The Hamiltonian formulation of gauge theories

Ip,q] = /dt [pig’ ~ H(p,q)] pi = — 5o = lpis H]

[ g'= %0 =[q',H]

1. Symplectic geometry, Hamilton-Jacobi theory,...

2. The first (general) quantization method
[plaqj] = Ihdj,? H(p’ q)

3. The Energy E = H(p, q) functional is built-in in the
formalism.
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Symmetries are displacements d5q’ such that, for all g'(t),
i i i d i i
lld' +5.q) - lld) = [ deSBld o) ()
On-shell variations have the property that, for all g/ (t),

s+ 34) ~ Hlais) = [ de 5 (pidq) )

» In (1), ¢’ is arbitrary while g’ is restricted.
» In (2), g’ is restricted while §q is arbitrary.

Replacing ¢’ = gL, in (1), and §q¢' = dsq' in (2), the left hand
sides are equal. Subtracting yields Noether theorem,

d

0=—
dt

i iy oL
<Bs(q ,0sq') — 67]’656/ )

Max Baiiados PUC-Chile



Hamiltonian & inverse Noether Theorem

Let Q(p, q) be a conserved charge,

[Q,H] =0. (Poisson brackets)

Then, the following transformations define a symmetry:

) ) 9

s~ 4.6 =5
8

o = Q)=

Indeed, the variation of [ dt(pg — H) is a total derivative:

1. 8(pig’) = opig' — b,éq' dt(pléq')
0@ i

og 9 — Pla +a@ (p,5q ) CiTCt) + %(piéqi)

2. 0H =

O0HOQ _ 0HOQ _ —
6P, - aq"TPi_ Tmaqi - [H7 Q] =0.
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Noether Symmetries

dQ(p,q) §q' =[q', Q]
dt 0 < opi = [pi, Q]

We shall now explore gauge symmetries with the properties:

Gauge Symmetries

_ 59" = [q',¢]
?a.p) =0 < opi = [pi, ¢]

» It may happen that A, = 9,/ is generated by a non-zero
charge Q. If so, we do not call it ‘gauge’.
» We reserve the word gauge for transformations generated

by constraints.
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Important gauge theories are

1. Yang-Mills theories (including QED)
1 12 a a
lym[A7] = —4/Tr(F" Fuw),  0AL(x) = DuA*(x)

2. Einstein Gravity (and its generalizations, f(R) gravity,
Gauss-Bonnet, Chern-Simons...)

/GR[g,u,u] = /\/E(R—Q/\), 5g;u/(x) = gagm/,u + ga,“g(w + ggjygua

3. The string worldsheet action

I[X*, hyp) = / Vhho PO XM DX Ny OXH = 70, XV

I[A] = / Tr <AdA + §A3>
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Examples of Lagrangians with a gauge symmetry in particle
mechanics are:

1. The parameterized non-relativistic point particle
(its constraint is Schroedinger equation),

M) o)) = [ (56 - tvi@) ) or

2. The relativistic point particle
(its constraint is Klein-Gordon's equation)

dx* dxV
I[X'u] = —m/ an?FdT
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Gauge symmetry implies a Hamiltonian constraint

Chern-Simons : [[A,] = / Tr (AdA+§A3> (0A% = DuX?)

- /Tr |AA — AoF|

1
Yang Mills = 1[A%] = —4/F;VF;V, (642 = DX?)

. 1 - o o
:/[E;A?8(E2+B2)+A3V.Ea
s

Gravity : I[g] = /\/ER, (08uw = Leguv)
_ / [rigy — N, — NT7]
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General structure of a gauge theory in Hamiltonian form:

/M@Aﬂ—/mm#—%mm—V%mm]

The A*-equations of motion are constraints

Qboz(Pa q) =0.
There is a gauge symmetry if ¢, are zero at all times,
] 8¢o¢ i 8¢o¢ .
= i = [Ba, Ho + N ¢p5] = 0.
¢o¢ aq, q + 3p,' Pi [¢a; o+ ¢B]

for all A?(t). This happens if and only if,

[H07 (ba] = Cﬁa ¢,B
[(baa ¢5] = flﬁ (bq/

The constraints ¢, are said to satisfy a “a first class algebra”.
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General proof of gauge invariance

Consider a Hamiltonian action of the form,

pis ¢l ] = / dt [pid’ — Ho(p, @) — \a(p, q)] -

If the constraints are first class, then the following
transformation is a gauge symmetry of the action,

3q'(t) = [q', dale®(t)
opi(t) = [pi;Pale(t)
SA*(t) = —é*(t) — CHe’(t) — FE N €N(t)

where €*(t) is a fully arbitrary function of time.

» In QED, the Lagrange multiplier is Ag. Recall that
0A, = Oy€ thus 6Ag = €, as expected. This is an Abelian
theory with CO‘B =0= f%w'
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Proof: For any function A(p, q) of the canonical variables:

SA(G', pi) = g—;dp,- + g(’;\,-éq" = [A, da]e®. In particular,

SHo = [Ho,dale® = C? g e
5¢'y = [Qb'ya Qba]ea = f@yoﬁbﬂ e

The variation of the kinetic term is
5(Pi<5li) = (5p,-c']i - ;'J,-(Sqi + total derivative
= [pi,¢ale™ &' — pild’, dale®
_ @ 6¢04 " a¢0¢ .
- <8q"q * 8p;p'>

= € Q.sa

= —€Y ¢y + total derivative

= The variations of Hy, ¢a, pig’
all give terms proportional to the constraints.
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Putting all together, the variation of the full action becomes:
51 = / 5(pid) — 6Ho — X0 — 5X" 06

_ _/ (e + € + F2uX07 40X G
We can choose Jd\“ to cancel everything making the action invariant.
= 0

up to total derivatives.
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Gauge theories, equivalent classes of solutions

Why two configurations that differ by a deformation generated
by a constraint are physically indistinguishable?

pl = [pH HO] + [pi'a ¢a])\a
d' = [qla HO] + [qla (Z)Oé])‘a
¢a =0

» Given the fields at time t, the equations fixed them at time
t + dt, only up to a gauge transformation.

These theories seem inconsistent...? Nop. A clever
interpretation is available:

Only combinations that do not see \* are physical.
[AY must be unobservable.] We must mod out by the
set of all gauge transformations
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> The electric (E) and magnetic (B) fields (F,,) in QED.
» Curvature invariants, g’ R, RF R, ... in gravity.

» Wilson loops Pef A in Yang-Mills theory.
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Comment 1. A gauge theory can also have Noether symmetries:

gauge : 0A, = Oue(x”)

1
_ _ = 1224
/[A] - 4 / F FMV Lorentz : 5AM — pVy,Ayv p,ul/ — _py;
Translations :  0A, = p"0,A,

Exercise: The (classical) global group of QED (and Yang-Mills)
is much larger,

v 1 o
6A,U = F,uzzp (X)7 (p#,V +pvp = Ep UT/“V) (3)

1. Prove that (3) is a symmetry of the Maxwell action

2. Prove that (3) contains Lorentz, Translations, but also
Dilatations, and Special Conformal Transformations (last
two broken in QM)

3. Compute the translational Noether current (p* = a*)

Symmetric

1
m o - rap Y 14 THY -
JH = (F Fua 4F Faﬂé l’) a, ’ { Gauge invariant

T,
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Comment 2:

Is the scalar field action
1
1[X] = s 3 — "o, =
[X] /\/Eh XX, = fhaﬂ (\/Eh 8X> 0

on a curved, but fixed background h,,,, gauge invariant?

No. There are no constraints, no Lagrange multipliers. No
gauge symmetry.

If the metric is dynamical (string worldsheet action)
L0, (Vhro,X) =0

11X, byl :/ Vhh" 9,X0,X =
8 XX — Lhh*P9,X9sX = 0

1T (Virasoro constraints)

the action is gauge invariant. Varying h,,, yields constraints,
and ho, are the Lagrange multipliers.
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Number of degree of freedom

Gauge theories and How many independent initial
degrees of freedom conditions does a gauge theory have?

®(p,q)=0

Gauge orbits

2N {pi, q'}'s with first order equations: “2N initial conditions.”

» g constraints ¢4 (p, g) = 0 on initial conditions.
» Two initial conditions related by a gauge are the same.

1
Number of degrees of freedom = 5(2N -g—8)
= N-—g.



v

4d Gravity: gj = 6 functions - 4 symmetries = 2

v

QED : A; = 3 functions - 1 symmetry = 2

» d-dimensional Gravity: gj; = (d_zl)d functions - d
. d(d-3)
symmetries = ——5—.
» d-dimensional Yang-Mills: A? = (d — 1)N fields - N

symmetries = N(d — 2)
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“Old” Dirac quantization condition

Quantize g', p;j. What is the role of the constraints

an = d)a(aa ﬁ) ?

For example, in particle quantum mechanics, rotations are
generated by L =7 x p. A rotated state is §|V) = id - L|V)

In a gauge theory, the symmetry is generated by gZA)a and the
“rotated” state will be

S|W) = %o |V)

But gauge transformations are not observable. States must be
invariant. Dirac imposed,

W) =0 = dal¥)=0
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Examples of Dirac quantization: Free relativistic particle

aXm dXv Invariant under
% - _
/[X (7')] — m/d dT dr —— Nuv [ 7__>7_/: f(T)
oL X,L

P = Sxn = —mm
and it follows directly that
pupt + m* =0,
We now quantize p* = la)aw and Dirac condition becomes:

(-O0+ m2)¢ =0, Kein-Gordon equation
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Parametrized non-relativistic particle

(time t(7) as a canonical variable)

I7(8)] = /dt (';’ <Z:>2— V(F))

7). t(r)] = / dr (’;’F: - 'tV(F)> , [ vy t:”;'(df)r }

= oL 7
P = o5z = Mz, 1 -2 —
or =M b= pet B+ V() =0
b3 .
pe =Gk =-8%- vm.} om
Quantize
.0 5 v
= —i=, =]
Pt ot p
and the Dirac condition becomes:
ov 1 ) )
i—=(—=—V2+ V)V, Schroedinger equation
ot 2m
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The string worldsheet action

...infinitely many degrees of freedom, it requires a detailed
analysis:

2.0, (Vhra,x) =0

11X, ] = / Vhh'" 9,X0,X =
OuX0X — 3R, h*P 0, X 05X = 0

1T (Virasoro constraints)

FaY

1 .
: 0, X0, X — 5h,whaﬁaa)<aﬁ><: = L, L,

Dirac “improved condition” becomes

LW)=0, n>0
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Are gauge and Noether symmetries really disconnected?

> “Global” symmetries, generated by non-zero charges Q,.
Their action change states. Qn(p, §)|®) = |).

» Gauge symmetries, generated by constraints ¢, = 0. Their
action do not change physical states. ¢ (p, §)|®) = 0.

However, as we shall see, some “gauge” symmetries on
manifolds with boundary are generated by a combination!

G()\):/d3x)\"qba + Q[N

And they cannot be disentangle. We conclude:
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All gauge transformations have the same interpretation,

but some have more interpretation than others.
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AdS;/CFT,

The coordinate transformation (see previous Lecture) that maps
2_ 2 = > 0 2
ds® = e*dzdz + dp” + — T(z)dz
c

into
ds® = e d7'dZ' + dp’? + o T'(Z)dz?
c

with
T(Z) = T(2) (9'F)* = 5if. 2}

falls precisely in this category.

» Metrics with different values of T(z) do represent different
states.

> This explains how AdS3; —which naively has no degrees of
freedom— can be dual to a CFTy with infinitely many
degrees of freedom.
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Stop talking and calculate!

We shall exhibit the “Regge-Teitelboim effect” with the
example of Chern-Simons theory which is:

> simple
yet not trivial (like QCD)

modern and fun mathematically

v

v

v

lots of applications

v

...l understand it well

See you tomorrow.
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