, — sin OysA,,) (A.43)

+ opsco 4 o_scq + o3(cos Ogscy — sinfysca)
vt 4 (s0)'Y + Z (WRsF) + URsFY + Z¢fsf +h c)>
=1

The Slavnov-Taylor identity of the tree approximation reads (again for arbitrary G (A.34)
- (A.36)):

. or or
S(Ty)= /d4$ ((sm 0c0,cz + cos 0W8M0A> <s1n ng + cos Oy 5A, > (A.44)
5F or . or or or or 1
o <C°S bz, ~smlw 5AM> t 5o <C°S ooy oI 9G5CA> cos(Oy — 0c)
or or
—|—<COS((9W — eg)BZ — SIH(GW — eg)BA> E + BA (SCA
_|_5F or _|_5F or +5F5_F+5F 5F—|—B 5F—|—B or
Spi oW, _ " 0pt oW,y | oy el So_dey  dey bl
N
= ST 6T or 6T 6T 6T or
+ 2(2 T 17 + 5;1 T n h.c.> n <Wﬁ +ass h.c.>>

= 0.
Ward identities of rigid symmetry

The classical action including the gauge-fixing and ghost action and external field
action (A.42) is constructed in a way, that it is invariant under rigid SU(2) x U(1)

transformations. The Ward operators of rigid SU(2) transformations satisfy the algebra

W, Ws] = caplyWy  a=+,-.3 (A.45)
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The structure constants are defined by the completely antisymmetric tensor e,3, with

Ey-3 = —1.

approximation by

The Ward identities of rigid SU(2) transformations are given in the tree

)

~ ~ ) ~
Wozrcl = ]ozoz’ /d4$ ( ‘/buébc,oz’[cc’m + Bbébc,a’]cc’ﬁ (A46)
T aary 0 . = 0
+ adwlyoodze gt adhy Evewdeelugs
) N
+ ngﬁw’lw’w + Uﬁgﬁw’[w’a
—= =
Ta! (S (S Tao!
TS e T e (0T
A Tao! 7 ?T/ A
+ i@+ ) =i (D F (Y
(64 Vo — i T
i TTO‘/ 7 ,?Ta/ i TTO‘/ 7 .?7—0/
syt T sy 2 T gt T g 2
all VI S
DI I (L
1=1 §=l,q 2 5F5[; 5F5z 2
—= =
! (S (S Tt
BN TR ) §

The matrix g, is defined in (A.36), the tensor . 4,b,¢ = +,—, Z, A and o = 4+, —,3 is

given by

éZ_|_7_
Ogﬁ(aw)gﬁwancwW) = Cpea = Ear -

€+_73

—7cos Oy
(A.47)

7 sin Oy

—1

The matrix Oaq(fw) (2.96) transforms the SU(2) x U(1) fields Wi, WE Wi W to phys-

ical on-shell fields Wi, WE Z# A#.

In the Standard Model there are three types of abelian rigid symmetries: the abelian

operator connected with electromagnetic charge conservation W = W, — Ws, and the

abelian operators of lepton and baryon conservation Wi, and W,;,:

[Wa,Wf] = 07 [Wavwli] = 07
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These operators are given by

5 5 5 5
_ 4 4 2 _ w _ -
W, = z/d x (W-I— ST w* e + B, 5B, B_ SH (A.49)
LS S8 0
ey T T ee,  Toe
8 S8 5
P+ dpy P- dp_ 7+ doy 7= 5o
5 5 5 5
+_ - g=_ 7 +_ 7 yv-_"
e T T Y o
5 5 5 5
bt Tt — ¢ —
; St ; Pl il e
N
VSR B 5 5
_Z;(Qe(ei(s_ei - gei + @Z)elTel - W&¢el)
i 5
5 5 ) 5
di— — ——d; + g, — — ——y,
A T T I ‘bd’)))
and
5 S 5 5
=i d'r | e — e e — =, A.
=i [ (5 - +¢15% 5%;&, (A.50)
— 5 5
L -~ 7 R
5 5 5
= & di— — — gy A5l
qu Z/ T ( 5d2 (Sd ¢d 5¢d 5¢dl ¢dz ( )
I 5 5
o R )

The classical action is invariant under these global symmetries:
Wernl'a =0 Wi.Tag=0 W,y =0. (A.52)

Since these global symmetries are not broken by renormalization the generating functional

of 1PI Green’s functions I' is invariant by construction to all orders.
The local U(1) Ward identity

The local U(1) Ward operator, which is defined by the relation

WP = /d4:1; wS, (A.53)
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is (to all orders of perturbation theory) given by the following expression:

Z' A
wd = S(@4 V) s = S se (@4 V) + {Y, @+ (v.q) (A.54)
Nr i— 3 i
15 90 DT o MR
— =

Y Qi - z‘(g%fﬁ - wﬁ})).

This operator is continued to a local U(1) Ward identity which is the functional form of
the Gell-Mann—Nishijima relation:

e 0 ) S ‘
_ o _ - .
(cos O <Slﬂ 0W85Z + cos ewa(s >> o = (sin@wOBy + cosOwOBy)  (A.55)

Appendix B: Exercises

1. Parity transformation P is defined by (2°, ) £, (29, —2).
Show that under the parity transformation P

(a
(b

w(2#) 5 npyO(a°, —F), where np is a phase factor,
by = (9%, ),
DYy = (=775, —pTr),
[ o Ve s [y Vi i VA is a vector,
e) [y, 0 Ar L5 [y, AR, i A s an axial vector.

(c
(d

)
) ¥
)
)
)
)

(
(f) Show that one cannot assign a well-defined parity to [d*zW"ey* (1 —~°)v.
2. Left- and right-handed projectors PX = 1(1l —~°) and P¥ = (1 4 4).
(a) Verify the projector properties
Py PR =1, PP =P i=1L,R, PLpPE =,
(b) Show that fL = fPE.

(c) Express the action T%! (2.5) in terms of left- and right-handed fermion fields.
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3. Fields are representations of the SU(2) x U(1) symmetry.

(a) Transformations have been given in terms of left- and right-handed fields.
Calculate on the Dirac spinors the transformations d,f, 6_f and dé3f for
f = u,d,e,v explicitly. Use these results to find an expression for the lo-
cal functional operators w, in expressions of Dirac spinors. Show that the

transformations depend on ~s.
(b) Verify that é; raises and §_ lowers the electric charge.

(c) Check the commutator relation of local SU(2)-operators

[Wal(2), Ws(y)] = copywh(2)8'(z — y).

4. The SU(2) invariance is broken by mass terms.

(a) Calculate the currents J{, J§ and j¥ from the identities

bil _ 1
WOZFDirac - _aﬂ‘]om
T)’Lf:O
bil _ o

WemFDirac - _ap«]em'

(b) Take a non-vanishing electron mass m. # 0 and show that

w2 (m, £0) = 9,J"

leptons a leptons

- yleptons
+ 16"

with
leptons 1 ~R_L
I = —m.——€ V",
V2

leptons 1 ~-L R

Q- = meﬁl/ e,
lept L _ _
36p ons _ me_(eReL . GLGR).

2

5. This exercise shows that ¢* and y are not physical fields in the Standard Model.

(a) Give the bilinear part of the Glashow-Salam-Weinberg action I'gsw.
(b) Eliminate the fields ¢ and y from the free field action by redefining the W

and Z bosons:
W= g
+ MW qb:l:v
1
I = 4 Oy,
+ M, X
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(c¢) Give the respective free field equations for these redefined fields.
6. Calculate I',,441er in terms of the physical fields W_Tf, W Z#, Ax.
7. Lepton and quark numbers.

(a) Show that the operators of lepton and quark number conservation commute

with rigid SU(2)-operators (see (A.46) and (A.50)):
(Wi, W,] =0, (W,, W, ] = 0.

(b) Determine the corresponding currents ]i and jI in the classical approximation.

(c¢) Construct the SU(2) x U(1) gauge theory, in which apart from Jf and J? the
currents qui + g} are gauged, but not the electromagnetic current. Discuss
the result!

8. Consider the renormalization of the ¢*-theory as discussed in the text (section 4.1).
Two renormalization prescriptions were given: dimensional regularization with MS-
subtraction and BPHZ renormalization. Take the one-loop expressions we have
given in (4.4) and (4.5), (4.7) and (4.8). Compare the ['.s¢, i.e. the 1-loop countert-
erms, in different schemes. The vertex functions are normalized according to the
conditions (4.14) and (4.15).

a) Calculate the counterterms to the I'.¢; in dimensional regularization wi -

Calculate th tert to the I'.sy in di ional regularizati ith MS
subtraction.

(b) Calculate the counterterms to the I'.;; in BPHZL subtraction.

(c¢) Discuss the result!
9. The 't Hooft gauges versus unitary gauge.

(a) Calculate the propagators of the scalar and vector fields of the Standard Model
in the 't Hooft gauges.

(b) Compare these results with the unitary gauge.
10. BRS transformations.

(a) Check the nilpotency of the BRS operator s on the vector and Higgs fields
explicitly (see (A.40)).

(b) Determine the bilinear part of the Faddeev-Popov ghost action (see (A.21) and
(A.22)).
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