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E�e
tive Field Theories

Field theoreti
 formulation of the

Quantum Ladder


lassi
al physi
s

atoms, mole
ules, 
ondensed matter

nu
lear physi
s

parti
le physi
s

. . .

quantum gravity, strings

. . .

Remarks :

� relevant degrees of freedom depend on energy

� energy s
ales usually well separated

Saalburg
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Example :

Hydrogen Atom

m

e

; � ) energy levels

In
uen
e of massive states (up to logarithms) :

E

0

= �

1

2

m

e

�

2

n

1 +O[(

m

e

�

�

)

n

℄

o

hyper�ne splitting : � = m

p

weak intera
tions : � =M

W

m

e

; � : Low Energy Constants

N.B.: � determined at low energy

e.g., from (g � 2)

e

, Josephson e�e
t, . . .

� = �

e�

(q

2

' 0)

Lesson :

we don't need to solve quantum gravity to

understand the hydrogen atom
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Steps of quantum ladder separated by

energy �

E < � E > �

long distan
es short distan
es

e�e
tive QFT \fundamental"

Remnants of underlying theory

i. Symmetries

examples : spin-statisti
s 
onne
tion

(QFT ! QM)

gauge invarian
e

spontaneously broken symmetries

ii. LECs

in
orporate short-distan
e vestiges

Saalburg
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Determination of LECs

� dire
t mat
hing between e�. and fund.

theories (only feasible in weak-
oupling

regime)

� low-energy phenomenology

� additional input : latti
e, models, . . .

Appli
ations

1. Parametrization of unknown short-distan
e

stru
ture (Anti-Theory Of Everything)

examples : low-energy e�e
ts of GUTs

Higgs se
tor of SM

2. \Fundamental" theory known, but either

not needed or not appli
able

QED for E




� m

e

strong 
oupling (QCD)

weak intera
tions system too 
omplex

(E �M

W

) (
ondensed matter)

Saalburg
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Classi�
ation of EFTs

Criterion : transition from fundamental

to e�e
tive theory

A. De
oupling of heavy states

E < � : heavy �elds \integrated" out

no additional light �elds generated

EFT Lagrangian 
ontains only the remaining

light �elds (masses � �)

L

e�

= L

n�4

+

X

n>4

1

�

n�4

X

i

n

g

i

n

O

i

n

n : operator dimension (in energy units)

n

boson

= 1; n

fermion

= 3=2; n

�

= 1

O

i

n

: monomials in light �elds with dim=n

g

i

n

: dimensionless LECs , expe
t � O(1)

L

n�4

: potentially renormalizable part
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Example :

QED for E � m

e

ele
trons integrated out !

only photons left, � = m

e

symmetries :

Lorentz and gauge invarian
e, C, P

! only even powers of F

��

,

~

F

��

L

e�

= �

1

4

F

��

F

��

+




0

m

2

e

F

��

2F

��

+




1

m

4

e

(F

��

F

��

)

2

+




2

m

4

e

(F

��

~

F

��

)

2

+ : : :

weak 
oupling !

perturbative mat
hing possible

to leading order in �:

Euler, Heisenberg




0

=

�

60�

; 


1

=

�

2

90

; 


2

=

7�

2

360

with ele
trons : Caswell, Lepage, . . .
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Example :

Standard Model

from experiment : � > 100 GeV

) L

n�4

suÆ
ient at present

Remarks :

� \reason" for renormalizability : natural for

EFTs of type A

� perturbative expansion 
ompetes with L

n>4

(asymptoti
 expansion vs. exa
t solution)

Saalburg
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De
oupling of heavy states

Toy model :

light �elds '

i

(x) , masses m

i

heavy �eld H(x) , mass M

L(H;'

i

) =

1

2

�

�

H�

�

H�

1

2

M

2

H

2

+L('

i

)+HP ('

i

)

introdu
e path integral representation of

generating fun
tional Z[j

i

; J ℄

of 
onne
ted Green fun
tions

exp iZ[j

i

; J ℄ = h0jT exp i

Z

d

4

x(j

i

'

i

+ JH)j0i

=

Z

[d'

i

dH℄ exp i

Z

d

4

x(L(H;'

i

) + j

i

'

i

+ JH)

for E �M : H only as internal lines

! set J = 0
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e

iZ[j

i

;0℄

=

Z

[d'

i

℄e

i

R

d

4

xj

i

'

i

Z

[dH℄e

i

R

d

4

xL(H;'

i

)

Def.: e�e
tive a
tion S

e�

['

i

℄

e

iS

eff

['

i

℄

=

Z

[dH℄e

i

R

d

4

xL(H;'

i

)

Z

[dH℄e

i

R

d

4

xL(H;0)


ontaining only light �elds '

i

! e

iZ[j

i

;0℄

=

Z

[d'

i

℄e

i(S

eff

['

i

℄+

R

d

4

xj

i

'

i

)

Cal
ulation of S

e�

['

i

℄

Gaussian integral ! exer
ise

Result :

nonlo
al a
tion

S

e�

['

i

℄ =

Z

d

4

xL('

i

)

�

1

2

Z

d

4

xd

4

yP ('

i

(x))�

F

(x� y;M)P ('

i

(y))
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Expansion in powers of M

�1

(stri
tly valid only

at tree level) :

e�e
tive lo
al a
tion

S

e�

['

i

℄ =

Z

d

4

x

8

>

>

<

>

>

:

L('

i

) +

1

2M

2

P ('

i

)

2

| {z }

L

eff

('

i

)

9

>

>

=

>

>

;

+O(M

�4

)

Operator dimension : n

H

= 1! n

P ('

i

)

= 3

) L

n>4

starts with n = 6 , � =M

Physi
ally relevant example :

Fermi theory of weak intera
tions

'

i

quarks, leptons

H W;Z

N.B.: more 
ompli
ated than toy model
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B. Spontaneous symmetry breaking

phase transition ! additional light states :

(pseudo) Goldstone bosons

symmetry a
ts nonlinearly on GBs )

� separation between L

n�4

and L

n>4

meaningless

� EFTs generi
ally nonrenormalizable :

perturbative treatment ?

Goldstone Theorem

� existen
e of GBs

� intera
tions of GBs vanish for E

GB

! 0

(independent of underlying intera
tion !)

) systemati
 low-energy expansion

Organization of L

e�

:

derivatives (� momenta) instead of operator

dimension (as if n

GB

= 0)

Saalburg
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Problem for 
ase B :

phase transition nonperturbative phenomenon

! perturbative mat
hing impossible in

general

number of LECs explodes in higher orders

Examples

� ele
troweak gauge symmetry

SU(2)� U(1)! U(1)

em

� = G

�1=2

F

, GBs!W

long

; Z

long

general 
ase : nonlinear realization

SM : simplest (linear) realization

(� linear � model)

� 
hiral symmetry of QCD : � ' 1 GeV

pseudo-GBs : pseudos
alar mesons

� 
ondensed matter :

magnons, phonons, super
ondu
tivity

Saalburg
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Spontaneous symmetry breaking

Realization of symmetries in �eld theory

invarian
e of the a
tion


lassi
al quantum

EOM invariant 
onserved 
harge Q

[H;Q℄ = 0

symmetri
 time evolution

Consequen
e for spe
trum

energy eigenstates : Hjni = E

n

jni

jn

Q

i := Qjni ) Hjn

Q

i = E

n

jn

Q

i

jni; jn

Q

i degenerate

symmetry manifest in states

(rotational symmetry , isospin, . . . )

Wigner-Weyl realization of symmetries

Saalburg
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Many examples of di�erent realization


rystal : translation invarian
e, but only

dis
rete subgroup manifest in states

ferromagnet : rotat. invarian
e not manifest

SM : 
;W;Z non-degenerate

Relativisti
 QFT


ontinuous (internal) symmetry

Noether 
urrent J

�

(x) : �

�

J

�

= 0


onserved 
harge Q =

R

d

3

xJ

0

(x)

translation invarian
e : [Q;P

�

℄ = 0

ground state : P

�

j0i = 0

jjQj0ijj

2

= h0jQQj0i =

Z

d

3

xh0jQJ

0

(x)j0i

=

Z

d

3

xh0jQe

iPx

J

0

(0)e

�iPx

j0i

=

Z

d

3

x h0jQJ

0

(0)j0i

| {z }

x�independent !

Saalburg
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! only 2 possibilities

Goldstone alternative

Qj0i = 0 jjQj0ijj =1

Wigner{Weyl Nambu{Goldstone

linear representation nonlinear realization

degenerate multiplets massless GBs

exa
t symmetry spont. broken symm.

More 
areful dis
ussion of SSB :

Def.: Q

V

(x

0

) =

R

V

d

3

xJ

0

(x) (�nite volume V )

lim

V!1

[H;Q

V

℄ = 0 and lim

V!1

jjQ

V

j0ijj =1

Ass.: 9 operator A with

lim

V!1

h0j[Q

V

(x

0

); A℄j0i

| {z }

order parameter of SSB

6= 0

only possible for Qj0i 6= 0

Saalburg
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example : s
alar �elds '

i

(x)

[Q;'

i

℄ = 


ij

'

j

with h0j'

j

j0i 6= 0

Exer
ise : Goldstone theorem )

9 massless state jGBi with

h0jJ

0

(0)jGBihGBjAj0i 6= 0

ne
essary and suÆ
ient 
ondition for SSB :

Goldstone matrix element h0jJ

0

(0)jGBi 6= 0

) jGBi same quantum numbers as J

0

(0)j0i

Remarks :

� jGBi need not 
orrespond to

physi
al parti
le (gauge symm.)

� J

0

(0) (usually) rot. inv. bosoni
 operator

) jGBi spin 0

� dis
rete SSB does not produ
e GBs

� nonrelativ. systems (
ondensed matter):

9 ex
itations with

lim

k!0

!(k) = 0 (k = 2�=�)

in general : N

broken symm:

� N

GB

Saalburg
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Goldstone model

simplest expli
it QFT example for SSB


omplex s
alar �eld �(x)

L

Goldstone

= �

�

��

�

�

y

� �(��

y

�

v

2

2

)

2

� > 0; v real; positive

U(1) symmetry : �(x)! e

i�

�(x)

minimum of (Mexi
an hat) potential : ��

y

=

v

2

2

) SSB with

h0jR(x)j0i = v; h0jG(x)j0i = 0

�(x) = (R(x) + iG(x))=

p

2

R(x); G(x) hermitian

Spe
trum (tree level)

GB �eld G(x) : M

G

= 0

s
alar �eld H(x) = R(x)� v : M

H

=

p

2�v

Saalburg
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Exer
ise : 
al
ulate s
attering amplitudes

at tree level for

GG! GG and GH ! GH

and show that

A(GG! GG) = O(p

4

G

); A(GH ! GH) = O(p

2

G

)

p

G

generi
 momentum of GBs , p

H

arbitrary

Why do GBs de
ouple for E

GB

! 0 ?

di�erent 
hoi
e of �elds (polar de
omposition)

�(x) =

1

p

2

[h(x) + v℄e

ig(x)=v

inserting into L

Goldstone

)

L

Goldstone

=

1

2

(�

�

g)

2

+

1

2v

2

(h

2

+ 2vh)(�

�

g)

2

+

1

2

(�

�

h)

2

� �v

2

h

2

�

�

4

(h

4

+ 4vh

3

)

Haag{Bor
hers: �elds G;H and g; h lead to

di�erent Green fun
tions (in general)

but identi
al S-matrix elements

Saalburg
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Observations

� spe
trum un
hanged

GB �eld g(x) : M

g

= 0

s
alar �eld h(x) : M

h

=M

H

=

p

2�v

� only derivative 
ouplings for Goldstone �eld g

) lim

p

GB

!0

A = 0

Reason

p

GB

= 0$ g(x) = 
onstant

U(1) invarian
e of L

Goldstone

:

�(x) =

1

p

2

[h(x)+v℄e

ig(0)=v

' �(x) =

1

p

2

[h(x)+v℄

) 
onstant GB �eld de
ouples !

General property of GBs :

S-matrix elements vanish if all p

GB

! 0

Saalburg
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Nonlinear realization

SSB for general nonabelian symmetry

Expli
it example :

linear � model

L

�

=

1

2

(�

�

��

�

� + �

�

~��

�

~�)�

�

4

�

�

2

+ ~�

2

� v

2

�

2

=

1

2

�

�

�

>

�

�

��

�

4

�

�

>

�� v

2

�

2

�

>

= (�

1

; �

2

; �

3

; �)

� invarian
e group of L

�

: G = O(4)

� degenerate va
ua at �

>

� = v

2

possible 
hoi
e of ground state :

h0j�

>

(x)j0i = (0; 0; 0; v)

invarian
e group of the va
uum : H = O(3)

Flu
tuations (�elds) along minimum of potential

) x-dependent O(4) transformations

Saalburg
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general form

�(x) = e

i�

a

(x)X

a

e

i�

i

(x)H

i

| {z }

L(�

a

;�

i

)

0

B

B

B

B

B

�

0

0

0

v

1

C

C

C

C

C

A

H

i

2 H (i = 1; 2; 3) ; X

a

2 G n H (a = 1; 2; 3)


oset spa
e G=H

L(�

a

; �

i

) � L(�

a

; 0) 2 G=H

possible (standard) parametrization : �

i

= 0

�

a

(x) : Goldstone �elds

(zero 
urvature 
u
tuations)

How do �

a

(x) transform under G ?

G : general (
ompa
t) Lie group (dim = N

G

)

GB �elds : �

>

= (�

1

; : : : ; �

n

)

Saalburg
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most general transformation :

g 2 G : � �! �

0

= f(g; �)

va
uum : � = 0

left invariant by h 2 G with f(h; 0) = 0

group property :

f(g

2

; f(g

1

; �)) = f(g

2

g

1

; �)

with f(h

1

; 0) = f(h

2

; 0) = 0

�! f(h

2

h

1

; 0) = f(h

2

; f(h

1

; 0)) = 0

) invarian
e group of the va
uum : H � G

g

1

= h 2 H ; g

2

= g 62 H ! � = f(g; 0) 6= 0

f(gh; 0) = f(g; f(h; 0)

| {z }

0

) = f(g; 0)

) mapping G=H �! � = f(g; 0)


laim : mapping is one-to-one

if f(g

1

; 0) = f(g

2

; 0) ! g

�1

1

g

2

=: h

12

2 H

! g

2

= g

1

h

12

�! g

1

= g

2

as elements of G=H

Saalburg
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Con
lusion

n = dim G=H = N

G

�N

H

Goldstone �elds

\parametrize" 
oset spa
e

Furthermore :

0

g

�! � = f(g; 0) inhom. transformation

no G-invariant mass term possible

) Goldstone �elds are massless

Lie algebra of G

[H

i

; H

j

℄ = i


ijk

H

k

subgroup H

[H

i

; X

a

℄ = i


iab

X

b

X

a

repr. of H

[X

a

; X

b

℄ = i


abi

H

i

+ i


ab


X




Remarks :

� G 
ompa
t, H subgroup : 


iaj

= �


ija

= 0

� 


ab


= 0 in many 
ases

(e.g., for 
hiral symmetry)
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G transformation on 
oset spa
e

standard 
hoi
e : L(�) = e

i�

a

X

a

2 G=H

a
tion of G

L(�)

g2G

�! gL(�) = L(�

0

)h(g; �)

h(g; �) 2 H : 
ompensator (�eld)

for g 2 H : g = e

i"

i

H

i

gL(�) = e

i"

i

H

i

e

i�

a

X

a

e

�i"

i

H

i

| {z }

e

i�

0a

X

a

e

i"

i

H

i

= L(�

0

)g

! trivial 
ompensator h(g) = g and

e

i"

i

H

i

X

a

e

�i"

i

H

i

= X

b

R

X

(")

ba

�

0b

= R

X

(")

ba

�

a

linear representation of H on �

for g 62 H :

nonlinear realization �! �

0

nontrivial 
ompensator h(g; �)

Saalburg
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G transformation of Goldstone �elds

L(�)

g

�! L(�

0

) = gL(�)h(g; �)

�1

Geometry of G=H

vielbein e 
onne
tion !


ompa
t formulation : di�erential forms

Lie-algebra valued 1-form

L(�)

�1

dL(�) = L

�1

�L

��

a

d�

a

= !(�) + e(�)

= !

i

H

i

+ e

a

X

a

=

�

!

i

a

H

i

+ e

b

a

X

b

�

d�

a

Exer
ise : L(�)

g

�! L(�

0

) implies

e(�

0

) = h(g; �)e(�)h(g; �)

�1

vielbein

!(�

0

) = h!h

�1

+ hdh

�1


onne
tion

) basi
 ingredients for e�e
tive Lagrangians
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Coupling to non-Goldstone �elds

Ass.: �elds  
arry

linear representation of H

 

h2H

�!  

0

= R

 

(h) 

) realization of G

 

g2G

�!  

0

= h

 

(g; �) 

h

 

(h; 0) � R

 

(h)

However :

�

�

 

0

(x) 6= h

 

(g; �(x))�

�

 (x)

) introdu
e 
ovariant derivative r = d+ !

expli
itly : ! = !

i

a

H

i

| {z }

!

a

d�

a

r

�

 =

�

�

�

+ !

a

��

a

�x

�

�

g

�! h

 

(g; �)r

�

 

) all ingredients ready for 
onstru
tion of

G-invariant L

e�

(�;  )
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